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The pronont Trait, imi ia a reproduction, with couHiderahlo 
nltomlionn and addition)*, of the lirnh purl, of n treatino on 
HydroHtuticB mul llydrnkinoticH, (ho third edition of which 
woti published in 1877. 

T have thought; if. mlvimdilo, for flic eouvoniorioo of 
Hiudontfl, and for other roiiHUim, to whuo tlm part on the 
Equilibrium of Kluid>» in n Hopnratu volume, tit liny mtu for 
the pronont, and to voKcrvo tho diHitiiHmon of I lie Motion of 
Eluidfl for another volumo. 

TIiIh I hope, ir time nud health permit,, to liavn ready 
early next; year. 

Tho inatulmont of KydriwIalicH, which .1 now ollbr to tho 
bL udonL, ia intondod to covur tho ground ranged ovor, ho far 
oa tho aulijoct is concerned, in tho Examination in Hchodulo II, 
for tho Mathematical Tripow, and to Hervo iik a Hlopping-Blonn 
in the advance to tho higher regions of Jlydrokinoticti, and 
ita applications to tho theory of Hound, ami the omoillutioiiB of 
liquid waved. 
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A innui mmlitl diHtuiKsiun ul t l nm*'« of Ruojanoy, the 
(‘xlriision <»f lilt 1 elmpler on Ti'Iihidii, (Ik* addition of a elinptoi 
nn Capillarity, and tliu inset lion of hoiiio lu*nh i , \ntuplt , 'i, 
Itikt'n liom rc'conl examination ]iajiuiH, with oilier aUeialiims 
anti mlthtioiiH, will, l hope, lender (ho pieHout, eililion mte- 
u'Htin^ and tuteliil lo inallu'inaiu'nl HlndtniiH, 

W II. HKHANT. 
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HYDROSTATICS. 


CHAPTER I. 

1. We learn from common experience that such sub¬ 
stances as air and water are characterised by the ease with 
which portions of their mass can be removed, and by their 
extreme divisibility- These properties are illustrated by 
various common facts; if, for instance, we consider the ease 
with whioli fluids can be made to permeate oaoh other, the 
extreme tonuity to which one fluid can bo reduced by mixture 
with a large portion of another fluid, the rarefaction of air 
which aau be effected by means of an air-pump, and other facts 
of a similar kind, it is clear that, practically, the divisibility 
of fluid is unlimited : we find, moreovor, that in separating 
portions of fluids from eaoh other, the resistance offered to 
the division is very slight, and in general almost inappre¬ 
ciable. By a generalization from such observations, the 
conception naturally arises of a substance possessing in the 
highest degree those properties, which exist, in a greater or 
less degree, in every fluid with winch we are acquainted, and 
hence wo are led to the following 

Definition of a. Perfect Fluid, 

2. A perfect fluid is an aggregation of particles which 
yield at once to the slightest effort made to separate them from 
each other. 

If then an indefinitely thin plane be made to divido such 
a fluid in any direction, no resistance will be offered to the 
division, and the pressure exerted by the fluid on the plane 

, B* H. 1 
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DEFINITION OF A FLUID 


Will be entuely normal to it, that is, a pen feet fluid 11 
assumed to have no u viscosity” no piopeifcy of the natux'O o 
h action 

The following fundamental piopeify of a fluid is thcax’O- 
fore obtained fiom tlie above definition 

The pressme of a perfect fluid is always normal to 
surface with which it is m contact 

As a matter of fact, all fluids do moie oi loss offox' 
resistance to separation 01 division, but, just as the ldoa of ^ 
ngid body is obtained fiom the obsoivation of bodies 
natuie which only change form slightly on the application ot 
gieat foice, so is the idea of a peifect fluid obtained fiom ox*** 
experiences of substances which possess the characteristics 
extremely easy separability and apparently unlimited divisi¬ 
bility 

Tho following definition will include fluids of all dogtoos 
of viscosity 

A fluid is an aggregation of particles which yield to t7io 
slightest effort made to separate them from each other > if it 
continued long enough 

Hence it follows that, m a viscous fluid at lest, thcio cctn 
be no tangential action, or shearing stress, and thoiofoio, uB 
in the case of a perfect fluid, 

The pi essure of a fluid at ? est is always normal to 
surface with which it is in contact 

Thus all propositions in Hydrostatics aio tiuc for all 
fluids whatever be the viscosity 

It is m Hychodynamios that we aie limited to the consi~ 
deration of peifect fluids 

3, Fluids are divided into Liquids and Gases; the formor, 
such as water and mercury, aie not sensibly compressible, ex¬ 
cept under very great pressures; the latter are easily com¬ 
pressible, and expand freely if permitted to do so 

Hence the former are sometimes called inelastic, and the 
tter elastic fluids * 


i 
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4>. Fluids nro noted upon by the force of gravity in tlio 
same way ns solids; with regard to liquids thin is obvious; 
ami that air has weight can lio shewn directly by weighing a 
closed vessel, exhausted as far ns possible; moreover, the phe¬ 
nomena of Urn tides show that IlniiLs are subject to* tlio 
attractive forces of the sun null moon as well as of tlm earth, 
and it is assumed, from these ami other similar fools, that 
fluids of all kinds are subject to the law of gravitation, that 
is, that, liny attract, and are attracted by, all othur portions 
of matter, m accordance with that law. 


Measure of the h'omu'o of Fluids. 

5. Consider a mass of Ihiid at rust under tlio action of 
any forces, and lut A lie the area of u, plane surfaco exposed 
to the action of tlio llitid, that is, in contaot witli it, and P 
tlio force which is required to counterbalance the action of tlio 
fluid ujwii /l. If the notion of iho lluiil upon A bo uniform, 

then ~ is tlio pressure on each unit of the area A , If the 

pressure bo net uniform, it niusL be considered ns varying 
continuously from point to point of the area A, and if w bo 
the force on a small porlion a of the aron about a given point, 

then * will approximately express tlio rata of pressure over a. 

When « is indefinitely tliiniiiishoil lot ~ ultimately — p, then 

p is dallned to bo tlio inonsitro or tlio prossuro at the point 
conBidorod, p being Iho force which would bo oxortod on an 
unit of area, if the rata of pressure over tlio unit were uni" 
form and thosamo as at iho point oonsMcrod, 

Tha force upon any small area a about a point, tlio 
pressure at which is p, is therefore px + y, whore y vanishos 
ultimately in comparison with pa wltoii a (and consequently 
P«) vanishes, 

0. Tha preuuro at any point of a fluid at rout is iho samo 
ifttvtry direotion. 

.This is the most important of (ho oharaoterislio proportios 
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of a fluid J it can bo doducod from the fundamental ]*i«*jK>rty 
of a fluid in tho following uiamior: 

If wo consider the equilibrium of a small toUnhodmu of 
fluid, wo obsoivo tluit llm j>*t«M on its fares, mid the im« 
pressed forco on its mass, Fiuni a Myaloni ui equilibrating 
forces. 

Tho foimor foicos depending on tin* men* of tin* fares 
vftiy tvs tho sqiuuo, and tlu* liillei depending on tin* uihimo 
and dousily varioR or tins cube* of one of iht* edge* tfl Urn 
solid, which is conHidoiod In lit* ImnitigeiicmiH, mid therefore 
supposing tho solid indefinitely diuiinudied, while it tetamu 
always a similar fouu, (In 1 latter torn* vnm«he« in romjmrinon 
with tho piossuroa on tin 1 fun's; mid litem* pressurea eon- 
sequontly form of tlioniHulvcH ft system of forces in onjuj. 
lihiium 

Lot p, p' bo llm mtofl of pressure on tho faces Alll\ BGl) t 
and resolve tho forcoR painllul to tiio edge 
AD ; then, sinco tho puijoctioim of tho 
aroas ABO, BOD on a piano poipondi- 
oular to AD aio tho flamo (oaeli equnl to 
« supposo), wo havo ultimately, * 

JJfii safi'a, 
or 

And similarly it may bo shown that tho pressures on tho other 
two tacos aro oach equal to p or p. 

As tho totmhochon may lio taken with its facts* m any 
direction, it follows that tho ptowwre at a point h the name 
in ovory dirootion. 



toton f«m Sh^Cfc^.. 11 ' 0 r ™ 80i " S i» 

bo , two l’fr !li ft « ul , d »<• « Anile disiaueo 
™ mi ’ ? bout f 9 M axia d »riho a cylinder of 
qvj small radius, draw a piano through 0 round I oular to 

L d r t hra ilira " s " /j ' J «ATr u *.t 


* Smid« Arndt, 105)7, |), sa. 
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Tlio pressures on its ends ami on its curved Hurfaco t and 
tlio impressed Fore cm which nob upon it, form a system of 
balancing forces. 


Let j) t 7/ bo tlin pressures at Q nud P, a tho aroa of tho 

sootion of the cylinder, and „ r __... 

a' of tho Rcclion r ; them tho 

prossuro pV on llm uiul P t ^-■- 

resolved parallel to bhu axis of tlio cylinder, in equal lo p*a t 
and therefore 


p'a~pa« tlio impresftod force, resolved parallel to QP t 


Now whatuvur ho the direction of blio plane through P, 
this impressed force, when the radius of tlio cylinder is in¬ 
definitely diminished, is ultimately equal to tlio impressed 
forca on tlio portion QP of the cylinder cub off by a piano 
through Pporpondiouinr to tho axis *, that is, to 



or p is constant for all positions of the piano through P. 


* Tho following cony hlora lion* mrvy aumelolo Ihirt part of the proof: 

Lot Afl t A'W bo tho two 

S lrmoa through P \ />/>'tho moan JJ_u' 

an lit Lob of AUA\ ill*!!’; mnl r\ . ~ {\TP 

f y f tho nocolomtlona of the * I * 1 /dfi 1 

forooi which aru noting oa thaw ^ 

porUoni of AuiO. A 

Thon tlio (Ufforouoo of thu foroon on QAU mnl QA'JV (the vuIuwob of 
whloh arc oqual) 

i«tho dlfforouon of tlio forcci on Al'A* luul UP IV 
*ip'f-t>f).VQ\*Al'A' 

/ qi* a 

+ ^AA* 

Tho toroci being continuous, tlio lint torm li obYiouubr oviuiomchL cow- 
pAf0c| with tho other qunntUIoi In tho aquation, mul p li therefore oonitiuiL 
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TRAN8M18H10N OK Kl.UH) I'lUJIHURM. 


Transmission of Fluid Protmre* 

8 . Any pressure, or additional prmuw, applied to the 
surface or to any other pari of a liquid at irnt, in tia>r<miUad 
equally to all parts of tho liquid 

This property of liquids in ndhouL lemill of ev]H'niiienl, 
and, asftuch, h mmu'(iin«H assumed It however ilnduothlo 
from tho definition of a fluid. 

Lot P ho a pond in I ho mil face of a liquid at rest, amt Q 
any other point in tho liquid; ahmit tho sliuight lum PQ 
dosciibo a cylinder, of voiy mtmll mdm», bounded hy tln» 
surface at P and hy a piano tluough Q, poipomln uliu to QP, 

Tf tho piosmmi at /' 1m inoioascd hy p , the additional 
forco on tho oylmdni, lesolvod m tho dmstum of its axis, is 
pa, a hoing tho area of tho Hoclion of tho oyhndoi perpen» 
cUoulav to it« nxiH, mid thin must bn onniitomolod hy an equal 
foicopa at Q in tho direction QP, slum the pi ownin' of tho 
liquid on tho ciuvod mnlheo in poipomluntar hi tho axis. 
Tho pressure at Q ih thomfoiu nuTcased hy p. 

If tho stiaighl lino PQ do not lie ouLholy in tho liquid, P 
and Q can bo eonnoctud hy a mimboi of straight linos, all 
lying iu tho liquid, and a repetition of tho above reasoning 
ivill show that tho piOHSuio p ia tmiuuuitlod, unchanged, to 
tho point Q, 

0 . In consequence of Uiih pioporty, a iiiom» of liquid can 
bo used tut a*machine' for tho purpose of multiplying power. 

Thus, if in a closed venue I full of water two apertures bo 
mado and pistons A, A‘ fitted m them, any form P applied 
to ono piston must bo counteracted by a forco P' on tho other 
piston, suoh that P 1 : V m tho ratio of tho area /l' : A, for 
tho increased rate of piossuio at every point of A is Iran** 
mittod to ovt\ry point of A \ and tho form upon A' depends 
therefore upon its aioa *. 

Tho action botwoon tho two is analogous to tho action of 
a lovor, and it is clear that by increasing A' and diminishing 
A, wo can malco tho ratio P 1 1 P as largo as wo please. 

1 wt*** ■* ?roa,( iB ftn ot 1,10 prsflUeal us« of tills i»roj»rtj> of 



TRANSMISSION 01? LT,UIL) THUBSlUlKi 


7 


] 0, Tho pressure of a gosomiH fluid is found to dopoml 
upon its density and tomporuturo, us well ns upon tlio nature 
or tho fluid itself. 

"When tlio toinporaturo is constant, experiment shows that 
tho pressure varies inversely us tho space ocoupioil by tho 
fluid, that is, directly as its dohBily. 

This law was (list staled by lloylo, but it is a oomfl^uoneo 
of tho mom guneral law that tho pressure of a mixture of 
gases that do not act chomionlly on each other is tho sum of 
tho pressures tho gases would oxnrt if they filled tho ooutaiu- 
ing vessel separately. J*’or doubling tho quantity of gas in 
tho vessel would double tho pressure, and a similar jiropor- 
tionato ohango of pressure would tako plueo for any other 
changu of quantity. 

Honoo if p ho tho density of a curtain quantity of a gaseous 
fluid, and p itH pressure, thou, as long as tho temperature 
romaina tlio smno, 

p * kp, 

whore k is a constant, Ui bo determined experimentally for 
tho fluid at a givon temperature. 

If v ho tho volume of tho gas at the pressure p, and v' 
tho volume at tho pressure p‘, 

pv »pV, 

or pv ib constant for a givon tomporaturo. 

11 . The JSlanUcity of a fluid 1 h measured by tho ratio of 
a small inoroaso or pressure to tho cubical compression pro¬ 
duced by it. 

If v bo tho volumo, the HtnaU cubical comproBsion is 



Iu the case of a gas pv in constant, 

dp 

and p -I- v T - 0, 

•so that tho measure of tho elasticity 1b equal to that of the 
pressure, 
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MKABVHES OK WRIGHT, MAHM, AND WCNHll'Y. 


Meamiroa of Wnight, Mush, and Drum'll/ 

12 Tho weight, moan, and density «f a (luiil in (' mviumiod 
in tho same way aa for solid bodies. 

If W bo Uio weight of n iimsH M of lluid, I lion, in omird- 
anco ^.Lli kite usual conventions wluoh define llto uiiiIh of 
mass ahd force, II r **Afy, 

Tf Fbo Uui volume of klto mass M of lluid of density p, 
thou M -- p I 7 , 

amiir *> gp V, 

For kho Hkaiultud substance, p « 1 , and llmioforu tho unit 
of volumo of fclio standard mibslauro is tlm unit of mass 

18 Ju kho previous ailmles no account lias lumu taken 
of lluids in which tho donsily is vaiiahlo, link it is easy to 
conceive kho density of a mass of liquid vmymg continucnialy 
fiom point to point, and it will ho huionmu found that a 
mass of obwtic fluid, afc rusk under kho notion of giavily, and 
having a constant ktimpcuakuio thimiglmuf, is uuceiwnuly 
hotorogonoouH * kho density at a point of a fluid must there- 
foro ho moMurod in kho saimi way as tho piossiiio at a point, 
or any oklior continuously vaiying rjuantily 

Measure of tho domity at any point of n halerogmoouu fluid 

Lot m ho kho mass of a volume v of fluid enclosing a given 
point, and suppose p kho density of n homogeneous fluid such 
that tho mass ol a volumo v is liquid to m, or such that 

m « po j 

then p may bo doflnud as tho moan density of tha portion v 
of tho hotoiogonoous fluid, ami tho idkimaku value rif p when 
v is indefinitely diminished, supposing it always to enclose 
kho point, is kho donsily of kho fluid at thak point. 

14 To find tho work dona in compressing a gas, 

Lot v bo kho volume of a gun at tho pressure p, da an 
element of kho surface of kho vessel cental mug it, and dn an 
olomonk of tho normal to du drawn inwards. 
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Thou tho work dune in a small compression 
» 2>~<ltitln sa —jnlv, 

and tho work dono in oompronning from V to V 
( i fOdu .„ 


-J prlu~-J y, if pvc°(l, 
\r y 

« f/log y , « JW lug y,. 


KXA.Ml’LliS, 

(In UiotM Exnmiilo* */ In talain In lm MU, wlum u font iiiuT. a hoqoih! nro imlln.) 

X. In u Hydraulic 1 ’iohh tho diameter of llio ram in nine 
inchon and of tliu plunger of tho pump in 0110 inch; tho 
length of tho pump-luvor in throe foot, and tho distance of the 
point of attachment of the plunger from tho fulcrum i« nine 
inolioa. If a furco of U 5 lba, weight ho applied at tho end of 
tho lover, find tho furco oxortod by tho ram of tho proas. 

2 . ABOD i« a rectangular aroa mibjoot to fluid prawuro j 
AB i« a fixed lino, nud tho proHHuro on tho aroa In a givou 
function (P) of tho length JW («>); provo that tho procure 

at any point of Cl) is , whuro a •» All, 

If A bo a fixed point, and AB, AD fixed in direction, and 

d l P 

if AB«»(o and A D « y, tho prcaauro at (t ■> . 

3 . In tho aquation W^r/pV, if tho unit of force ho 100 
lbs, weight, tho uuib of length 2 foot, and tho unit of tirno 
Jth of a second, find tha density of water. 

4 . If a miuuto be tho unit of limo, and a yard tho unit 
of apace, and if 15 aubia inchoB of tiio standard substance 
Contain 25 oz,, determine tho unit of force, 

5 . In the ocpialion, W**gpV, tho number of seconds in 
the, built of time is equal to Ilia number of foot in tho unit of 
longth, the unit of foroo is 750 lbs. woight, and a oubio foot 
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of tho standard substance contains 10500 minion; it ml tho 
unit of timo. 

it. A velocity of d' fool, per wnnnl is tlu* unit of 
volooily; water ih tho slniulmd substance mid the mill of 
foico is L2f> lbs weight; Hud Iho units ol limn urn I length, 

7. Tho numbor evinoHsing tin* weight ol it ruble tool of 
water im-j^Ui ol that expnmng iIh volume, Jilt ol 1 1ml ex¬ 
pressing iIh mass, and ,H u th ol Ihe iniinliei ex pi owing tho 
woik ilono in lilting it I foot Kind (lie units ol length, 
mass, and timo 

8 Moicury (density Ill’ll) is the stumliud uu lnl unco, 4 
inches is tho unit of length, and the Hcieleiutmn due to 
gravity is denoted by B4: Hnd the unit of foiee in absoluto 
Ibot-poimd-Bocond units. 

i) Tf a foot anil h seconds ho Ihe mills of space mid time, 
and tho density of water tho standard density, Itnd the rola- 
lion between amid b in older that the equation, IK ■>* jpV, 
may givo tho woiglit of a mdmlnneo in pounds 

10. A velocity of 8 feet per Bemud is (he unit of velocity, 
tho unit of accoloialien is that of a lulling body, and the unit 
of mass la a ton; llnd tho density of water. 

11. Thodonsity at any point of a lirpiid, foutauiul in a 
cono having its n\i« vortical and voilex down wards,greater 
than tho density at the mulnen by a quantity varying mi the 
dopth of the point Shew that tin’ density o| the htpnd whan 
mixed up so na to bo unifoim will he’(hat of tlu* liquid 
originally at tho dopth of oiie-lbiufh of the axis of the roue, 

J.2, Tho dousity of a fluid vniion from point lo point! 
oonsidoiing directions piocooding from a given point, prove 
that tho density varios most rapidly along Urn normal to the 
Burfaoe of equal density containing tho point} and of direc¬ 
tions in tho tangent piano to this surface, tho tangents to It* 
principal sections aro those iu which tho rate of variation of 
dousity is gioatost and least. 
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THE CONDITION!* OE THE KQUIMMtIUJt OP ELUIDS, 

16 . Taking tho most ({(moral oaso,-suppose a mass of fluid, 
clastic or mm-olustic, hoimigenoniiH nr hotorogenoous, to bo at 
vest under tho action of given fuvcoH, and lot it bo required 
to determine tho conditions of equilibrium, ancl tho pvoBaure at 
nuy point. 

Lob o', y, s bo tlio co-ordinates roforrod to rootangular 
oxob, of any point P in tho fluid, and lot Q bo a point near 
it, bo taken that PQ in piuullol to the axis of w. 

Take m + Sm, y, t, na tho co-ordinatoa of Q ; about PQ 
desoribe a small prism or oylindor bounded by planes por- 
peudiaular to PQ. 

Lot Abo tlio aroa of tho sootion of tho oylindor porpou- 
dioular twits axis, p tlio prosmivo atP, and p+Bp tho pressure 
at Q. 

Than, a boing very small, tho pressure at any point of the 

? llano P will bo vory nearly equal to p, and tho prossuro upon 
t will thoroforo bo 

(p + <y)«, 

whore 7 vanishes in comparison with p when, a is indefinitely 
diminished, 

Wo can therefore consider a bo small that 7 may bo nog- 
looted In comparison with p, and tho prossuro on tho end P 
of the oylindor may be taka 11 oqual to pci, and similarly the 
jwjflsure on the end Q equal to 

1 " (p + 8p)«. 
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CONDITIONS OF ItiQUIMHlUUM. 


Tf p bo tho moan clonwity of llu? cylinder PQ t its mass 
s*pa8d j, and XpaBtr will rcpu'HPUl Uni Imre mi PQ pamllol 
to its axis, if Xanu 3 r 8m, /8m 1m the emiijamoutH td the fmcos 
aotmg on a particle 8m of fluid at the point s?tfz 

ilonco, for the oquilibiium of PQ* 

(/H 8p}a^i>ot Xpufiv, 

oi 8/f pX8j\ 

Proceeding to the limit when &»', mid llimofme 8p l is 

inclofmitoly diminished, p will bo the density al P % and wo 
obtain 

dp 

/ rt pA * 

(U 1 

By a similar process, 

(Ip t» 

, ** p i , 

<hj 

dp 

KKJ j 

tie 


'P' 

' pA, 


But 


dp » p ( Xtlw + Ydy + Ads) .(a), 

the equation which dotciiinucH the jutwmiro. 

# , 

16. it is thoiolbio an imsonlial condition of equilibrium 
that p (Xdx + Ydy -l Ads) should bo a purfuct dilTbreiilial of 
Homo Amotion /(w, y, s ); ivml 


de 


(pX) 


"1 w 


ion-ioJt, j 


•••OS), 


* In tho abovo proof, a 1 h Inktm bo mniill that \inmt dimmay 
bo nomootod Jn oompariaou with fa? \ Umt lo, tho duutg# la ii, oarr^jicmtUng 
to a oimtigo to in «j, fa couBldoiod, uudfaturbixt by miy nUamUmm ta y ami »* 
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from whioli by differentiating, multiplying the equations 
respectively by X, Y, and Z } and adding, we obtain 



a nocoBsary condition of equilibrium, 

Tlio geometrical interprotation of this equation is that 
the lineB of force, 

dco dy_ dz 
X = Y=Z> 

can be intersected orthogonally by a system of surfaces, 

ft 

17. Homogeneous Liquids , If tho fluid be homogeneous 
and incompressible, Xdx + Ydy + Zdz must be a perfect 
differential in ordor that equilibrium may be possible. 

In other words, the system of forces must be a conser¬ 
vative systora, and tho forces can be represented by the space- 
variations of a potential function. 

Wo then have, if 7 be the potential function, 

pdY, 

ami 

ft p 

18. If, for instance, tho forces tend to or from fixed 
centres and are functions of tho distances from those centres, 
we have 

where (a, b, o) are co-ordin&tea of the oentro to which the 
fQrco <j> (r) tends, 

Now r* = (to —a) s + (y — by + (« — of, 

, Xd<o 4- Ydy + Zdi =» t<p (?) dr, 
and dp m (r) dr, 
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In this caso, Bluet* 



it is obvious thill Dio equation ( 7 ) is nlwmi rnlislit'd, bill it 
is not to bo inlbncd that Dio ciiuililuiuin <>f « boh'ioj»i-no.iu« 
fluid is always possible with mien a syslom of f..it'« s 

Whon the donsily is ooiihIiiiiI, Mm oi|U!ihotn (rf) Im.inm 
dX dr <!'/, (IV dX il'/, 

dy r/,# d/j <h ‘ dss tb 

wluoh mo in Dus ciihii always salmiicd, mid therefore Dio 
equilibrium of a liomopoiioous fluid major llio notion ..f Midi 
forces is always possible, 


39 Elastic Fluids, Wlion tlio fluid is 0 In;.lie, nu mb 
ditional condition is iiittoduml, for, if the tomjminluro be 
oonstaut, 

p kp 5 

^ m !; (Xdas + Ydy Eik). .(S), 

If the foicos aic derivable) from a pntouUal V, ie, if 
Xdx 4- Ydy -I Zde bo a poifoct dilToicHilial — d i r , 

k c ^’ j — d V, 

/dog^ -a- V, 

- r a , >' 

or p™ Ce *, mid p SS3 j (g ^ , 

Whon the forces tend to fixed centres and arc funcUou# 
>f the distanoos, Art (J 8 ), this equation Uvkt *9 the form 

k m (?') dr, 
and# can bo determined, 
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-“'QTJAL PRESSURE, AMD FREE SUBPAGES. 15 

tho relation between tlio 

proB8.no, (lonarty, and temperature is found to be 

p = kp (1 + cd), 

I™,f *1 ^lio temperature, measured by .a Centigrade 
lhoimuinotor, and « = • 003666 . 

l‘ , rom Lius wo obtain 

p = lepa. |1 + tj- = KpT, 

where J5T = hot, and T=- + t. 

a 

oJ*Jn Ca ^ oc ^ absolute temperature, the zero, of which is 

— 27 C/i 


In Lilia eoso d £ = Xdw +Ydy + Zdx 
p KT 

and T mu at bo a function of m, y, z. 

, b. an y of those cases, if the pressure at any particular' 
point be glvon, the constant oan be determined, 

In tho case of elastic fluids, if the mass of fluid and the 
space willnn. whioli it is contained be given, the oonstant is 
determined. 


20. The oquation for determining p may also be obtained 
in tho following manner. 

Lot PQ bo the axis of a very small cylinder boundod 
by planes perpendicular to PQ. 

Lot p and p + Bp bo tho pressures at P and Q, a the 
areal section, and 5s the length of PQ. Then, if SSm bo tho 
component, in the direction P Q, of the forces acting on nu 

element 8m, 

(p + Sp) a - pa = p'xSSs, 
and therefore, proceeding to the limit, 

P ' dp^pSds, 

r j(h.fldi is, the rate of increase of the pressure in any direction 
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HlllU'AOM or FtJlIAf. I’HJjiMUltK 


in equal to lha product of lho dwisi ly mul tin* mmlvcd part.of 
Lho loioo in that dhcctioii. 


If m, y, s 1)0 lho eo-mdilintoH nl i\ and N, l', /, tliu oojn« 
pououfcs of H parallnl la Iho nxt'», 


U^X d f+ 1 

ttx 


r/y 


i X 


r h 
d* 


mid .* dpmp(X<le'\- Ydy V Xth) iin in A it ( Hi. 

if lho position of P ho given hy lIn* jyltiidinnl on ordi» 
natoB r, 0, and g, and if T, /Aw llm rmtipmmulH of ,V j n 
lho dhouliuiia oJ r, 0, a, 


|S* <® V 


tfr 

rln 


T nil) 

as 


I ^ 


ih, 

d* ' 


and lho equation for p boatmen 

dp™ p \l'dv + TulO*\ ’Ah | 

Again, if Ilia position of /'bo giion by iho ordinary polar 
co-oidinalos r, 0, <f>, and if Iho eniiipnimiitu of ilia fairo bo 
It, jY, and T, in lho dii actions «r r, of iho (loipandionlar la 
lho piano of lho nnglo 0, and of llm lino puipoiidiriiliu to i» 
in lliat piano, it will bci found thnl 

C ^ } »> lldr + Nr siu OdA |« TrtlO. 

P 

In a similar m an nor lho oxpremkm for dp mny bo obtained 
for any olhor system nf ca»ordiuaLon. 


21. Surfaces of equal pressure. In all eiutest, m which 
tlio equilibrium of lho fluid is possible, wo obtain by into* 
grfttiou 

P<™<f> fa y, e). 

If p bo constant $(<s>y,s)™p. ....(A), 

is lho equation to lho mu loco at all noinln of which the 
pressure is constant, and by giving dillWnl values to p wo 
obtain a soma of aurfacoa of oqual pressure, nod tbo ox to in al 
fiumco, or froo surfaco, is obtained by malting p equal to tho 
prosauro external to Lho fluid. 
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If tho extornal pressure be ssoro the free surface is therefore 

y> z ) =* o* 

The quantities 

dcf) cl<j) d(j> 
clw } dy * dx 9 

which are proportional to the direction-cosines of tho normal 
at the point (a?, y } %) of tho surfaco A, are oqual to 

dp dp dp 
dor* dy' dz> 

reB^ctivel^, i.e, to pX ) pY> pZ > and are therefore proportional 

Hence the resultant foroe at any point is in direction of 
the normal to the surface of equal pressure passing through 
tho point 

The surfaces of equal pressure are therefore the surfaces 
int&i'seoting orthogonally the lines of fw'ce. 

It follows from this result that a necessary condition of 
equilibrium is the existence of a system of surfaces ortho¬ 
gonal to the lines of force, a conclusion derivable also from 
the oquation (y) of Art, (16), for that equation is the known 
analytical condition requisite for the existence of such a 
system. 

22. If the fluid he a homogeneous liquid, that is, if p 
is oonstant, Xdw + Ydy + Zdz must he a perfect differential, 
or in other words, tho system of foraos must be a conservative 
system. 

In general, when the force-system is conservative, p 
must be a funotion of tho potential V 

ITor dp = — pdV ) and dp being a perfect differential, p must 
be a function of V ; hence V t and therefore p, is a function 
o fp } and surfaces of equal pressure are equipotentiol BurfaooB, 
and are also surfaces of equal density *, 

' I * Those result* may also bo obtained in tho following manner: 
fGoxfsldor two consecutive surfaces of equal pressure, containing between 
them stratum of fluid, and let a small olrole bo dosorlbed about a point P in 
opA surface, ;and a portion of ,tho fluid out out by normals through the 
olro|umferenoo, The portion of fluid is kept at roet by the imprassoa foroo, 

/ ! V' A £ 2 
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If tho fluid bo clastic mul Ihu Uunpurnlum vaimblo 
dp d\ r 

•'a***" t r iif * 

p A 1 

Honco by a similar pioeoHH nf lcwonuitf T in a fumanm rtf p, 
and siufacos of equal piosmiro an* also mirfiu'os of equal 
temporaturo. 

If howovor Xdai h Ydy | 'Ah lie mil n peifei I, tlifTon'iiluU, 
thoso suifacos will not in gonoial eoinenle. 


1st Lot llio fluid bo 1 i(!Li’Ioji<'ihhjuh uml mo<mi]iief«iibk»; 
thon tlio surfacoB of equal jinwuuu ami of equal density arc 
givon respectively by tho equation* 

dp « l), dp »<• l), 

or Xda) H- ) \lt/ | Afs r <Q j 

t d ^% d ^l d ‘"°\ . ( " )- 

Thoso thon arc tho dilforontird tHjuatioim of surfaces which 
by thoir intorsootions delomiino curves of equal prmutro and 
density. 


From (B) wo obtain 



X 


dp 


&L 


A 


Tp 


(h 

W"Zx$> 


.(0> 


dz "dm 1 <h~' A iy 


mic 


? n 1 , Uaoml * nlul Hflotwmnftsnsim 

iSftffiSfrfn mmm «U all Mints of U* dmotfewnb fo.fn« 

^w*fiS»«r5wS donaHy! ' flmt 1,10 mtm * * ®P»l pr»««r« aw 
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But from tlio conditions of equilibrium wo hnvo 
dX , r dp (l 1 * r dp 


dy^^dy r d,v 
dr v tlp dZ 
r ths tls 1 dy 
d'A dp 
P dw * ‘ da 

mid tlioroforo the equations (0) become 
tin dy ds 


dto‘ 

+*t' 

thj 

d \rdp 

p d, +x ,l,' 


Try r 

dy da 


i “ 


^ryprTtr^q .< D) - 

da dtv dr dy 

tho difforonlial oquntimiH of tho curvos of liquid prossuro and 
donaity, 

2nd, Lot tho fluid bo elastic mid of variublo tompomturo; 

dp Xd.o + Ydy + Zdss 
then ' -- 

and tho curves of oqual prossuro and tompomturo aro given 
by tho simultanoons equations 

dp"* 0, iijf'«0; 

or Xdw + Ydy + Zdt «= O') 

dr . , dr, J dr. ... 

Blit, sinoo ~j~ ih a porfoot difTorontial, tho conditions of 

equilibrium aro in this onso 

d Z d Y 


dy ‘ r dt ‘7* 


, &o„ 


dy d9 


<-%) 


ydr ydT , r (dX dZ\ 

x -&~ z n 

1 \d» dy)‘ 


v dT ydT 
X TT * — A 
cud dy 


2—2 


or 
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Bul, from lho pieced mg ocptnlhnifl, 


dx 


dz 


£4 ^ l | A 

dy dz 

(U 

dz 

Jjj 

* dx dr * 

1 dz 

ITT 

<iv 

■ (Vryr- 

Jx 

17, Try t ■ 


dy dz 

<U 

iU i 4 r thf 



equation# of lho sumo (mm an (l>). me in itiiw rami Lho 
differential oqtuviioiiH of tiio ciiivoh ol (jutwurc and 

LompoinUuo, im<l llioiofme iiIho of (<(1101) iloumty. 

2 tl Wo shall now piovo thill llinmudiliuiiHoi nipulihrium 
of a Iloilo nuiHH of limit uio HUlisiied hy the i iiuutiotm of 
Art, 15. 

Oonsidor lho fluid within a Hom'd si 11 fine S, und Lake 
l, m, n ns lho ducolinu-ciMinns of lho iioiuud at any point 
drawn oulwatds. Resolving pniuikd lo x, and Inking moments, 
lho equations of oqiiilihiiuui am 

JfpldH * JJfpXd.i(li/ds, 
ffpe/ft (up — vie) < JJff) [Xi/ - l'«] thrdyds 

Now, intogiuling along a thin piimut paiailol D> x, which 
wocosBiuily cioss oh lho siiifueo <V 1111 oven munlior of time#, 
and cuts out demon Is dX t , d>% dH v dX v &c„ 

IJJdx d,U ^ la ’* lj iHhjch ‘ 

botwoon lho limils 1 \P V l‘J\, Ac, 
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■*//— C0H ( w ~ ^i) + <:0H “iV^H C0K ( 7r “ 0 |) + &c,, 

taking ( 9 ,, 0 t , 0 ,, ... nx fcliu inclinations to the iix'ih of nt of fclio 
outward-drawn nnrmnlH, 

"//(ftW ‘Si !*•••) nvur tlio wholo surface). 

Transforming fj [wjdti ami JjpmcdH in tlio siuno manner 

and taking account, of tho o< pud,ions ‘fj^pY, ( ^l a p %> 

wo hoo that tho comlUioiiH of equilibrium am satisliod. 

Couvorsoly wo may employ this muthoil in onlor to obtain 
the oquatimiH alluded to. 


24. Wo enn alHo prove that, p (Xdx -\- Ydyp- Zdx) miiBt 
bo a porfoet differential, by ouimiduiing tlio equilibrium of a 
uphorioal elomunt of fluid. 

For tlio proHsitrus of tlio fluid on tho surface) of tlio oloinont 
nra all in direction of its centre, and thoroforo tlio momont 
of tlio acting forces about tho ci'iilro muni vanish. 

Lot to, y, e bo co-ordinates of tho eonlro, and co + «, y + A 
a -f-y of any point iimido tho mnall Hplmro. 

Then, p being tlio dousity at tlio eonlro, tho expression 
2idm(/4)9 — Yy) boemnoH 


jjjdvifMy (p+^+J^+^v) |/9 { X pu‘ + dg f>+ ‘‘s'*) 

0, tlio contro of tho sphere boing tho 


Now fjjadodfidy 
•contra of gravity 
xdfldy, 


if <o ■■ dac 


) snli 

of tho volume, Jfjftydzdftay 0, &c., and, 


///«■« - ///£% - ///y*ai - * JfJ (a 1 + /3* + y*) w 


m t>( 4nn^dr' <■ -fo tn*. 
J o 


Tho oxprQBsion for tho momont thou becomes, ’neglecting 
higher powers of cx,fi,y, 


(d 


, «.,) 471T* 


d 
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and, in owl or that this may Ik* nvniu'wiit, wc must hnvo 

•* i 


~d<{ 


(pZ) 


^ jjp H. 


26 . Fluid at rout undor the uvlimi *j f tftuvtly. 

Taking tho axis of* voilmal, and un (muring « ihmnnanla, 

A'-■ U, r u, y.>. s , 

and tho equation (a) bocomtw 

dp j i/pds, 

an oquation which nmy nl«n Jh< ublmimd tliirrlly by mmidor- 
ing tho equilibrium of a small \rilical tyhrnU'i. 


In tho Casa of homogoiinmix lu|iiiil, 
l> (Jf>S -( r, 

and tho surfnooa of oqual iirowmro urn liuiixontal 

Houco tho froo surface m a hornsnntnl piano nn«l inkintr 
tho origin in tho fioo suifaco, mul U as tk/oxU-umi pmir?, 

V ™lfP* hll. 

If tlioro bo no piosauiu an tho free mi daw, 

p » J gpc, 

ZomrfaoT VO °* *° ilU ^ motional to Urn depth Mm) 

In tho oaso of hotorogouoous liquid, tho equation 
dp - > ejpds, 

shows that p must bo a function (J f e *pj,« « 

XSSS&S?** «*•« i- 2 u htM 

As an oxaiuplo, lot p oc F 


then 


jj sss *“ 


S nH 
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26. If two liquidSy which do not mix, meet in a bent tubo> 
the heights of the free surfaces above the oommon swifaoo are 
inv&t'sdy as the densities. 

For the pressures at the common surface are the same, 
and if 0 , s' bo tho heights of tho uppor surfaces above the 
common surface, and p, p the densities, these pressures are 
respectively 

gpz + H, gp’z* + n, 



27. It is a well-known law that if a system be in equili¬ 
brium under tho action of gravity and the pressure of smooth 
surfaces, the equilibrium is stable, if the centre of gravity be 
in its lowest possible position. 

Honco it follows that, in the case of heterogeneous liquid, 
the density must increase with the depth, for otherwise the 
equilibrium would be unstable. 

Thus, if heterogeneous liquid be poured from one vessel to 
another, it will settle with the heaviest strata lowest, the law 
of density of course being changed. 

A quantity of liquid , the density of which is a given 
function of the depth , is contained in a vessel of given shape; 
if the liquid be transferred to anoihes' vessel y it is required to 
find the new law of density f each vessel being in the/mn of a 
surface of revolution with its cuds miical. 

Measuring x upwards from the lowest point of tho liquid, 
lot y=*f{to) be the generating curve of the first vessel, and 
y^<b((v) of the second. 

Then, if tho stratum at tho height to in tho first vessel 
correspond to the stratum at the height at in the seoond, we 
obtain, since the volumes are oqual, 

and performing the integrations, we find x in terms of d , and 
.therefore p , which is a given function of ( 0 , becomes a new 
f;ttn<$on of 0 '. 
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Moreover, if h ami li bo Uio depths of the liquid an Uio 
Uvo vohhuIh, h in given m ternw of k', n»d thorofoie the 
donfiity, p, can be found in lermn ol h >•*' • lln 1 depth. 

If I,lie new law of density be given, and il lie xijuired to 
Rnd the nhapo of the new vennel, we may p.end an tollnwg: 

Tho doimity being a given funelmn of A—*i\»n«i nine of 
h'-m‘, wo can, by equaling llm I wo expiewnnim, find ,e m 
toima of to'. 

Also, equating Hie volumes of rniroapondiiig almla, wo 
obtain ifdx « wbieli at oiioe, by Mibstil tiling foi x ito 
valuo in torniK of, if, gives llie equation leijuued, the video 
of h' will bo then obtained by equating to onob olhei Lite* 
whole volumciH. 

I3xa.MI‘Ij 1C (l). Tho (himIt/ of a liquid in <> cylindrical 
vessel varies us tlic depth; find the new law «/ dainty if the 
liquid bo poured into a conical vessel huviny tls vertex down* 
wards, 

In this caao p -> ft (k “■«■), 

and vahi <n fa r/’ Inn" a; 

also vaVi n far/i* Ian* a ; 

,\ p /x tali* « ^ w ^ a (8/i'jC a/i's* -I* s’), 

if e bo tho dopth. 

ISxAMl’r.ii (2). A quantity of liquid tho childly of which 
vaiies as tho depth., fills an inverted paraboloid to a given 
height i it is required to find the shape of a. vessel, in the form 
of a mfaoo of revolution, such that if this liquid be poured 
mlo it its density will vary as the square of its depth, 

In this case p ■» y (h — w] p' (li — 

(h'—ld)*, If 

Tho oquakion Amdm y’hlcd given 

oY*- 8a (A' -«'){/«>- (A' 

To oomploto tho uolntion, wo must equate tho total 
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vnlumuH, aiul wo tlimOiy obtain I'^ci oh tho iiocuswAry 
relation hotwoim 4* and o, 


2H. AVtnthV yZrtn/ a( mi uw/ak J/ici action of gravity. 
In tliin cnxu, ;; « 4yj, 


and 


;i A; 

,\ lo^and 

w A3 


Thu HurliumK «,r equal jMosHurn urn in thin niixn alno liori- 
Kuntivl lilnui'S, mul llm uniiHlunl. (! iiiuhI Ihi dolormiiuid by a 
knowledge <»f th» jiiVHHiu'n far a given vulua of s, or by norno 
other font in oonnutitinn with Ilia particular oiwu, 


Ex All Pi. (4. A nlimd riflimlcv, tho tom of which is vortical, 
contain* a rjivcn mass of air. 

Measuring s from Urn lap of thu nylinilur, 


,\ if M be tho given inna*, a tho radius, ami k Uni height of 
tho cylinder, 

M »= [ pirii’iAs =* iru* - (a* ~ 1), 
whonco 0 is dotoriniuod. 


20. Illustrations of the uno of tho (jan&ml cqiuilion. 

(1) Lot u, given vuluino V of liquid bo noted upon by 
forooa 




respectively parallel to tho ax.os; 

then dp *■ p ^ da - Vjj( dy - dsj , 

art 
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The Htirfncoa of equal prosauio wo thoiefon* similar ollip* 
Boids, and Ilia equation to tin* Iran mtifuro m 


y 1 # tt ' B 

ir t> t 


S*f' 


assuming tliat Ilum* i« mi i*xl»*i nal pramiiii* 

Tho condition vlrii h tin* constant j?» that tins 

volume of tiio fluid in given, mid we Iihw 


nr \i 


,m ' 1 ""'i (iUj - 


(2) A given volume of liquid it at red on a Jiml plane, 
under the action of a farce, U> a jiurml point tn the plane, 
varying as the didanco. 

Taking llio fixod point n« origin, tin* oxpicwum for tlio 
prossmo at any point i« 

pna (! — fcup (,«’ -I »/* I »**) n (! - A/lpl*". 

wliojo r ih tlio distance Iroui Urn origin , and if fvra 1 bo tliti 
givou voluino, tbo flow mufaco m a liomiapliom* ol radius a. 
and 

V ” Ud — »•*) 


Tlio pm lion of llio plnim in contact with fluid is a eirok 
ofradiuB a, and DioiiTmo tlio ptwwuio upon it 

ptr fit 

mJ I prdrdO 
“ lir/ipa*. 

This result may bo wnttou in tlio form p$a . \frpa % , willed 
is tbo oxproBsiou for tbo attraction on tlio whole mass of fluid 
supposed to bo ooudousod into a material particle at its uontr 
of gravity, and iniglil in facL have bcou at auw obtained, b, 
oonsidoring that tlio fluid is kept at rest by the attraction t 
tlio oontro of foroo and tlio reaction of tlio plane. 

(8) A given volume of heavy liquid is at test under Ih 
action of a foroo to a fmd point varying as the distance fm 
that porn, 


llOTA'i'INCI FF.U11), 
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Take tlio fixed point us origin, and measure s vertically 
downwards; 

then — r«~/+y, and Z^g — fiS', 

dp m p (— futulo — w/il/i -I- (g - fis) <Z®}, 

V /< + V* d* *' , 


and 


'!/*• 


Thu surfaces of (H|ual prosmirn are HplioroH, and the free 
mirfaoo supposing tho external pressure zero, in given by tlio 
equation 


to' -h if -I- 




Tbo volnrnu of l b in Hpliuro in 


oquating this to tlio givun vnluine, the constant 0 in deter¬ 
mined, and tlio pressure at any point iH then given in turmn 
of r and e. 


Mutating Fluid. 

30, If a nunntity of fluid ruvnlvu uniformly and without 
any rolativo ilisplacoinont nf itn particles (i.e. us if rigid) 
about a fixed axis, the preceding equations will onablo un to 
determine the pressure at any point, and tlio nature of the 
surfacoB of equal pressure, 

For, in such casus or rolativo equilibrium, uvory partiolo 
of bho fluid moves uniformly in a oirulo, and the resultant of 
tho oxtoriiftl forces acting on any partiolo in of the fluid, and 
of tho fluid pressure upon it, must bo equal to a lbrco tjhbV 
toward# tho axis, <o being tlio angular vuhieity, owl r tho 
distance of m from the axis: it follows therefore tlint tho 
external forces, combined with the fluid prcwuiroH and foroos 
mah' acting from tbs axis, form a Bystom in statical equi¬ 
librium, to which the equations of tho previous articles ftro 
applicable. 
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mine th o pressure at a«</ /*'*"<* " mt ,fle wfii* * <\f Mpid 
pressure 

Take the voilh’fil axis »h the ox in nf limn, r<Molvin|ji 
tho foieo vuo V pmivllei t" lilt* in i"iitpiUM'iii*. iif 

and and tlm gi’iminl *«*u uj thud t< jh thhnum 

bocomos 

dp*p{tn\uh \ tJijriif ;/</;), 

and thoiofmo 

p* p (Jw* u* i »/) * */sJ l t' 

Tho smfawKof lujinil pursuit* nt<« llurt'J.ut' j(,jmlnij<in|sof 
revolution, nml li the vonsol In* upon ni tin- inp, i) (( , In i' «u(* 
faco is givon by tlm ni|imlmii 

«/», n .) , Sf an 

I »/’)'•'%/« I ^ ^ p • 

whctc if is tho cxtoi uni piownm*. 

Tho constant must ho dotormiiiod by Imlp ( ,j the da in cf 
each particular ease. 

For instauco, lot Uio vessel 1m rinsed nt tin* t»*i* mid ba 
just filled with liquid, ami hit 11 ^0 , then, taking the wteift 
at tho highest point ol llio axis, p " 0 ulmu j, if nml t„ vanish, 
ami thoroforo (/«*(), nuit 

Noxt consider tlui rase of ohwi in fluid encium <d hi a 
which rotates about a vortutal axis; 

n« beforo dp » p J»* (corim -h t/dy) 

auil p » kp ; 

. h log p « w* ®* + ,«ps ,p a t 

so that tho surfaces of equal pmauvo ami thxuwty are, porn* 


ax 1 s L aLf\°nr?in i ", i r 8 V T? ! 1)0 a 'Wj* r ^i.i»g i 

axis, anil suppose tho whole mm of fluid given } then, 1 
determine tho constant, consider tha fluid arranged In al 
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inouLavy liDri/.iiiiUvl riuga oiwli of uniform dumbly: lot r bo 
Ike tmlniH of oho of IIiohu ringa ub a Imighl e, 8> % ila horizontal 
nml Be ita vortical lliii-kiu'HH, h tins height, ami a tlio rtuliuH 
of tlio cylinder: 

tlio liuum of tlio ling "irprBi'Bs, 

ami tlio wliolo iiuiHH (JV) of tlio llitiil "* jj ^irprdrds, 
tlio origin being lakon at tlio Iuiho of the cylinder, 

f* vir 1 * $u/j 

Now p *=« e*. c ; 

V-L* Oh 

ixiid «*(*» — X) (L — c *), 

an exjuatinu by Avhieli V is determined. 

31. In general the uquutinn of equilibrium for n fLuiil 
rovolving uniformly and acted upon by fumes ul‘any kind, is 

dp ** f) \Xfh -i Ytlfj -p Zdz ft)* (.ivAit •Vydkf )]. 

In order Unit tlio equilibrium nmy bo possible, Lhreu 
aquations nf condition must lie Hutisllod, expressing llintv rfyj 
is a perfect differential, and, if those cmiditiunH mo suLisliud, 
tho surfaces of equal pressure, and, in certain coses, the free 
surface can be determined ; but it must bo observed that a 
free surface is nut always possible, In foot, in order that 
tharo may bo a free surface, the surfaces of equal pressure 
must bo symmetrical with ruspuot to the axis of rotation, 

Whole Pveaaurc, 

82. I)KK, The whole prewtiv of a fluid on any mrfuoe 
with which it in m contact in tho aunt of the normal prenauron 
on eo oA of ita elemonta* 

If then p bo Lite pressure at a point of an element of 
tho surface, 

pBfif is tlio pressure ou tho element, 

and l\pd8 is tlio whole pressure), tho summation oxUmding 
over the whole of tho butiocq aonstdorod, 
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rf fclio fluid bo honingotiouiis liquid, mid ginvily (ho only 
force iu action, p^qps, itu'iumting a verltwdL turnnwartu 
fiom tho suifnco of Uio liquid, 

and JfjxM"" JfypsH. 

Lola bo Uio depth nl llio mi fro nl ginvily <>f di<' surfaceS, 
l lion s, >S jftilS , 
and ' |)m uhnie ptc*um* > t/piN, 

i,o, tho whole plenum o m equal In lhi> weight id a «'vltmlHoal 
column of flnul, the height of \viii<*)t m s, and tin* Imho n piano 
area equal to I ho moa of tho mu fare 

Wo now mid some examples of the dotormiimlkm of wholo 

pi'OHBlU'O. 

(1) A htmmphmi'al howl filial with water. 

Lot r bo its huIuih, p the density of water. 

Thou tho surface «■* '2-rrr 1 , 

mul & ea H , 

M 

whole [tiossuie *>* ppirt*, 

i o whole prosauro : tho weight of the fluid :: 8 : 3, 


(2) Tho density of a heavy liquid onrieo am the squaw 
of the depth; it w required to find the whole preMure on a 
smicironlar area immersed vmiicuUy with it# bounding dm 
motor m tho mrfaoo, 


Lot OP ~~ r t A OP «a 0 ; 

thou (Art. 25) if tho density 
« p, (dopth)", tho pressuro at P 

=» ^ (?• sin 0)*, 

and tho wholo pressure 



^ffWr'^OdOde, 

Ar 


f 



WHUT.H I’RKflHUHK, 


ni 


(8) A cylindrical mud is dosed at the top , and very 
nearly JiUedmth incumprmililo Jliiid, which rotutes unifmnhj 
about, the (inn o f the cylinder; to find the whole, pressure on 
the ourved surface ami on the top of the cylinder. 


In thin ctwti, taking thu rmilvn of Uio top us origin, anil 
nicaanring « downwarda, 


fi. 

t> 


+ yz. 


Lot a bo this m<liun of J.I10 oylimlor, A its Insight; thou tib 
u cloptli *, llio jircsHiuo uf. its mu'fucu 

.A.* 


/mV N 

U ■'<’*)• 


an olomont uf Hurfrtuo ^ 27 rn, 8a; 

llio wlmlu pruKHurn un Ihu ourviul huvIiiou 
fk 

2 ?ntp (JwV-l +gg) da t 


■/: 


» 7 rpu’/iw’ + irpngh \ 

Tho pi'ouuro on tins lop nt a dintnucn r from tins origin 
1 JpaiV, 


and nn uhsmunt of itn aroa *=> 27rr8)'; 


therefore tins wholes |irowmra un the Inp 

=■ j 7rpwV(?i‘« ^7rpo)V, 


V 


A VN 


(4) A hollow spherical nhe.ll is just jUled with homo- 
geneous liquid , and the liquid in at mat under the action of 
a foroe, to a point on the inner surface of tho shell, propor¬ 
tional to the dittanae from that jwint; il in required to find 
the whole pressure on Uio shell. 

Lot 0 bo tbo oontrts of force, and v tho diaUvnoo of any 
point from 0. 

Then dp » — pprdr, 

a,hd pmO-pp r , jj. 
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Tho proBBUio vaniwliOH at llm oHmr oxlnmily of tlm dia* 
motor OA> and tlimofoui 

|»p‘/v(a»r» g). 

a boing the lailiim A 0. 

If P bo a point in tlio aplu'io mot A V 0, 

(j 

lilt'll OP in 

() 

and tho prossiuo at i*-2/ipM , wn ,, M 


If PCQ^SO, in tlu* plan'' «*l (K I In* witf.n<* by 

the evolution of tlio ini' J'Q about OA 

iimtifl, ii nm 0 , 
and tho wliolo pronmiu on tin* mirlma* 

ro 

iir/ipa’aiu'gnin 0>H) 

=» ivupa* I (I O) snn (hl0 
* 0 

«=» ‘inrupa*. 


KXAMI’I/KH, 


, -fV dwodtubo ill tlio form of tut ellim® with il.i tmtior 
axis vortical is filled with throe different imuiijtt of dotutuW 
Pv Pv Pa respectively, If i| iB diBUineea n f t| )<s guffaw f ,f 
separation from oithor foetm bo r { , r, rwspwelmily, prove 


**» (p» ~ Pi i) *1* ■>'# {p, - Pi) 1 - r, (p } - f) { ) m tl, 
nlano dm® uM J? 1 mbuv K P l «W 1 **!»«« that | 



EXAMPLES. 


33 


3. The particles of a given mass of homogeneous liquid 
at rest attract each other according to the law of nature ; 
find the pressure at any point. 

4 The density qf a liquid varies as the square of the 
depth below the surface ; find the whole pressures, 1st, on a 
reotangular area just immersed vertically with one side in the 
Surface, 2nd, on a oircular aim just immersed, 

6. A paraboiio area, bounded by the latus rectum, is 
just immersed vertically, with its vertex in the surface of a. 
liquid; find the whole pressure upon it, 1st, when the liquid 
is homogeneous, 2nd, when its donsily varies as the depth. 

6* Find the surfaces of equal pressure when the forces 
tend to fixed centres and vary ay the distances from those 
centres, 

7. A regular tetrahedron is filled with fluid, and held so 
that two of its opposite edges are horizontal \ compare the 
pressures on its soveral sides with the weight of the fluid. 

8. A spherical mass of elastic fluid is compressed into 
the cube which can be insciibed within the sphere; compare 
the whole pressures on the surfaces of the cubo and sphere, 

If a mass of air in a cubical vessel he compressed into 
the sphere which can be inscribed in the cube, tho whole 
pressures on the two surfaces are equal. 

9. In a solid sphere two spherical cavitios, whose radii 
are equal to half the radius of the solid sphore, are filled with 
liquid; tho solid and liquid particles attraot each other with 
forces which vary as the distance: prove that tho surfaces 
of equal pressure are spheres concentric with the solid sphere, 

10. Shew that the forces represented by 

X = fi (j/ 2 + yz + z*) y /i (* % + m + <£)> Z =* p + mj -h f) 

■wjll keep a mass of liquid at rest, if the density oc 

from the plane 0 + 7 / + £=0 ; and the curves of 
pressure and density will be circles, & 

- j , jU ( , ‘ A given quantity of elastio fluid is contained in a 
hollow, sphere, its particles are acted upon by a force to 

B, H, 3 


(diet,) 1 

equal 
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tho centra ot tho spboro vaiying rowwely w «1»* 'h«iMWv \ 
Tho sphere being supposed Ui vmy m mro »lw*» «h«t % : 
whole pressure on its suifitco vnueK mvorsi’H nx radius, j 
pumdod M < 3 «> whoio H i» ll«* ulmuluU* lm .*ml # tlifr 
ratio of Uio piossuio to the density "f lb" fluid 

12 A closed cylindrical vessel is very iihiiIi AIM with ' 

incompressible fluid, which i« acted himih by n varying 11 

as the distance, to the middle point id theiixm id Urn «vlmdeq 
if 2a bo tho longth of the axis mid r tlm mdiii»*<f "luu-t end, | 
show that tho whoio prosmuo tin llm cuivod muffin* : the 
whole piossuio on tho ends • Hu 1 • Jin*. 

Also find this mtio when the mi lie n{ loie* i*» nt the | 
centro of oithoi end of the cylinder 

13 If a conical cup ho filled willi limmt, the itimui 

pressuie at a point m tho volume of the liquid im l<< the mean 

pressure at a point in the Hurfuco of the cup iw ft 4, 

14. A vossol is m the foim of a right inner* without 

weight, tho vortical angle boing 2<rj the vernel i« HIM with 

liquid and then suspended by a point in (he tun if fi Ik* this 1 
inclination of tho axis of tho cone In the vertical, «h«*w that I 

cot 2/9 ~ cot 2« — ^ omoe Ski. 

16 A mass of fluid routs upon a plane mihjeel te a 

central attiactivo forco situated at n distance r from Hu* 1 

plane on tho sido opposite to that on which the fluid i*s; and j 
a is the radius of tho froo spherical surface of the fluid * allow 
that the whoio pressuro on tho plane 

-■yv-oj 1 . 

16 Find the surfaooa of oquaL prewura for fluid fluted ' 
upon by two forces which vary ns Uio inverses wiuarn of the f 
distance from two fixed points. , 

Provo that if tho surfaco of no pressure bo it stphera the 1 
loci or points at which tho pressure) varies invoiwly its (ho 
chstanoe from one of tho contras of forco are also aphem*. \ 


EXAMPLES, 


35 


17. The unit of velocity being a velocity of one foot per 
second, and the unit of acceleration that of a falling body, 
find the gravitation unit of force in the equation p = gpz y 
water being takon as the Btandard substance. 

18. A oylindrioal rod, of radius one inch and length 
eight inches, is placod in a vessel of water ten inches deep, 
with olio end on the bottom of tho vessol, and is inclined to 
tlie vortical at an angle 45°; if an incli bo the unit of length, 
a yard per socond the unit of velocity, and tho density 
of water the unit of density, find tho number of gravitation 
unite of force in the wholo pressure on the rod. 

10, A closed cylinder, with its axis vortical, is just filled 
with liquid which rotatos uniformly about a generating line; 
find tho whole pressures on tho base, the upper end, and the 
curved surfaca 

20. A vessol in the form of an inverted cono is partly 
fillod with fluid, and closod with a lid; it is then made to 
revolve uniformly about its axis ; if a small hole be now 
made at tho vertex, determine how much of the fluid will 
escape, considering the different cases that arise according to 
the magnitude of tho angular velocity. If this be indefinitely 
increased, prove that the surface of the fluid is a ciroular 
oyliudor, and find its radius, 

21 . If tho force at any point is given by a potential <£, 
and if a tube of small but variable ciroular seotion be 
imagined in the liquid, the whole pressure upon whioh is P, 
prove that 

where r iB tho radius of the section, and 8 is measured along 
the tods of the tube, 

22. Tho density of a liquid, contained in a cylindrical 
varies as the depth ; it is transferred to another vessel, 

ip, 1 the density varies as tho square of the depth ; find 

the ^lape bf tho new vessel. 

- i: 3—2 
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23. A oiroular couo, of voilieal angle , is just Hlloil 

with waloi, awl Iioh a gouoiatiug lino ligidly attached to a 
horizontal piano Tim piano is caused to revolve with uni¬ 
form angular velocity uhmil a veilicai axis thmugli the apex 
of tho coiig ; find tho gioatost velocity which will allow of tho 
pioasiuo hoing mo at tho highest, point; mid m this rases 
find tho wholo pumsmo «m tho hose 

24. A straight uid, ovoiy particle of which nt,li acta with 
a forco varying inversely as the squmo of tho distance, is 
aui rounded by a mom of homogeneous incompressible llmd; 
find tho loim of tho miif'noeH of equal piMumro 

25. A quantity of lioavy liquid is attinctod to a fixed 
contro, by a constant toico tho iuloimity of which in equal to 
tho foroo of guivity, and is supnoitod by a hmizonlal plane. 
Find tho form of tho sin fueos of (’qua! pressure; and also tho 
prosBuro on tho piano, proving that when tins plane posses 
thiough tho contro or foico it is equal to four-thirds of the 
woight of tho liquid. Find also expressions for the pressure 
on the piano whon it is oithur above or below tins centre of 
forco. 

26. Tho interior of a homogeneous shall, boundod by 
two non-oonoontrio apliorieal surfaces, and attracting according 
to tho law of natiuo, ia pm tidily filled with homogeneous 
liquid which rovolvos unifuimly with it round tho lino passing 
through tho con ties of tho spheres; prove that tho free surface 
is a paraboloid of revolution. 

w* 4 spherical sholl is filled with homogeneous 
molaatio fluid, ovory [larticlo of which attracts every other 
with a forco varying invoisoly as tho square of the distance 5 
snow that tho chltoionoo hotwoon tho pressures at fell© surface 
and at any point within tho fluid varies as tho area of tho 
loast sootion of tho sphoro Llirough fclio point, 
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free surface, If lliu vidimus nr tho liquid ho ..Wooh 1 ^, 

o z 


proyu that tlm whole pressure on tho surface of tho cono 
m ^pfnrti' sin a, whurn p in the disunity of tho liquid uiui p, tho 
absolute force. 


20 . An ojittn vessel tunilmning liquid in nmdo to vovolve 
about a voilienl uxii with uniform angular velocity. Ifind 
ihn form of (ho vessel mid iln dimensions in order that it may 
bo just emptied. 

30. A qUHUliiy of liquid (gravity being supposed not to 
act) jnnl lill* a hollow sphere, and in repelled from a point in 
tho Surface of llii* sphere by a limine /* x distance: if tho 
liquid revolve round the diameter passing through tho centre 
of forco with uniform angular velocity n) p (ind tho whole 
pressure on llm surface of tlin sphere. If, liy diminishing tho 
angular velocity one ImJf, tho prelum in also diminished ono 
half, shew that o 1 « U/i, 


31. A rectangular plate of thin molnl of given mo is 
bout and bold so flint two opposite edges are pamllul and in 
tho wuuo horizontal plane, and tho vortical ends uro then 
dosed by (lal plates; if this vessel bo flllud with wator, find 
ila form whon tho whole pressure upon its curved Huvfuco is 
a maximum, 


82, An infinite mas* or homegonuaufl fluid surrounds a 
dosed surface and isaUmotud to a point (0) within the surface 
with a face which varies inversely as Lhocube of tho dUtanoo, 
If tho proasuro on any alommii of Llm surface about a point P 
bo resolved along PO, prove that tho wliolo radial prosBuro, 
thus estimated, Hi constant, whatever bo tho shape and mo 
of tho surface, it being given llml the pressure of the fluid 
| tfttdsboa at an Infinite distance from Lho point 0, 


S3. A right oono, whoso weight may bo noglootod, is aua- 
ponded from a point in its rim; it contains oh muoh fluid oa 
>\ {li oan : prove that tho whole procure upun its surfadois 


g vpg& 


sin a nos 6 faoa (8 + a) \ 
co#' , "ct {aoB (if-a)) ’ 
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where h, 2«, aio the and vurlirfil nngle nf the emm, 

and 0 is cloloi mined from 3 sin Sf) • l> hiii 2 (fl -a), 

3'1<. A vessel finnied liy Ilia irrudufuut nf a rnrrtUorl 
con (1 — cohO) about, its iixh which t« vet I mil {\«<ri<"c up, 
wiudfl) in just filled with water mid wlnfoa abet it that >(X i rt 
with mnfoim angular votmity. Kind tln« vi'htiiiv, when 

tho lino of no piesHuio is given by (h *, Kind nlw the 

pressure at. any olluu point, and the point*! of minimum 
pi OSH 1110, 

35, A closed vohhcI lull of liquid in made lu involve with 
uniform angulai velocity w uhoiil a veifienl nvi« ihrouuli us 
highest point, shew that the total pressure of the liqmd eit 
tho am face is ineiensed by J A being (be area of tlm 

surface, and k the ladniH of gyration of tlm surface ahuiit the 
vortical axis. 

8G. All spaco lmirig supposed filled with an elastic fluid 
tho pailicloH of which are attiacted to a given jmint by a 
forco varying as the distance, and tlm whole rium of the fluid 
boing given, find tho presume on a circular disc placed with 
its conlie at tho cciitio of fence. 


87. A thin ollipsoidnl shell, attracting according to tlm 
law ol nafcuio, is Huuounded liy hoinogcimmiK liquid; find 
tho aurlticos of equal pressure, neglecting tlm nttraction of 
tho liquid on ilsoll 


88. Giro os aro diawn having their centum on the axu 
ol * and touching at tlm origin the plane and the iwitiou 
of a point 1 is defined by r, 0, </>, whore r is tlm rndhis of tlm 
pirola through P, oontro 0,0 i» the angle OOP, rind ,/, tho 
inclination of tho piano OOP to a fixed plane through tlm 
axis of a ; prove that 8 

§>, 

P 

S 10 ^ 0, ' 0ef,, 0,1 m ? l0ntl0Wt 01 of liquid 


* n (I ~ 008 ^) Tm\ Odr+ Trdd+MnkQdfa 
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39. A mass m of elastic fluid is rotating about an axis 
with uniform angular velocity co, and is acted on by an 
attraction towards a point in that axis equal to \l times the 
distance, (i boing greater than a) 9 ; prove that the equation 
of a surface of equal density p is 

(*• + + *») - (o' + JO = * log { ~}. 

40. A quantity of liquid, the donsity of which varies as 
the depth, fills an inverted paraboloid, of latus rectum o, to a 
height h \ prove that, if it be poured into a vessel of the form 
generated by the revolution round the axis of co of the curve, 

aSf = 2o/t*0 (a - (c) (2a - a), 

where a is any constant, its density will vary as the square 
of its depth, 

41. A mass of self-attracting liquid, of density p, is in 
equilibrium, tbe law of attraction being that of the inverse 
square : prove that the mean pressure throughout any sphere 

2 

of the liquid, of radius r y is less by ^ vrpV than the pressure 
at its Centre. 






CHAPTER III 


THE RESULTANT PRESSURE OF FLUIDS ON SURFACES 

33 In the preceding Chaptor we have shewn how to 
investigate the pressiue at any point of a fluid at lest under 
the action of given foices, we now proceed "to dotoimmo llio 
resultants of the piossmes exeited by fluids upon mrfaoos 
with which they aie m contact, 

We shall consider, fiist, the action of fluids on piano sur¬ 
faces, secondly, of fluids under tho action of giavity upon 
cuived siufaces, and thirdly, of fluids at lost undoi any given 
forces upon curved siufaces 


Fluid Pressures on Plane Surfaces, 


The pressuies at all points of a plane bomg porpondioulru' 
to it, and in the same direction, the resultant pressure Is 
equal to the sum of these pressures, that is, to tho wholo 
pressure, and acts m the same direction, 


Hence, if the fluid bo incompressible and acted upon by 
gravity only, the lesultant prossuie on a plane 

*= the whole pleasure 
=gp>zA> 

where A is the area and £ the depth of the centre of gravity* 

, A the fluid be of any kind, and at rest undor 

tne action of any g 1V en forces, take the axes of 0 and y 1 in 
plane, and let^i be the piessuie at tho point (a?, y ). 
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Tbo prcwmro rm im I'limenl uf area fi.rS// ■» jifoty ; 

llif iVHiiltniil pri'KHiirt' JW*. 

tbo integration extending over the whnl^of tho area con- 
Bidorcnl 

IT polar nenrdinnlr* bo lined, llio resultant proHSUio is 
given by llio expression 

JfprdrttO* 

ibk Pk.F. 77j#f rmh't* of p iywww in the point at which 
Ihs direction of /Ah xhiyh i J\nrr t t ohwh in eqniralant t\> Ika 
fluid pr&tsurtx on tin} plan?, uwtlx the tnirfatiQ, 

Tbo centre o{ pressure is horn dclined with rewpoeb to 
piano mirfmri^ urily; it will lie noon nflomthlH Unit bho re- 
buI tant notion uQluiil on a curved mirfueu is not always 
reducible to a sinjPo force. 

In ibu co*o nf a heavy fluid, it is dear that the cnnlro of 
prewuro uf a liorigoiilnl area, iho jintwmo mi every point of 
which is the same, in its centre nr khlvi by ; mill, since proa- 
suro increase* with the depth, the centre of pressure of any 
piano area, not horixonuil, is below its centre of gravity. 

To obtain formula? for the delmnirnUion of tka contra qf 
prmurt of any plan? amt, 



p be tho prowuro at tho point y), referred to root- 
ftxo* in tho piano, a + &*>, y + fiy, the oo-ordinatoB 

of $ 

2J> oo-ordinatCB uf tho oenLro of procure. 
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Tlion )j ffpdydx^> moment of the iwnlliuit pressure 
ilium!, OX, 

w Uu’ mint tif l!«i mumonlH of the prc«a» 
^ mu im on nil (lio «'li*uii'iilHi*I iiron lunmt 

ox. 


•» X /i ft if fo'. y 
»* Ifpydydr j 

JJ/Wyiin 1 

ana minify .r 

tho intogmlH being Inlcon mu im In iwludo I lie nrwt eniiMilerod. 

If polar co-oidmaluH ho employed, n (rffhilar prrn«w mil 
give tho oqualions 


, ff»r' cob 0 dr dO 
* m tor toil 


//fir" fiiu 0 dr (10 

M ffpf ft* (1$ 


36, If llio fluid ba liomo^oneouH and iudnnlie, mid if 
gravity bo tho only foioo m actum, 

pv-tjplu 

whom h is tho depth of I bn point P below the surface; and 
wo obtain 


Jjftta 

“ J}hdy dm ' 



H 


Jfhydyd* 
jfhdy dr 


(«). 


It is BoinotimoB iiBoful to take for ono of tho axes tho lino 
of infcotaootiou of tlio piano with llio surface of tho fluid: If 
we tnlto thia lino for tno axis of j», and 0 n» tho iuellnation of 
tho piano to tho horizon, p m gpy mu 0, and therefore 


S 893 


jjfmjdydio 
ffydydw ’ 


y r^at 


Jfrftlyda 

fjydyd.ii' 


10). 


From those last oqualiona (/9) if appears that the position 
of tho oontro of pressure is independent of the inclination of 
tho piano to tho horizon, ao that if a plane area bo immersed 
in fluid, and thou turned about its lute of Intersection with 
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the surface as a fixed axis, the contre of pressure will remain 
tinohanged. 

If in tlio equations (a) wo make h constant, that is, if we 
suppose the plane horizontal, x and J am tfte co-ordinates of 
the centre of gravity of the area, a result in accordance with 
Art (34); but, in the equations (£), the values of x and y are 
independent of d, and are therefore unaflfooted by the ovane- 
sconce of 9 . This apparent anomaly is explained by con¬ 
sidering that, however small 9 be taken, the portion of fluid 
between the plane area and the surfaco of the fluid is always 
wedge-like in form, and the pressures at the different points 
of the piano, although they all vanish in the limit, do nob 
vanish in ratios of equality, but in the constant ratios which 
they boar to one another ior any flnito value of 9. 


The oquations Si this article may also be obtained by the 
following reasoning. 

. Through the boundary line of tho piano area draw vertical 
lines to the Burfaco onolosiug a mass of fluid; then the reaction 
of tho plane, resolved vertically, is equal to tho weight of the 
fluid, which aots in a vertical lino through its centre of 
gravity; and the point in which this lino meets tho phvno is 
: the oontro of pressure, 


Taking the same axes, tho weight of an elomentary prism, 
'.aoting through the point co } y,is gphBmSy cos 9 i whore 9 is the 
inclination of the plane to tho horizon; and therefore the 
centre of those parallel forces acting at points of tho plane, 
is given by the equations 


x 


JJgph x cos 8 dji dm Jfgph y oos 6 dy da 

fjgph oos 6 dy dw * ^ fjffph cos 9 dy dm } 


■■ • 

i s a 


ffluo dy dx 
Jfh dy dw 


V 


JJJlij dy dm . 
jjkdydw 


?!'- \ Jlehoe it appears that the depth of tho centre of pressure 
,/il$ dqublo that of the oontre of gravity of the fluid enclosed, 

n&Vlh-l'v '• 



The following theorem determines geomotoically tho 
of the centre of pressure for tho case of a heavy 


u 
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If a straight line ho taken in the piano of the at ea.paraUd 
to the surface of the Initial anti n't far hehw the centre of 
inertia of the area at the mnface of the liquid is above, the 
pole of this straight hue with respett to the nnannital elli/m 
at the ceniie of inertia whose xenn-n res ate eipiuf to the prin- 
oipul radii of gyuilion at that point will he (he centre of 
pmttuio of the area, 

Talcing A fm lliii iucii, iiiul h, a for tlio principal imhi of 
gyialion, Uioho mu ilolt’iniitiotl by lln* i<i|iiuiu»ii« 

Ah* fjif duh/, A a' 1 ff d tl i'tlg, 
mill llio oi]ilatum of tlu 1 iimmi'iitul t'llijmu ih 


the oo-ordinuto ax cm lining llio piinonial nxna at this nnnlrn of 
inortia 


Lot a), y bo tlio eu-oulmati 1 *! of Ilia ccntro of procure, and 
«;eim 0 l 1 / mu 0 - /I 
llio equation to Llio lino in tlio mufnoo; 

, IKp - * ca » 0 -Hn °\ C0H o, 


tli on 


and similaily, 


<U *“ JJ(j> - ir ocm 0 - y ami!)) d.edg 

ft* 


IJ m 


Hin 0 ; 


(«;, y) is tln> polo oi Llio lino 

memO | y h'iii 0 m — p 
with reaped to Lho momonlal ellipse. 


37. Examples of the determination of centres of pressure, 

(1) A, quadrant of a circle just immersed vertically in a 
heavy homogeneous liquid, with one edge in the surface. 

If Ox, Lho odgo In Lho auvfaco, bo Lho axis of <», 


J a j yfa»-rf| f 


. D' 


fjif datdy 

8 jfyMy * 


Llio limits of tho integrations for y bolug Lho same M fol* 4 
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JJydady = £ / (a* - a?) dw = 
fftvydxdy = 4 /® . (a* - a?) dco =|a\ 

3 3 

2/ a j|W 

Employing polar co-ordinatos and taking the line Oco as 
the initial line, we should have p =gpv sin 6, and 



IT 



(2) A oirctdar area y radius a, is immersed with its plane 
vertical, and its centre at a depth o, 

Take the centre os the origin, and the vertical downwards 
from the oontre as the initial line; then if p be the pressure 
. at the point r } 0, 

p**gp(p + r cos0), 

and the depth below the oontre of the centre of pressure 


■'l.ji •'!; , 2 J J oos 6 (o + r oos 8) dr d8 ^ 

. 2jjr(c + rcoa0) dr d9 *° 

4^*-jO'r'' • • 

be seen that this result is at onoe given by the 
&'itMoretn of Art. 30. 

>$1, ■••r 1 1 
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(3) A vertical rectangle, orjnntul to (ho action of the 
atmosphere at a constant tempei ature. 

If If bo lho ttimuM|jIioi«• pK’MNum lit tho Imso of Lho 

loclanglo, lho pivSMino at a lieiglil s is lie **, Ail, (SiH), nnd 
if b tlonoLo tilt) biuiullh, tliu prcssuro upon n htmximtul strip 
of tho looUuiglo 

.*lU*Ms. 

tho uimillnnl putMMtmi, if n lx 1 llm height, 

r ^ pt LK ^tr* 

<” / lie IF " (I • *), 

j A a 

and tho height of Lho cellin' of piesMtK 1 



(4) A hollow cube is ran/ near It/ filled with la/mil, and 
rotates uniformly about a diuginuil which in vertical; cm/Hired 
to findfiho pressures upon, and tho cent/ en qf premia e uf, its 
several fuoos, 


I. For olio of tho uppoi fact's AH (ID, 

take AJJ, AH, as axes of it and u ; a, r, lho voi Lionl and hori¬ 
zontal distauoou of any point D(,v, tj) fiom A, 


Lhon \u>h'*-\-ge, 

’ ln-ojcolmg lho broken lino AND an AE, 
r **» A P 8 -- 2 s «> «; a + if ~ « 9 m | (A -\- if — my) | 

.\ lho prosauro (/') on AHOD**j*Jpdydm 

" p ■ //|t + r ‘ “ *tft + ya (®+«4r*> 

"' , {/d oW+ vV}' 
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Tlio centre nf prctuuno in Riven liy lliu oipinlioii» 

SP -yP**p fj|v| (so* +,(/' - tr/l) + jf ;J (or-h j/) J rfi/ rin ; 


,r •« // (i 


21.7 -I- .ViteV 
!% + 


II, For oho of lliu lower fin!cn JiODF, 
toko EF, EO m axon, then, fur u point Q, 


9 m a t/i] ~~ 


W+Jl 

V» 


^ I 

and the reel of the process is the snmo ns in Clio first once. 

, ,\,i, j 

ji ;{fi) A Quadrant of a ctrcfe in just immersed vertically, 
Mm one edge in the surface, in a liquid, the density of which 
;«<*«#* as the depth. 
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Talcmg Ox as the edge, m the suifaco, p-py and 
the centre of piessuie is therofoie given by the equations 



or, in polar co-oidmates, 


. n .. 

7 

} o J o 

r* sitfd cos $ dr d9 j 

fr 4 sin “0 dr dd 

J 

|Jr* sm 2 d dt dd J 

jr‘ sm‘0 drdO 


> 


and it will be found that 


_ 16 a , - 


32 a 
15 7 r * 


(6) A semicircular area completely immersed in water 
with its plane vertical and one end A of its bounding diameter 
m the surface 

Let a be the inclination of the diametei to the suifaco, 
and a, y the co-ordinates of the centie of pfessiue lefeircd to 
the diameter and the tangent at A * 

Then #/JVsm (6 + a) ch dd — // r a cos 0 sin (0 + ci) drclO, 
and y /JVsm (0 + a) d) dO => // r B sxn 6 sm (0 1- a) drdd t 

r bemg taken fiom o to 2a cos 0, and 6 from o to £ 

2 * 

38 If a given plane aiea turn in its own plane about a 
fixed point, the centre of pressure ohanges its position and 
describes a curve on the area, 1 

,' Take the fixed point 0 as origin, and the horizontal lino 
in the plane as axis of x f , 1 



CENTRE OF PRESSURE 


49 

1 M 0t Pn \ * J0 axes ^ lxec * i* 1 the aiefl ! then, if h be the 

depth of O holow the suiface, f3 the inclination of the aiea 
to tlio voi tical, and x'Oas — 9, 

P — ffP + 3/ ,<30S > /9) — gp [h + a> sin 6 cos /3 + y cos 6 cos /3), 

. —Up&dady _ a + b sm 6 -|- c cos 0 
fjp dxdy a + j3 sin 6 + 7 ~cos 0 

and T/ = a ' ~ i ~ C3m ^ T COT 9 

a. + /3 sin 0 + 7 cos 6 ’ 

a, b, a, &c, boing known constants, and the elimination of 6 
gives a come section as tho locus of tho contie of picssiue. 

We can also obtain this lesult by aid of the thooiem of 
Art, 36 


Taking tho piinoipal axes tlnough (?the ccntic of giavity 
as co-oulinate axes, and taking «, /S as tho co-oidmates of 
tho point 0, tho centie of piessuio is tho polo of tho line, 

to cos 6 + y sm 9 = h + a cos 9 +sm 9, 

with regard to tho momontal ellipse, and is given by the 
equations. 


a^cos 0 
,o 


i’sin 6 
V ~ 


= h + a cos 0 + /S sm 9 


Cu 7 r 

If 0 and Q comcido, tho locus is —. l/ .- 

a l b‘ 


1 

hr 


39. A vessel having a plane base and plane ve> tical sides, 
contains two liquids which do not mix, to find the lesultant 
pressuie on one of the sides, and the centre of pressure 

Let p ho tho density and h the depth of tlio uppoi liquid, 
p', h', corresponding quantikos foi the lower liquid; the 
common suifaco must bo a horizontal plane, tho piossuio at 
, ftiiy point of which is gph, and tho piessuio at a depth z 
below the common suifaco is gph + gpz. 

Taking b for the breadth of one of the vortical sidos, the 
,, pressuio of the uppoi liquid upon it = ^gpbld, and the pres¬ 
sure of tho lowor liquid 

fit? 

« g {ph + p'z) bdz = gbh‘ (ph +1 p'/i), 

J c 


u, ir, 


4 
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The loaultanl pioasuio in the huiu ol llu'Ho two ami m 

0<1Uftlt0 gbilph' + pkh'l U>n 

Tho moment of the lliutl pioiwiim <i» tliix Hide about Uh 
lino of iutoiBootiuii with the mil IWm 


f'gpbPih 4 ( <j(ph I i>'s)b{lt i z)th: 

porfoiming the in1o^mli«uiH, ami dividing l>y (b«> o'cpnw.ion 
lor llio roHiilliuit piesMiiin invcHligalod nbou*, wo obtain thu 
depth of thu oniitio of piemiru. 


Jtmdlnnl J’i mu> ex on Cm ml SmJavai. 

40 , To find thu temtlluid no hail piexmitv on any mn'jace 
of a homogeneous lir/inil at i ml mutin' lint action of gtavtly, 

PQ being a mu face exposed to tin* i« tmn of a heavy liquid, 
lot AH bo tho piojecliou of J'Q on t he nut lace of the 1 u|ukI, 



Tho mans AQ is supported by tho hoimmtal pressure of 
tho liquid and by tho i unction of PQ ; thin reaction resolved 
vorlically must bo equal to tho weight of A Q, and oonvctfely, 
tho pressure on PQ 3b equal to tho weight of AQ, and acts 
through its contra of gravity. 

Tf PQ bo pressed upwards by the liquid emi in the figure, 
produoo the aurfneo, project PQ on it aa before, suppose the 
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space AQ to bo filled with liquid of the same kind, and 
Lomove the liquid from the inside. 



Than the pressures at all points of JPQ are tho same as 
before, but in tho contrary direction, and since tho vertical 
pressure in this hypothetical case is equal to tho weight of 
A. Q, it follows that in tho actual case, the resultant vortical 
pressure upwards is equal to tho weight of AQ. 

' • If the surface be pressed partially upwards and partially 
downwards, draw through P, the highest point of tho portion 
of surface considered, a vertical piano Pll, and let AGB be 
■ the projection of PBQ on the .surface of the liquid, 



, v.ii 
i -i 






the refiultuut vertical pressure on PSR, 

;| B the weight of the liquid in PSR, 
bi\.RQ**,,\ ... GQ, 
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tvnrl tho whole votlicnl piosumio -> llu* weight of (ho lh|iiSil in 

-I- tho weight of (he liquid ill 1*11. 

Thin might also have been deduced from the two prc\ious 
articles, foi Pit can ho divided hy the line of eontrul of ver¬ 
tical UingeiiL planus into two puitnun PS, Nil, on \\hull llui 
pioHsmea mo lospculivoly upwinds and downwind*; and ninoo 

plOHmuo oil IN ■ weight ol liquid APS, 
and. Nit . ANII, 

tho diffc'ionee of the ho, i o tin* veilind piessme on I'll weight 
of Iliad Pit 

In a similar nuuinei othei cuhcm limy lie dim ussed. 

If will ho obsoivod that. I Inn investigation applies uIho to 
tho oaso of a hnUuogencouH liquid (in which the density must 
ho a function of tho depth, Hindi hoi faces of equal pu-wmio 
mo siuliM'os of equal density), provided we consider that tho 
hypothetical e'dimsioii of the liquid follows the name law of 
density. 

44 To find lha icmiltunl horizontal pnmure, hi u gum 
diroolwn, on a surfaco I’Q. 

Project PQ on a veitieal piano peipondicular Ui tho given 
direction, mul lot p// ho ( lie piojcction, 

Tlion tho muss Pq is kept at lest hy tho prossimi on pq, 
tho rosultant horizontal puiHHiiro on PQ, ami foiooa in vetUcul 
planes paiullol to the piano pq, 
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Hmioo Lliu humonlnl pivumun nu /'(,) in equal In that im 
p(j t ami act* in tho &nmo nlmight liuu, i.o, through tho centre 
of jiruMnuio of /«£. 

Hunou, in gonoml, In determine the vraullnnfc lluid pres- 
aura ou any HiirlUre, Ihul tlm vertical piVManrn, and Urn roault- 
FUit lmriamital nrnuunvH in two dirorlimix at right angles tu 
each ullmr, Thuno three fmwH may in mane conns 1m com¬ 
pounded into a Hiugki fnnin, tin* auiiditinn lor which limy bo 
dotonuinud by tho usual inuthudH uf Statics, 


Ex. A htminphtirti isJilhut with Itomogonoom liquid: ro~ 
quirad to find the resultant action mt one of tho four portions 
into which it is divided htf two vertical planes throughcmiro 
al right angles to each othrr, 

Taking Lho centru 0 ax origin, iho bounding horizontal 
radii u* nxoa of x and v» and tlm vortical radius an Llio axis uT 
f, Lho procure imnillol Lu x is iupml to Urn pressure on tlm 

J uodmnlyfltf, which in tho prnjt*nUou, on a piano porpeu- 
iculor to Ux, of tlm curved surface. 


Therefore, tho praam ra parallel to Ox 
7 ru 1 4a 1 

-w'-r-s' 


i^a'i 


and lho co-ordinalos of iu* paint of nation aro 
(o, g«, | ? Jj rru) , Art. 37, Kx. 1 j 

similarly, tbo proMUro parallel to Oy » J gpa*, and acts through 


tho point, 


(g* °> ffl™) 1 


*jjhe roaultaat vortical pressure^ the weight of tho liquid 
i ■ •tog’ppTra', and Mtfl In, tho direction of tho lino a » g a - y, 
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Tho directions of tlio lluoo femes all paas through tlio 
point 

n n :i \ 

I #' m )> 

and they ftto thoiofmo equivalent In a single fuiou 

+ 1,1 ll«* linn 

o 

OV <B 

7T 

ft aliaighl lino through tho con Lie, fi« muni nltviciunly ho tho 
case, anico till tito lltiul picasurea am minimi to tho surface 
Tho pond in which it imiotH tho Binfuca of lliu hemisphere 
nmy bo called * tho contio of piossuto ’ 

42. To find iho resultant pi assure on tho nwfnro nf a solid 
either wholly or partially unmrrml in a heavy liquid 

Suppose fclio solid removed, and tho apace it occupied filled 
with liquid of tho sail to kind ; tho rosulUiht promumi upon it 
will bo tho sarno an upon tho oiighml wilid. lint the liquid 
moss is at tost under tho action of its own weight, and tho 
piosauro of Iho liquid aiuioumhng it: tho I'eaultnni pressure 
is thoioforo oquul to the weight of tho liquid displaced, and 
ftcls in a voitical lino through its contra ol giavity. 

Tho same masoning avidonlly shows tlmt tho resultant 
pressure of an elastic fluid on any solid is equal to tho weight 
of tho clastic fluid displaced by tho solid. 

This result may alao ho obtained by moans of Arts 40 and 
41, as follows! 3)iaw paiallol horizontal lines touching tho 
surface, and forming a cylinder which encloses it; the ourvo 
of ooutaot divides tho surface into two parts, on which tho 
resultant horizontal pressures, parallel to the axis of tho 
cylinder, aro equal aud opposite; tho horizontal prana urns on 
tho solid thoroforo balanco each other and tho resultant is 
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wholly vortical. To doturmiuo Urn amount of him rcRultant 
vortical prosmuro. draw parallel vortical linus touching him 
surface, iuuI dividing it into two portions on onu of which the 
rosulUnt vortical pressure nets upwards, and on tlm ollmr 
downwards; tin* dilleiviieo of tlm two is evidently tlm weight 
of tlm lluid displaced by tlm solid. 

If a solid of given yolnnm (F) ho completely im- 
moreed in a heavy litplid.and if tlm surface of tlm solid consist 
partly of a curved surfune, and partly of known piano arena ; 
the resulting pressure on tlm curved miifuco can bo de¬ 
termined. 

For tlm plnno areas lining known in size and position, wo 
can calciilatu tlm resultant Immnnlnl and tlm resultant verti¬ 
cal pressure, X ami F, upon those areas; and, since tho 
reuniting pressure on the whole siirfaco is vortical and eijual 
U> gp V upwards, it follows Unit t lm resultant horizontal and 
vortical pressures on tlm curved surface are respectively cquuL 
to X and gp V - F, 

Ex. A solid is farmed by turning a circular urea round 
a tangent line through an angle 0, mal litis mil id is hold under 
water with its lower plana face horisontal and a glean depth h. 

In this caso, 

F» ttXO, X » gpm t* (h - a sin 0) sin 0, 
and F » gptra* (h - h cos 6 + a ain 6 cos 0 ). 


44. To find tho I'mdlanl pressure on any surface of a 
fluid at rest under the action of any given forces. 

Lot p bo tho proeauro, determined as in Chapter II., at any 

S oint (io, y, s) of a surface, u *■ 0, oxpoaecl to tho notion of tho 
uld. Thou if 

Wi p a i p aj’ P 2?' \ ' , ; 

diroOtlon-ooilnoB of tho normal at tho point («, y, *). 
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Let 8# be an element of the suiface about the same point* 
The piessuies on tins element, paiallel to the axes, aie 

? p S s « ppi P s - * p P s - 

if X, Y, Z t and L,M, X, be tho lesultant piemues pai alio) 
to the axes, and the ies>ultant couples, lcspectively, 

x-IJrrz* r -Jk F P s - z -lh pi £ as ' 

L -\ji' Pis {nr‘%)‘ 

*-//**»('£-“£)■ 

II {%-»£)■ 

the mtegiations being made to include the -whole of the sur¬ 
face undei consideration, 

These resultants are equivalent to a single force if 
XL + YM+ ZF~ 0, 

45 The surface maybe divided into elements in thioo 
different ways by planes parallel to the co-ordinate planes. 

Thus, BxBy — projection of B8 on xy — P BS, 

and ,\ Z — Jfpdxdy , and similarly, X ® JJ pdydz> and 
Y = JJ pdzdcc t 

L=tfjp (ydxdy — zdzdx), 

= SSP ipdy-zdz) dw> 

M— //p (zdz — coded) dy } 

N - Jf p (xdx - ydy) dz. 

46. If the fluid he at rest under the action of gravity 
only, and the axis of z be vertical, p is a function of $> (&) 

Suppose, and therefore, 

' 1 1 X^JJ<f>(z)dyd0, * , i 
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which i« ovidunlly tin* uxprt«Hinii for tins presauro, pamllol to 
(T, npnn llm projection of the* given Kiiifiu'u on tho piano yz\ 
aiul similarly 1 in mpud to Llm pivswnm upon tlio projection 
on ft. 

Annin, if tin- fluid bo hii'uiiiprmiihlii mul nclod upon by 
gravity only, ynVSy in oipml (o llm weight «»f tlio pnrtit*i of 
fluid cioulniiiuil lietwuen SS mul its [mijuolion on tlio aurfuco 
of the lluid; 

/,or //pf/ri/y, is the weight of llm Hiiporiiunimbont fluid 

Tht'Ht* rosulls accord with Uioho previously obtained, Arts, 
40 mul 41. 

47. If a solid Imdy lie wholly or jiaiiiidly mnnoraod in 
nny fluid which i« at. rest under the actum »r gi vun forcoa, tho 
roaultiuit lluid nruwmro on tlm body will be oquni to the 
resultant of the UircoK vvliurU would nut oil tlio displaced fluid. 

For wo am imagine the solid roniovud nud tlio gnu filled 
up with tlio fluid, which will lie in equilibrium undur tlio 
notion of the forces mid tho pri'MUiro of tho Hurrounding 
fluid; mul tlio rosulliiiiL |ironsm'e must bo oquul mul opposite 
to tho rcaulln.nL of tho furcaa. 

In filling up tho pnp with fluid, Ilia law of doiiBity must 
ho maintnhiod, tlmt m, tho mirfueoK nf eipml doiiBity must bo 
Continuous with Ihono af tho Riirromidiitg fluid, 


EXAMPLES. 

1, A heavy thick ropo, tho density of which is double 
Ulo density of water, is suapondod by one end, outaiclo tho 
• ’ water, so as to be partly immersed; find tlio tension of tho 
jope at Uio middle of tho immersed portion. 

8, Wntor I* poured into a hollow nphero, determine tho 
depth of tho water when tho resultant pressure is half tho 
( total normal pressure, 

-, A odnlool wine-glass Is Ailed with wator and placod 
position, oh a fcablo; K tho wholo prossuro of„ 
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tho watov on tho glass ho double its ipsullaut pressure, find 
tlio voibical angle of Uio cone, 

4 A vessel In tho fmm of a rogiilni j»v>mniil, whoso boso 
is a piano polygon of n sides, is placed with its axis \eitioiil 
and vorlox down wauls and is filled with Ibnd I'ineh nulr* of 
tho vessel h movoablo about a hinge lit the veitnx.and is 
kept in its place by a string fusioned to the middle point of 
its baao and to too ountio of Iho polygon’ shew Ihnl tho 
tonsion of oach string is to tlio whole weight of (lie Hind ns 
1 to n sin 2«, whoio « is tho inclination of each side to thu 
horizon 

5. Find tho contro of pressure of a square lamina having 
ono angular point m tho mufneo of a liquid; mid supposing it 
to bo moved about tlio angular point in its own plane, which 
is fixed, and to bo always totally immeised, Ibid the loons on 
its own piano of its amtio ol pressuie 

0 Find tho ocintro of prossiun of an elliptic lamina, just 
immorsod m water; and supposing it turned round in tho 
same voilical piano, so as to bo always just immersed, find 
tho loous with rospoct to its axes of tho politic of piesaure. 

7. A cubical box, filled with watoi, has a eloso-fitUug 
hoavy lid fixed by smooth hinges to ono edge j cniniiaw tlio 
tangents of tho angles tluough which tho hex must lie tilted 
about tlio sovoVal edges of its huso, in order that tho water 
may just begin to emtpo. 

8. A system of ooaxal circles is immersed in water witli 
tho lino of centres at a given depth ; prove that the centres 
of prossuio of thoso circular moss, which aw completely im¬ 
mersed) lio on a paiahola. 

9. Find tlio contro of pressure of a semi-ellipse (axes 2a 
and a) which is bcMndad by a diameter inclined at the angle 

7T 

g- to its major axis, its plane being vortical, and the diameter 
in the surfnoo, 

, 10. A somi-ollipso bounded by its axis miner, is just 
immersed 1 ip a liquid tho density of which varies as the depth; 
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if tho axis minor bn in Ilia mnfnrc, find tho eccentricity in 
ordor lliai llm focus may lm llm coniru of prowimu 

11 , A wjuurc* lamina AH Cl), which iHiiiiinernodiiiwator, 
lin« tlm side A II in llm surface; draw a lino IIIi lo a point H 
in Oil Mmli I lint llm pressures mi llm two ]iortimiH may bo 
annul. Prove thill, if thin lm (lm case, llm distance betwoon 
llm centres of prortrtiuc s llm side of llm wiunro ^505 : 4H. 

12, From a Romicirclo, wIioho dinnmlor in in llm suiTnco 
of a lii[iiiil, ft t’irrlo in cut out , whom' iliuniclov in llm vortical 
radius of llm somicirclo J Jind llm eviilro of pressure of tho 
romnindcv. 


13, A Ki'inhiii'rnlar lamina in completely immovHCil in 
wator with its piano vortical, ho that tlm extremity A of ILr 
bounding diameter in in tlm surface, and tlm diiinmtor makes 
with tlm surface nu angle a. 

Provo that if K bo llm contra of prusMiro mid 6 tho angle 
bolwuon AH and tho diameter, 


tan 0 


flw -1-1(1 Ian a 
111 -I- UWr tan a' 


H, If tlm depths of tlm angular pointH of a trianglo 
below tho Hiirfaoo of a liipiid bo a, 1>, c, prove that tlio depth 
of tho ccntro of promuno below the conlro of gravity la 

(h - c)* + (e - «)* + (« - I)* 

, -IS $~+l + o) ' 


18. A piano area iminonmd in a fluid moves parollol to 
Ijtoolf and with lift centre of gravity always in tlm samn vorti- 
poJ| straight lino. Show (l) that tho locus of tlm oontroa of 
(ftWHUTO is ft hyperbola, ouo asyinptoto of which is the given 
yortioftl, and (£) that if a, a + h, a -|- h\ a -h A", bo tho depths 
dOthe c.a, any positions, y, y + h, p y + k", those of tho 
qoiatra of prewuro in tho game positions. Limn 



h h 
U It! 
h" h" 


K (h - h) 
h' {U ~ h') 
h!‘(h" -h") 


-0. 
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1C. Plnd the ccmlio of pressure of a segment nf a prtiaboln 
bounded by It to ouivo and the laUis-iootum, bin* tangent ia 
ono oncl of Llto bounding mdmato biting in llitiHiufuci* if Urn 
liquid imho, tho paiabola laiminiing alnlnmniy, shew limb tlm 
oonlio of pioHSuro describes a slinighl into. 

17 A cono in totally hnmmaml in wntci, lho of 

tbo contio of iln base being given i’mve Unit, /’, /*’, l y ', 
boing tbo resultant |ti(wuros on its convex sin fare, when tint 
sines of tbo inclination of its ilmh to tlm hoii/mi mo s, s', s", 
respectively, 

2 U (s' - s") -!-/"• (/ - ,v) + />"'• (* - s') « l). 

J8. Kind tho centre of piessmu of Lho nu*a between the 
curve 7at -1-\/ 1 / - */ <t, and tbo a\oi, tailing llto axes lecbmgu- 
lar and ono of tliom in tbo surfneo. 

LO, A quantity of liquid no.tod upon by a control force 
varying as tho diHlanco ih contained lioUvoon two parallel 
pianos ; if J, B, bo tho aioas of the pianos m contact with 
tho fluid, show that tbo pressmos upon them tiro in the ratio 
A ; B § 


20. A hollow nphoio is full of liquid, the density of which 
varies as (tho dopth)”; show that the whole pressure on tho 
surfaco of tho splioio : tho lomiltanl pron&uio » ■(* 3 : n -I- J . 

21 Ono asymptote of a hyperbola lies in tho surface of 
a fluid; find tho dopth of tho coutro of piosmim of the arna 
moludod botwoen ilio nnnieisotl asymptote, tho curve, and 
two givon horizontal linos in tho piano or tho hyperbola. 

22, A oono is immersed in water with tho centre of its 

bnso at a distance of ^ of its ulliludo below lho surfaco. A 

paraboloid of tho same base and altitude is also immersed 
with too oontro of Its baso at tlm Bnmo distance below tho 
surfaoo as that of lho oono, and with its axis inclined at tho 
same angle to tho vortical. Find what this angle mast bo in 
orclor that tbo rosultant prossuros on tho oonvex surfaces of 
the two solids may bo equal, 
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20 , A closed cylinder, very nearly blind wilb liquid, 
rotates uniformly about a generating lino, which in vortical; 
find tho ruHultuuL pressure on ils uiirvwl mufnco, 

])oturmiuu also tho ]joint of luilitm of the pressure on its 
upper uiul. 


24. Show that tho depth of tho ctmlro of pressure of tlio 
area included holwoon llm are mid tlu'asymptote of llietmrvo 

(r — a) eon 0 » h is ^ * Ihu asymptote being in the 


surface nml tho plane of tin* i urvo vertical. 


2.V Acorn? infilled will. 1 m[ ui>l f nuil Ikied with it heavy lid, 
moveable ril h>ii t a long**; it in I lorn nmdo In revolve uniformly 
about the generating lino through tlm hinge, which in vor ¬ 
tical; find the grealoHt angular velocity coiisihUmt with no 
escape of thu liquid, 


20. A ]MUtii«n *»f a spherical shell is cut off by a piano, 
and tho remaining i»in in placed on a Imir/ontal piano ho 
that tlio circular section Is in contact wilh tho piano and is 
then filled with water through n moalL hole at the highest 
point Find tho largest piece which can hu cut nit" hu that, 
however ligliL tlm shell may hu, ihu water may not uncupo, 

In thin ease, provo that thu whole presHuro on tlm ahull is 
to tlio weight of tho liquid in thu ratio 2 i 1. 


27. If a piano area immersed in a liquid revolve about 
any axis in its own plain*, prove that tlm centre of pressure 
describes u straight lino in tlm piano. 

48, A oubo wlmae odgo in 2a, and whema Hums aro hori- 
lontal and vortical, in surrounded by a mass of heavy liquid, 
fchfc volume of which in Hu^tts/u - 1 ); tho liquid in acted on 
. by a force tondiug to tlio centre uf llm cube, and varying an 
;; ;tho dlnUnco, tho force at tlio distance a buiug g : Imd the 
form or tho free surface and tho prewuro at any point: also 
|if ouo Of tho vortical face* of tho cube l>e moveable about a 
lino in ilia own plnnu, show that tho fivco will bp at 

( l if this line bo at a diftnnoo ^ a from tbo lowest edge of 

■; | ; foce, 
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20* A solid pauiboloul, out o(T by a pbuu» tbnmgb Ihn 
focus perpendicular to its nun, is oumptutrly ummumd, Uh 
yoitox being at a givon depth,and its iixih iiit'liuml ul ugm»u 
angle to tlio voiltuuh Ifmd tho dmvlion find magnitude ul 
the lcsultant prossmo on iLn eiuvod smfnm 

30. A solid is foimud by turning n ]mmb<dh uipji, bound¬ 
ed by tho latiiH-uiatuiii, about (In* latuw irilmn, llnoiigti an 
angle 0, and linn solid is hold under uulni, jml tntiiiuisod, 
with its lowoi piano liioo hmi/oulal. Prim* thul, il i/> be thu 
inclination to tho holism nt thu umulUtnl presamo on llu* 

ciuved Biuftica of the solid, 

« 

3 sin" 0 tan <f> * mu 0 - 3 sin 0 n* 0 — tU), 

31. In tlio uuiIhL of a iiiitHH ol' limit ntlrncLuig noionluig 
to tho law of until to, ami minting hi mlutiw* i<i|mlihmnit 
about an nxia, a small piutioln ih liiliiiiliiml.iiml Mnilul with 
tho velocity of tlio fluid wliow plum it omipira. Will it 
appioacli or rooodo fiom tlio axis? 

32. Tn an infinilo mm of llmil of density p, ovoi \ part 
of wlnoh attracts ovory other pnit nmntling in tin* law of 
naturo, aio placed two Hindis, whoso internal mid oxtiuiiul 
radii aro a, b and a', b' lespurtivoly, and diiiHiUos tr, tr’, Tim 
sholls also attract oacli otlmi and the fluid ns in naturo Kind 
tho loflullnnt forco on each sludl, and rIiqw that in eoitnin 
casos this forco is a lopulsivo ono, 

33. A given aioa is immojaod veu tioally in a lmniy liquid 
and a cono ih constructed on it as bnau, llm conn lining wholly 
immorsod: find tlio loons of tho vortex when tlm i out (taut 
pi fissure on tho oiuvod mufaco is constant, and show (lint 
this pvossuio is unalloicd by turning tlio conn round (ho 
horizontal lino diawn tluough tho centre of gravity of Urn 
haso perpendicular to tlio piano of tho liMfl, 

34 A oomoal vessel, axis vorlioal and vertex dmvnwanK 
is divided mto two parts by a piano through its axis, and the 
parts aro provontod from aopaiatitig by a string which h a 
diameter of tho run of tho vossol, and is porpoucuoukr to the 
dividing piano, and by a liingo at tho vortex, 
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Tho vessel being filled with water, compare the tension of 
the string with the weight of the water, 

36. A hollow cono opon at tho top is filled with water; 
find the resultant pressure on tho portiou of its aurfaoe cut 
off, on ono side* by two pianos through its axis inclined at a 
given angle to each othor; also determine the line of action 
of tho resultant pressure, and show that, if the vertical angle 
he a right angle, it will pass through the centre of the top of 
the oono. 


36. A bowl in tho form of a hemisphere is filled with 
water; find, the direction and magnitude of the resultant 
pressure on tho upper portion of tho bowl cut off by a plane 
through its oontre inclined at a given angle to tlie horizon. 


37. An open conical shell, the weight of whioli may be 
, neglected, is nlled with water, and is then suspended from a 
pomt in the rim, and allowed gradually to tate its position of 

equilibrium; prove that, if the vertical angle be cob" 1 ^, the 

*' Surface of tho water will divide the generating line through 
• ■' the point of suspension in tho ratio 2 : 1. 


38. A regular polygon wholly immersed in a liquid ia 
. ipovcablo about its oonfcro of gravity; prove that the locus of 
■/ the oontre of pressure is a sphere. 


. ; J ", , 39, A hemispherical bowl 1 is filled with water, and two 

\ ; vertical planes are drawn through its central radius, cutting 

:,. Vi '.jiflff a Bomi-June of tho surface ; if 2 a be the angle between the 
'V 1 ; v^planes, prove that the angle which the resultant pressure an 
surface makes with the vertical 

-‘“hr)- 

• A -vessel in the form of a surface of revolution has 

___. ;p ii-Kn-wiMi iKa ttvin' vpirhien,!. 
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ns tho depth of Llio water pom oil in. Show Unit the equation 
to tho goHoiating cmvo is 

cs ^ >>'{/. 

41. "Kind. tho equation nf n rmve Hjumii'lrinil nlioiit a 
veilicnl axis, mioh llml, when it in nmiu-iMinl with its highest 
point at half the depth ol its lowest, the ceiilio of pienhiiu* 
may bisect the axis 



CHAPTER 17. 


THE EQUILIBRIUM OF FLOATING BODIES. 


48, To find the conditions of equilibrium of a floating 
body. 

We shall suppose that the fluid is at rest under the action 
of gravity only, and that the body, under the action of the 
same force, is floating freely in the fluid. The only forces 
then which aot on the body aro its weight, and the pressure 
of the surrounding fluid, and in order that equilibrium may 
exist, the resultant fluid pressure must be equal to the weight 
; of the body, and must aot in a vertical direction, 

Now wo have shewn, that the resultant pressure of a 
heavy fluid on the surface of a solid, either wholly or partially 
immersed, is equal to the weight of the fluid displaced, and 
acts in a vertioal lino through its centre of gravity, 

Honoo it follows that the weight of the body must be 
equal to tho weight of the fluid' displaced, and that the 
centres of gravity of the body, and of the fluid displaced, must 
lie, in tho same vertical line, 


.■H. 1 ’- These conditions are necessary and sufficient conditions of 
|r equilibrium, whatever be the nature of the'fluid in whioh the 
Jjp^y is floating, If it bo heterogeneous, the displaced^ fluid 
be looked upon as following the same law of density as 
Surrounding fluid; in other words, it must consist of strata 
i same kind as, and continuous with, tho horizontal 
uniform density, in which the particles of the sur- 
■^f;|djiitiding fluid are necessarily arranged, 


5 
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If for instance a solid body float m water partially im¬ 
mersed, its weight will be equal to the woight of the water 
displaced, together with the woight of tho an displaced; and 
if the au be removed, 01 its pressrue diminished by a diminu¬ 
tion of its density oi temperatiue, the solid will sink in tho 
watei thiough a space depending upon its own weight, and 
upon the densities of an and water, This may be further 
explained by observing that the piessuro of tho ail on tho 
water is greatei than at any pint above it, and that this sur¬ 
face pressure of the air is tiansmittod by the watoi to tho 
immersed portion of the floating body, and consequently tho 
upward pressuie oi the an upon it is gi eater than tho clown- 
waid pressure 


49 We now pioceed to illustrate the application of tho 
above conditions, by the discussion of some particular cases 

Ex 1 A poition of a solid paraboloid, of given height, 
floats with its cions vertical and vertex downwards vn a homo¬ 
geneous liquid, i equvred to find its position of equilibrium 

, Taking 4a as the latus tectum of tho geueiating parabola, 
u S anc l ® the depth of its vertex, the volumes of 

the whole solid and of the poition immersed ate lospectivoly 
27ra7t s and 'i.vrax", and if p, a, be the densities of the solid 
and liquid, one condition of equilibrium is 

p . 2irah* = <t , 27 ra» 3 a ; 

which determines the portion immersed, the other condition 
being obviously satisfied. 


Ex, 2 It is i equvred to find the positions of equilibrium 
°f a square lamina floating with its plane wheal, in a liquid 
of double its own density 1 

The conditions of equilibrium are clearly Satisfied if the 
lamina float half immersed either with a diagonal vertical, or 
with two sides vertical. ’ ° 
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To examine whether there is miy other position of equi¬ 
librium, lot the lamina bu hold with tlio Imo DQO in the 
surface, in which ciwo tho first condition is satisfied. 

Hut, if tin' «»gh< 0(tA ■■ 0, anil if '2a bu tlio hlJo of tho 
square, thu moment about (1 of tlm fluid pressure, wliioh is 
the sanio ux tlm differenco hotwoon tho moments of tlio root- 
anglo AK, ami of Uvioo tho triangle UJU), 



oc 2o', ~ Bin 0 


• a'tnu 0 . 


u hoc 8 *h a cos 0 

. >r .* 


oc sin 0 (l - tail'd); 

tttid this vanishes only when 0 or ^, 

4 


Henoo there is no other position of equilibrium, 

Ex. 8. A triangular piism floats mill its edges horixontal, 
to find He positions of equilibrium, 

Let tho figure bo n seotion of tho prism by a vortloal plane 
through its oautre of gravity. 

fr PQ Is tho line of floatation ami H the ooutro of gravity 
of the liquid displaced. When there is equilibrium the area 
; APQ is to ABO in the ratio of tho donsity of tho prism 
to the donsity of tho liquid, ond therefore for all possible 
1 pot)lions ofPQ tho area Al'Q is constant; honoo PQ always 
' tpuohes, at Its middle point, an hyperbola of which AB, AO, 
1 are the asymptotes. 

•:>' fl—2 
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Also II0 itiubL bo pmpondicular Ln PQ, anti thoroforo sinco 
A1I\ UK™ A G : UK, 


FB must bo porpoudioulnr to PQ, that », FK is tbo normal 
at ffl to tho hyperbola. Tito problem is thoulfoio roduood to 
that of drawing nounnls fiom V to Uto curve. 


Lot oil /® o“ bo lho equation of the curve toforrod to AB, 
AO as axes, and lot 


t BA 0 « 0, AB «2a, AO^U, 


Lot to, y, bo llio oo-ordimitoB of K ; the oa-ardinatos of F 
aro a, b, and lho equation of lho normal at /(? 1b 




And if this pass through K, llio co-ordinates of which 
aro a, b, 

{b ~y) ((coos 0-y) » (a - o>) (y cob 0 - ®), 
or a)" ~ (a •HZ' cos 0) m *?/»- (aoosd-H b)y. 


Tho equations (a) and (ft) dotormino all tho points of tho 
hyporbola, tho taugonts at which can bo linos ofiloafcation. 
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00 


Also (/S) m fcliti equation to an equilateral hyperbola, re¬ 
ferred to conjugate diameters parallol to AH, AO] tho points 
of interaction of the two hyperbola# are thorofore tho posi¬ 
tions of R 


To line! a), wo luivo 

aj* — (a H- b cos 0 ). A* -\- (a cos 0 -|- h) o'<r — o* ™ 0 , 

an eijimtioii which 1 ms only one negative root, anil one or throe 
positive root#, mid there may lie thorofore throe positions of 
equilibrium or only olio. 

If tho densities id the liquid mid tho prism bo p and o-, wo 
have, since thu area FA Q 

— JAP. AQ sin 6 — 2oi// sin 0 » 2o' Hin 0, 

Zpo*Hin 6«* Vcrab sin 0, 

or po*^<rnb, 

from which o is doterminod. 


Bupposo tho prism to bo isoscoluH, llion putting a«&, tho 
equation for to boenmus 

a* _ o‘ - a (1 d- cob 0) («" - a*«) - 0; 

from which wo obUvin ot—o, which gives y-o, and makes BO 
horizontal, an obvious position of equilibrium, and alao 

a - g (1 + oos 0) i- {£ (1 + cos 0)'- oj* 

•aoos'^ ± (o'cos*g-o ') 1 5 


the isofloolos prism will therefore liavo only ouo position of 
equilibrium, unless 

.6 

8 £ >0 i 


a Qos 


and, sinoo pc'— ora', this is equivalent to 
• • 0 ^ lit 
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Ex. 4 Dolwnmo tho position nf equilibrium of a balloon 
of given size and weuilU,neyleeting ihn wriatiuns of tempera’ 
lute at different heights in the atmosphere 

If the lompoiaturo ho euimlanl, the pressum nf Ihn ait at 

a hoighfc and its density ^ <t *, II being tilt* iitmo- 

sphorioprossi.no fit tho level Aum winch llm height is 111011- 
suiod. 


Tho air displaced conaintH t*f a «eih>H of stmtn of vaiiablo 
donsity, and if z be the height of the lowest point of the 
balloon, x tho distance Aolii that point of any hoi i/.m il.nl section 
(X) of tho balloon, and h its luiiglil, tho weight nf a stmtum « 
of tho air displaced in 


lb/ 

le 


a 


(KrUl 

' » Xfo, 


and tho whole woight of ah displaced 


■/; 


>% 

T' 




Xdia i 


U? .*f* 

' ic fi 1 / 


"* Xda\ 


Tho form of tho balloon being givou, X is a known func¬ 
tion of ai, and if IK bo tho weight of tho balloon and of the 
gas it contains, tho height 0 will bo dolermiuod by equaling 
W to tho oxpiossion wo havo obtained lor* the weight of tho 
air displaced. 


50. A homogmeoua solid floats, wholly immersed, in a 
liquid of tohioh the density varies as the depth; to find tho 
depth of its centro of gravity. 

Lot a , 0 , bo tho depths of Lira highest and loweat points of 
tho solid, Z tho aroft of a horizontal suction of tho solid at ft 
depth z, and pe the density; 

tho woight of tho liquid displaced m f gpzZdn. 

i « 

Let % be tho doplh of tho oontro of gravity of the solid, 
and V its volume, toon 
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therefore tho weight of displnml liquid =» gpzV, nnd if p ho 
the density of tho solid, it« weight hoitco or 

the solid Hunts in mudi iv fH.iNil.ion that the density of tho 
liquid at tho depth of (ho centre. of gravity of tho Holiil iB 
oqual to the density of I ho Halid. 

5 L. If a Holiil Haul under constraint, tho conditioiiH of 
oquilihriuiu depend on the nature of the constraining oiroum- 
stances, hut in any <ia.se thu resultant of tho constraining 
forces must nut in u vortical direction, sinuc thu othur Ibrcca, 
tho waight of tho body, and the fluid pressure, lira vortical. 

If for iiiRtauco olio point of u solid ho fixed, tho condition of 
equilibrium in that tho weight id' thu Imdy and tho wuight of 
tho thiid displaced Hliould have ui^iiul momenta about tho ftxud 
point; thin condition lining mlisliud, the Holid will bo at roat, 
and tho Hlreaa on thu lixed point will ha llio dilTorouco of tile 
two weights. 

Ab au additional illustration, uonaidor tho caHo of a solid ; 
floating in water and sunportud by a string fontanad to a point 
above tho mirfaco; in tho position of equilibrium the string 
will bo vortical, and tho tension of tho Htring, together with 
tho rosultant fluid pressure, which in equal to tho weight of 
tho displaced fluid, will counterbalance the weight of the 
body; tho tension is therefore equal to tho difToronco of tho 
weights, and tho weights aro luvorsuly in thu ratio of tho dia- 
tnnooB of their linos of action from tho lino of tho string, 
these throe linos being in thu sainu vortical plane. 

52. For aubsoquoul investigations, thu following goomo- 
trioal propositions will be found important, 

If a solid bo cut by a plane, and this pinna bo made to 
tifrn through a very email aru/le about a straight line in itself, 
the volume out offtuiU remain tho same, prowled t/w straight 
jins pass through the contre of gravity of tlte areu of tho puma 

.'illNwon. 

prove this, oonsidor a right cylinder of any kind out by 
ti'glime Waking with its base an angle 0 , 
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Lot st bo tho distanco fiom Uio bmto of llio centre of gravity 
ofthoHoction A, S/i an olomont oi tho aioa of Ilia Hoction 
aud V tho volumo bolwoon tho planus Thou 

^t(BA.PiV), 
v A 

A COS Qz es % ( 8 A CDS 0 . PN) BS V, 
or V*t>s (area of huso). 

Now tho contio of giavity of lit a aioa 
A is also tho oonti'o of giavity of all suctions 
mado by pianos passing ihiongh it, as may 
bo soon by pi oj noting tho sections on tho 
bnso of tho cylinder; it follows therefore, 
that, st bonig tho same for all such sections, 
tho volumes cut off tiro tho same 

In tho cast) of any solid, if tho cutting 
piano bo turned through a very small angle 
about tho contra of gravity of its section, 
tho surface near tho ouivos of suction may 
bo considered, without scumble error, cylindrical, and tho 
abovo proposition is therefore established*. 

* 'I'lla following fotm of juoof may a!an bo given. 

n via//, tho ouUiuK plnno, bo timuxl tlirougU a small tniglo (/)) about a 
lino Oto, and lot <U bo an olomont of llio aroa, 
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In other words, thu dilTuruuco bntivouu tlio volumo lost 
and tho volume guiuitd l»y tho change iu thu position of the 
cutting plutio will bo imloliuilnly small compurod with oither. 

68 . Definitions. If u Vo m ly limit in a lion ingenuous liquid, 
tlio piano in which thu lssly ih inlnrwuulod by tlio mirfuoo of 
tlio liquid in the plane of Jlualutiun. 

Tho point II, tlio milm of gravity of Llut liquid tlisplnood, 
ia tho oentre of buoyancy. 

If tho body muvo mi that tlio Vidimus of liquid displacod 
romaiiiR unchanged, thu envelope of tlm plnnes of floatation 
ia tho surf ice of foutiUiun, and tlio locus of }{ is tlio surface 
of buoyancy. 

64 . If a plane move so us (o out from a solid a constant 
volume, and if IT be the centre of gravity of the volume out off, 
the tangent plana at 11 to the surface which is the locus of Ilia 
parallel to the culling plane, 

Iu other woivIr, tlm langont pianos at any point of tho 



ffurftwo of floatation, tuid at dm corresponding point of tho 
Surface of buoyancy ara parallel to ana another. 


, Wo msy oboorro that tho slubnloal moment about tho axis of 
. shjai vtoUhes lf/»y<U-0, that li, If 


o Wl 00 ii / faydA , wiuoji ybomui 
/ bo tlio jirinolpil omo of tho am. 


I 


of bba 

0 (VXM| 
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Turn tho plane AOB, tin* cull mg piano, through a small 
anglo into tho position aCb, tin' volumes of tho wedges AGa, 
BOb being equal 

Lot 0 anil O' ho tho eon lien of gmvily of these wudgos. 

In GK produced Inku a point /'! such that 

JCK\ HO :: Volume A<h : Volunm aDlh 

Join I'Xx and take //' stioli that 

UK i inr v»i tun ,: v«,i. anti-, 

thou If is tlio coutto of gmvily of a Db ; 

A JilL \ ltd h'IV : lf(t\ 

and Jill 1 is Lhoioforo paiallel to OG\ 

Ilonco it follows that ultnnately whan tho anglo A Oa is 
indefinitely tUmuiishod, 

If If is paiallel to A OB; 
and KIF is a tangont at 11 to the locus of II, 

This boing true foi any displacement of the piano AOB 
about its contra of gravity, it follows that the tangont piano 
at II to tho locus of It is paiallel to tho plane A On. 

55. Tho positions of equitibriun r if a body floating in a 
homogeneous liquid are determined by anming normals from 
Q, the centre oj gravity of the body, to the surface of hmyamy. 

J<’or if Gil bo a not mol to tho surface of buoyancy, tho 
tangont piano at If, being parallel to tho piano of floatation, 
is homontal, and OK is thoioforo vortical, 

Tho two conditions of equilibrium aro then satisfied, 
and a position of equilibrium is determined. 

Tho problem comes to tho snmo thing as determining tho 
positions of equilibrium of a heavy body, bounded 1 by tho 
suvfaoo of buoyancy, on a horizontal piano. 

J 66, It should ho noticed that tho shape of . the ouiwo of 
buoyanoy is ontiroly determined by tho form of,tho bouitdlhg 
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surface, ntul i« nnulTuetod by un alteration of tho form of 
that portion of tho body which always remains immoinod. 

Lot UQ bo mi arc of tlm sniTuun of buoyatioy for a 
boundary 11/10, and an immorml voluuni V, and imagine 
a volume v, tho centre of gravity of which is h, to bo out off, 



Taking KIP i hi l :: kQ' : I IQ :: V : V ~v, the surfaco 
E'Q' is the now curve or buoyancy which is obviously similar 
to the Burfftco 1IQ. 

67. Particular antes of curves i if buoyancy. 

For a triangular prism, na in Art. -tfl, the curvy of floatation 
is the onvfllopo of PQ, which is an hyperbola having AB, 
AO for asymptotes; and, since /!//■ J/J/?, tho curve of 
buoynnoy ia a similar hyperbola. 

If the body bo a plains lamina boundod by a parabola, 
tho curves of floatation and buoyancy aro equal parabolas, 

If the bouudary bo an olliplio nro, tho enu-vos aro arcs of 
jlmilor and similarly altualad concentric ellipses. 

Xi. If tho immersed portion of a lamina (or prism), bo a 
jMcUmglo, tho curve or floatation apparently is a singlo point, 
ftpd tho ourvo of buoyancy is a parabola. 

■j To prove this, lot If, IP be positions of tho oontro of 
gjavity corresponding to tlio positions A OB, A! Off of tho 
V'dlEty of floatation, 

5:'.Then, if AO~OB-a, Bff-i3, Off mo, and 0-tbo 
' iMaout off, 
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This ia ii particular caao of the triangular prism, tuid, iw 
in that cftBo.tho oiu vcs of floatation ami buoyancy are similar 
ourvoB, tbo foot being that the curve of floatation i« a para¬ 
bola^ with its vortex at 0, flattened down to a atraigbfc lino, 
Tbo identity of tbo oases will bo dearly soon by the applica¬ 
tion of a poworful miorasoopo to tbo figure, capable of on* 
liugiug tbo ovmioacont pmabola to a visible si?,o, 

08. If the body bo a lamina bounded by an hyperbolio 
aro, tbo curves are similar hyperbolas, 
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Thus. if QVQ bo a lino of floatation, and if 2«',2 V bo tho 
diamutoro wmjiigalo mid parallel to QQ', inuliucd at an angle 
0, so tliat a'b' nitt 0 »» ah, 


(*b 

this area QVQ' ** u - J in* — o'* din (hie 

so that tho ratio nfa' to a', llmt, i«, of (JV to OP is conataut. 


Moreover, 

(area) (OH) » 2^,Hin 0 p'JaF^Ti'*3 m 



and tlioroforo llio ratio of OH to OP in emmtanl. 

Theme reaultu can also bo obtained by purely goomotrioal 
roQBOuing. 


50. lr Llio floating body lie nuoh that lint boundary of tbo 
portion immowit i« the fnirfucu of mi ollipaeid, it ia onaily 
g*on tlmt tbo mtrfiieun uf llnntntioii uud buoyimey aro portiona 
of similar nml similarly situated eoucuritric oilijwaifls- For If 
tbo boundary lw a portion of n spherical Hiirfnco, this is ob¬ 
viously trim, nml tbo upbore am lio huinugotiuoualy Btrainod 
into an olll^isoiii. 

00. A solid [if reimlittion float* in a liquid which rolalos 
Um/wmly, at r tf solid, obaul a vertical aans, the cmvi of Iho 
toM coinciding with Lha tun* of rotiUiun; required lo flnd 
. fjta condition of equilibriunh 

In a mnw of relating liquid, aupfKMio auurfuoe of rovo^ 
lotion described, having its ax in ooinoidont with tbo axle of 
j 1 pjfotabioti, and consider tbo equilibrium of fcho liquid witlvln 
&ii surface. The resultant of tbo fluid prowmrea upon tbo 
liquid count l» equal to its weight, and the aamo proasuroa 

' I 
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being exerted on Ilia mufneo of nnv milid ort-upying tho 
samo spaco, it follows that any hucIi solid will bo m oqui- 
hbuuni, if its weight bo equal to tin* weight of tho fluid it 
displaces 

Tt will bo soon inmonvor I lint it is quite indifferent 
whollior tho solid lotulo with Ihu fluid, m with a difloiont 
angular velocity, ox bo at lost. 


Jix. A cylinder Jlotiln in nikUmy liquid; to find tho 
depth to luhioh it is iminmad 

Tf a bo tho anguliu velocity, tho tupintjon to the gone- 
rating piuabola of tho fine mu loco, taking itH vorlox m tho 
oiigiri, is uP‘if™*2gz l mul if t lie the depth of the bane of tho 
cylinder bolow tho cuclo of flout al um, llrnt is, tint circle in 
which tho froo Biulrico intoisocts tho surface of tho cylinder, 
and 0 tho radius of tho cylinder, tho volume of tho displaced 
fluid is tho difforoneo between tho volume of a height s of 

tho cylinder, and tho valutno of a height 0 of tho para¬ 
boloid. 8 


Ilonco, if a- bo tho density of the cylinder and p of tho 
fluid, 

arnVi m p (nrde — ' 

i o - 1 mV 

and e - A + , - . * 

P ‘i'O 


61, A more general oaao is tliat of a body floating, 
wholly or partially immorsod, in a liquid at rest under tho 
notion of any given forces, tho sumo forces being supposed 
to act on tho molecules of tho body. 

Tf tho body bo in equilibrium, the resulting force upon it 
will bo oqual to the resulting forco on the liquid displaced, 
and the Iuiob of notion of tho two forces will be the same. 
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For, if (.ho body he rainovnd, and it* place nconpiod by tlio 
displaced liquid, tlm ramilting presume of thy liquid upon tho 
body will bn tlm same mm upon tho displaced liquitl, and will 
therefore ho equal and opposite to tlm resultant force upon 
tho displaced li>|iiid. 1 

Ex. A mil*# of liquid in at ITS/ under the nation of a force 
la ajlml point ranjiny as the dixit nor, nod a solid inth/form 
of a spherical sector is at rest, jmrtly iinntrrml in it , with its 
vertex at tlm fixed imut ; it i» required to compare tlm dansitm 
of the liquid and /he solid, 

In tho stale of equilibrium, lot r ho tlm radius of tlm freo 
surface of tho liquid, and n tlm radius of lint spherical Hootor. 
Tho volumes of tho sector mid of tho displaced liquid avo in 
tho ratio of a* Ui r*; rind tho distances of llmir contra of 
gravity from tlm centre of force nro in tlm ratio of a to r; 

if p and a lu< tlm densities, pa* « or*. 


OB, Potential cnertpj stored up Uy the immersion of a solid 
in a liquid. 

If« solid body bo imiimrsod in a vossol containing liquid, 
work is done, and there Toro potential energy in gained by tlm 
Novation of tho centra of gravity of tlm liquid. 



a bo tho depth of liquid, t tlm dopth of immersion of 
tig^'KlIld, X and Z tlto corresponding areal aaotiona of tho 
aud the solid, K tlm volume of liquid, aud V of the 
Immersed portion of tho solid. 
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Then, 

Vm « \*X’<oih'~ [ V (o)~a-h e')dz, 

J a J o 

and tho increase of potential onoigy is tho variation of tlio 
expression gpVw, duo to an inmoaso Siv in «?, 

Taking gp — 1, tins vaiiation 

«* Xa'Sa; — (8,» — &*) V — (;« ~ z) ZBz — JZzSis, 

and, obsorving that 



and that 

XBtC /M 

tho variation => V' (§z - &o). 

This roHult can of couiho ho obtaiuod at once by observing 
that V' is equal to tho resultant vortical prosamo on tho 
solid, and that 8* ~ Sw is tho descent of tho solid duo to the 
ascent 8.o of tho liquid, 


EXAMPLES, 

L. Provo that a homogonoouH solid, in tho form of a right 
circular oono, cau float m a liquid of twico its own density 
with its axis horizontal, and (liul, in that case, tho whole 
prossuro on tho surfaco innnoisod, 

2. A solid formed of two co-axial right eonos, of thosamo 
vortical angle, connected at the vm ticca, is placed with one 
ond in oonlact with tlio horizontal base of a vessel. wator is 
thon pourod into tho vessel, bIiow that if the altitude of tho 
upper oono bo tioblo that of tho lowoi, and tho common den¬ 
sity of tho spindle four-sovonths that of tho water, it will bo 
upon the point of rising whou tho wator roadies to tho level 
of its upper ond. 
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3. A cone, placed with its axis vertical ancl vertex down¬ 
wards in a liquid, floats with half its axis immersed, and, when 
placed in unothor liquid, it floats with three-fourths im¬ 
mersed : in what proportion must these be mixed, that it 
may float in the mixturo with two-thirds of the axis im¬ 
mersed ? 


4, A cone, of given weight and volume, floats with its 
vortex downwards; prove that the surface of the cone in 
contact with tlio liquid is loasfc when its vertical angle is 


2 tan 


■*JL 

V2 1 


5, A triangular lamina ABO, right-angled at <7, is ‘at¬ 
tached to a string at A, and rests with the side AO vertical 
and half its length .immersed in liquid; prove that the den¬ 
sity of tlio lamina is £ths of the density of the liquid. 


fl. A square board is placed in liquid of four times its 
density; shew that there are three different positions in 
which it will float with one given corner only below the 
surface of the fluid, 


7, A body is floating in water; a hollow vessel isin- 
verted oyer it and depressed : what effect will he produced in 
the position of tho body, (1) with reference to the surface of 
ivthe water within the vessel, (2) with reference to the surface 
of the fluid outside ? 

Jv-'jJ' ■ i, . , 

1^'. 8. A hollow hemispherical shell has a heavy parhole 

to its rim, and floats in water with the partioh? just 
1 ; above the surface, and with tho plane of the vim inclined at 
fvf an angle of 45° to the surface; shew that the weight of the 
^‘■Hemisphere : the weight of the water which it would contain 

4', ■ . ::4V2-6 : 6V2. 

: 9, A Bphoro of given radius floats in equilibrium in a 
..i'i'fluftntity of water contained in a cylindrical vessel, revolving 
^Wfifermly about its axis which is vortical; _ the velocity of 
“si'fotiitiop is BUch that the centrifugal acceleration at a distance 
uw'tlie axis equal to the radius of tho sphere is equivalent 
acceleration of gravity; prove that the whole pressure 
. |on the sphere yarieB aa tho oubo of the surface immersed. 

f ti rr 6 
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10. A cono of flonu-voi'Liml angle 30“ anil axis h floats 
with its axis vortical and voilox (lownwauls m a flunl whoso 
density is ono-thml gicator than its own ; kIiow that Lho lim 
of its base will bo just imifiorscd if tho Jhml l'ulatu, as if ligid, 

with angular velocity about a voiUcal lino coinciding 

with tlio axis of tho cono, 

11. A solid cono is divided into two parts by a piano 
tlnough its axis, and tho parts nio connected by a bingo at 
tho vortox; tlio system being placed in water with if s axis 
vortical and voitox downwauls, show that, if it float willmut 
sopaiatiou of tho nails, tho length of tho axis inmioiuod ia 
grealor than h sura, h being tlio height of tlio cone, and 2« 
its voilical ftnglo, 

12. A cono, tlio veitex of which is fixed at tlio bottom of 
a vessel containing water, m in couilibi nun, with its slant side 
voilical and tlio lowest point of* iIh bn so just touching tlio 
surface Compare tho density of tlio cono with that of tho 
wnlor. 

13. Tho curved suifaco of a cup ia foimod by the revolu- 

.V 

tion of a portion of tho cui vo y « bo a about its asymptote. Tt 
floats in liquid with its axis vertical nnd nauow end down- 
waids, and a heavier liquid is pouiod into it. Shew I,bat 
if tho cup bo made of pioper weight, tho distanoo botwoon 
tho surfaces of tho two liquids will ho constant. 

L4. A cylindor floats m a liquid with its axiH inclined at 
an auglo tan -1 g to the voilical, and its upper end just abovo 

the surface; provo that tho radius ia ^ of tho height of tho 
cylindor. 

16, Two rods of tho aamo substance have their ends 
faslonod together, and float iu a liquid with tho anglo 
immersed; show that tho curve of buoyantly is a parabola, 

10. Find tho surface of buoyanoy in tho easo of a oone 
floating with its vortox immersed. 
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17. A. hallow hominpImricHl uup ia donor] hy a lid of bho 
Bamo anmll thmknunH mid of Llm mum smbutnuco; allow that, 
if it float in a liquid with its noiitrn in tho aiuTooo, bho in- 
dinnLinn of tho lid to thu vortiral will ho ITlfi'* 

1H. A ri^hfc rimilnr rnnn him a piano biwo in tho form of 
an ollipno; tlmcmm HuiiIn with its longoHt gottornting lino 
horiaouUl; if 'Ja Ih» tlm vorlmnl au^Io, and /3 tlm angle 
belwoon tlm piano burnt mid tho uliortimb gemmating liuo, 
shew that 

itni/9 ^ out 41 ^ ooKoo 

If). If tlm lioight of a right cmiulur uouo bo equal bo tho 
diameter uf tho bmw, it will Hunt, with its slant aido hori- 
fconUd, in any liquid uf grantor density. 

20, A col 10 , wlmHit height in h iiml vortical anglu 2a, Iiob 
itB vertex fixed iiL dialnm-n a beneath tlm surface of a liquid } 
abow tlmt it will real with iU limns just. out of tho liquid if 

cro 4 . co«*a. coup «■ ph* |o>>h (0 ~~ rt) . coil (0 a)Jl, 

whero a and p arc* tin* doiiNilina of tlm liquid and cono, and 
6 is givou by tho equation 

21, A tetrahedron llnala in walur with mui oornor im¬ 
mersed. Tho throe edge* which moot in thin comovaro equal 
and mutually at right angle*. Hliow that llioro are one, two, 
or tliroo distinct position* of equilibrium, according as the 
ratio or tho density of tho Lulrahedron to llmt or tho water ia 
greater, equal to, or loan than 4 : 27. 

22, A liomiajilusriwil alioll (radio* ilu) containing water 

fOtaUw with an angular velocity about iUt axia whiohiB 

ifftWdoal: a upliere (radiu* a) roata on tho water with Ita lowest 
flpinfc in contact with tho hIioII without proHauro on it, If tho 
fhje iurfaoo poM«* through Lho rirn of the alioll, allow that 

V density of sphere : density of water :: 128 j 189, 

An isosceles triangular lamina AW, right-angled at 
with iU piano vertical and the angle 0 linmBraod, ip 

i', ' 0—2 



8 4s 


EXAMPLES. 


a liquid of which the density varies) aa tint depth ; prove that, 

if ~ + 0 bo the anglo which Alt makes with I ho vertical, in 

oithov of the positions of equilibrium in which Alt is not 
horizontal, tlio value of 0 is gLVou by nn equation of the form 

in uinV cos *0 m (mu 0 -|- cos 0)", 

24, A right circular cylinder, whose axis in vortical, con¬ 
tains a quantity of liquid, Lius density of which varies ns‘the 
depth, and a right cone whoso axis in coincident with that of 
tlio oylindor and which is of equal base, is allowed to sink 
slowly into tlio liquid witli its yortux downwards. If the 
oono bo in oquilibrinm when just immersed, provo that 
tho density of tho couo 1 b equal to tho initial density of the 
liquid at a depth equal to ^fcli tho length of the axis of tho 
oono, 

2fi. A ouantity of liquid, tlio density of which varies as 
the clopth, fills an inverted paraboloid, of latUB veolum o, to a 
height h ; provo that, if it bo poured into a vohhoI of tho form 
generated by tho rovolution round tho axis of m of the curve, 

a 4 ;/ 2cAV; (a - as) (2 a — ni), 

whore a is any constant, its donaity will vary as tho square of 
its depth. 

20. A solid oono, of height h, vertical anglo 2a, and 
density p, is movoablo about its vertex, and its vortex is fixed 
at a doptli c bolow tho surface of a liquid, the density of 
which, at a doptli e, is fix. Tlio cono is iu equilibrium with 
ita axis inclined at an anglo 0 to tlio vertical, and its baso 
above tho surface; provo tiiat 

po“ co8"ci oob 0 ® bpk* (cob 0 H- a cos J~a}\ 

27. A hollow paraboloidal vessel floats in water with a 
lioavy splioro lying in it. There being an opening at tho 
vertex, tho water oooupios the whole of tho space between the 
Vessel and;the sphere. If tlio resultant pressure on the sphere 
be equal to half tho weight of tho water which would fill it, 
shew that the clopth of tho centre of tho sphere below tho 
, surface "of the water is 4a* + 3o, whore 4 a is ten latufl rectum 
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of tho |>mnlinlonl, and o llio dislam-o of tins piano of contact 
fiotn tin' vei Lox. 


28. A light cono finals with i|, H voitnx downwnula in 
a fluid of whnh lln* density union us flic depth. Hhow that 
if its ii vis tw innko mi angle 0 with tho voiliciil in a position 
of nqmlibunin, then 


fi rnsot him’ 0 (i'iw* fl 


-■o’ 


where a w (ho semi \eilnnl iinghi of tho nmo, cc its density, 
p that i»r (ho fluid at a depth oipml tn tho slant sido of tho 
cono. 


2f>. A light angled liinngiilnr prism floats in a fluid of 
which tho density vmii-s an lho depth with tho right angle 
immersed and tho edges linmniilul, tho cmvoof buoyancy is 
of tho fin m 


«r n 



CJirAl'TlOR V. 


TUB STABILITY 01)’ T1IK KQIUMIIUMM OB BLOATINd JIOJ>XKH 

03 Jli’ a flouting body bo slightly disitlnood, it will In 
gonoral oitlior tond to xotum to iIh original position, or will 
rocodo faillioi fiom that position; in Lho ioimoi cuso tlio 
oquilibrium is said to bo .stable, find in tho lalloi i instable, for 
that partiouliu dnootion of dinplacumonl. 

Conaidor fust n Ritmll voi licul displacement. it ih clour 
that, if Dio body bo flouting juutinlly miniersod in homoguno- 
oiis fluid, or if it bo immoiHod, oitboi wholly or pat Hally, in a 
hotoiogonooua fluid of which tlio density inoionnoH with tho 
clopth, a doprossion will moiouso tho weight of tho fluid dis¬ 
placed, and on tho contrary an olovntion will diminish it, ui 
oithoi cuso tholomloncy of tho fluid pleasure is to iosloro Lho 
body to ita position of ich L, and tho oquilibrium is stable with 
rogrtrd to voitical displacements. This, it will ho observed, is 
only shown to bo liuo of rigid bodios; if tlio incronsod pies- 
fluro, oftUHod by dopiossion, navo tlio ofl’oot of compressing any 
portion of tho floating body, tho equilibrium is not necessarily 
Btablo, and in fact it may bo unstable, 

An arbitrary diHiilaoomont will in gonoral involve both 
vortical and angular changes in tlio position of' tho body j if 
howovor tho displaoomont bo small, as wo have supposed to 
bo tho case, tho offcota of Lho two oliangos of position eau bo 
treated independently; and wo pioooocf to consider tho effect 
of a small angular displacement, on lho supposition that tho 
weight of fluid displaced remains unchanged, and conse¬ 
quently that tho fluid prossuro has no Lonclonoy to raise or 
empress tho contro of gravity of lho body, 
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O'k A solid. flout hit/ ut ted m a hoimu/oneout, liquid, is 
made to turn Ihioutfit » my/ mnull tnu/lo m a yivon veiiiatd 
plane, to dtilvnnnw whether the fluid pressure will tend to 
restate it to its tuit/innl position or not. 

Suppose tlu* volmtio til’ lu|iiul displaced to uvnmm un¬ 
changed, mul Hint I ho conlio of buoyancy lcumuiH in tho 
Yoitiml pliuin of ihHjiliu cnuml llnough Jl(l Thin will bo the 
case il 6iV bo a piiueipul u\w of llm piano of lloatation 

Lot A lit! bo llio ougmid plum* of lloatulion and JWb tho 
walci-lnn* nfloi diNplm I'liioiil through iiMumll anolo 0, <1 tho 
con tin of gmvily ol tho solid, If of tlu* lluul oiiginiilly dis¬ 
placed, amt V tho volmoo of tho lluul diH|iliu:od 



In tho seem id figure Off ii tho lino of niloiHecliou of tho 
two illation Ada, ft Ob, which is poipuiidiuulur to tho piano 
ACu, in llio fiusl (Iguio. 



Tho resultant fluid pressure is tho weight of Blkib noting 
up wank, and is therefore csqui vnlonL to tho weight of Alla, 
1 or gpV, acting upwards through 2/, of tho woclgo a Ob acting 
1 upwards, and of tho wwdgo AOti acting downwards. 
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Those wedges being equal, the losullant action of tho two 
wodgos is a oouplo, tho moment of winch about 0 is equal to 
its moment about 0. 

Taking for convonionco gp as unity, tho weight of an olo- 
mont jPN of ono of tho wedges 

*a fy'OB.V, 

avIioio m »> OF, and y «* l*F\ and tho distauoo from OF of its 
contio of giavity is fy; 

tho moment about OF of the wedges 
= S (Jy* 0 Sat) 

<=» 8,i)«»0 . /I k v , 

whoro A is tho area of tho section A On of tho body by tho 
piano of floatation, and /• its lftdiuH of gyration lolativo to tho 
lino OF. Jlonoo tho umtomtivo ummont of tho fluid pleasure 
about a horisoutal axis llnough G, parallel to OF, 

*>(Ak'~V ,M)0\ 

and if this moment Sh positive tho solid tonds to return to its 
oiiginal position, i o. tho oquihbuum is stable) 

whon HO< A §, 
and oonvorsoly, is unstable 

jI /a 

wlion HG > ~-y . 

Tf M bo tho point hi 110 through which tho resultant vor¬ 
tical prossuro of tho fluid aots, in other words, if tho vortical 
lino through tho oontro of buoyancy moot HO in M, tho 
momont ib 

V. OAF Bin 0, 

or v{nG~mr)0i 
», sr A 

i . Jim ^ , 

and tho equilibrium is stablo or unstable according as IFM > 
or <MG> 

% 

Tho point M is called tho motacontre, 
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is 


If HO ** pr i tlmt in, if M ami G coincide, tlio equilibrium 
said to bo neulml. 


Replacing gp, it "’il! lut mum that ilia restorative moment, 
for n diHplaui’moni through a Hiuall angle 6 , i« 

<jp()(Alc'~ V. mt). 


Ofl, Wo Imvo (VhhiiiiiihI, in the preceding investigation, 
that the centre of gravity of the displaced liquid remains in 
tho vertical piano of displurnnnuit pmumig through UG) when 
this ia not tho cose, tho explosion 

<jp(Ak l - V, 110)0, 

will atill represent tho moment of tho llnid pressures, but tho 
line of notion of tho nan I taut fluid pressure will not necoB' 
gorily lio iti tho piano Alin. 

Lot bo tho dislancn innnaurod in the direction ON', 2nd 
flguro, of tho vortical through the oontro of gravity (If 1 ) of 
tho solid Bab, then 

VitinfypO.ry dA, 

so that <8 doponda upon tho product of inortia of tho ftioa,and 
vanillins when Ga i and Gy nro principal axos, 

If tho projection of tho vortical through II' on tho plane 
ABa moot tlQ in ilf, the mnniunt of tlio fluid prossuros about 
0 will still bo represented by V . OMO, and tlioroforo as in 
the previous oaaa V . IfM and if rotation in tlio diroo- 
tlon of the piano A flu only lm allmvod, tlio position of tho 
point M define* tho stability or llm otpdlibrium, 

GO. It must bo observed that tho above investigation is 
essentially statical; it is simply an Inquiry into tlio direction 
in which tho inomont of tho fluid pressure about a certain 
■; horizontal axis through O is noting in tlio position of dis- 
placement oontomplatod. 

Oonsidorod dynamically, if ilia horizontal axis through 0 
.i'bft not a principal axis, tho forces introduced by displacement 
X will cause acoolorutlonn about other axes through 0, and will 
:V:OOMeqaoutly produce rotations about varying axes. 
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Moioovor a iota Lion about 0 would, except in tlio ease in 
which K and 0 aio coincidonL, cause a change in Lho quantity 
of fluid displaced, and voilical oscillations would thoiofoio 
onsuo, 

07. Tho question of stability may bo boated somewhat 
dilfui'outly. 

Defining Lho mclacentre ns Lho point of intersection with 
tlio lino Hi! of Lho voilical lino Mnough tho now contro of 
buoyancy aftor a slight displacniuonL, wo mo led to Lho fol¬ 
lowing lliomom j 

Tho melucentro in lho centra of curvature of tho ourve of 
buoyantly at the point in the sumo cortical line with (l. 

Tins is at onco obvious fiom tho fact llial lho point M is 
Lite point of intoisoction of ooiiscciiLivo normals to tlio am vo. 

llonco it appoam that fm any displacement, consistent 
with tho condition that tho volume displaced remains tho 
samo, the cluootion of tlio fluid piossmo is always a vortical 
tangent to tho ovolnto of tho emvo of buoyancy. 

68. From tlio puicoding thooiom wo can dotortnino lho 
expression for tlio height of tlio motomilro above tlio point II 

TjotiTbo tho contro of gravity of tho volume A DU, and 
IT of aDb, aOA being n small angle 0. 

Thou, if « bo an element of llin aroa of tho piano of 
floatation, 
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fl'N', HW, poiiumdimilma upon the vmttcal lino through 0 , 
JJ'N' . V- UN • I r S (dn .0, a. On) -| £(6V . 0 . a' 6V), 

or m. V >0Ak*i 

but if N 1)11 till* CI'lMlC of HUVIltlllll at J[, 

in, H‘M.0 HU.Q, 

.\ V . HM i AM. 

Tim R'HlomliM* iiHiinont, foi a muhII dmpluconuiiil 0, 

upv.mt.o upOiAV- v uu). 


(iO Tim piocoding rulu'lo hihuiiioh llml, tho voitical lino 
of actum ofllii* lluul pimwmo, aftm a Hlight dmpliiccmonl, m- 
LeraooUt 110 Tina will In* iim* only when llio piano of dm- 
pUtcomcnt in a priimpal nudum, at 11, of llio suifauo of 
buoyancy. VVIu'ii tin** ih not llio omto, tlio [nojoolion of llio 
lino of notion on lliu voitioal piano of ilwplnroiiuml will mtoi- 
uect ltd in a pint M, which will lat llio conlio of muvaturo 
of tlio noriiml Hcclum ot llm Hinfuec 


Tho nullua of mu vaturo of any hoi mal miction at IL of llio 

^|// 

surface of buoyancy, ih therefore - y *, and, if l and F bo tlio 


principal lnoinmiti of inmtia of tli<> piano of floatation at its 
centre of gmvily, tlio principal radii of mirvaliiro,at //.of tho 
surface of buoyancy arc 

1 V 

y 1111,1 j/. 


and tins principal Hcctioiw arc pniallol to tlio principal axos 
of bho piano or floatation. 


70. A mwt unmii taut ciwo mil orally prouonls itaolf; tliat 
1», tlio quoHtiou of llio atability of wpulibnum of a whip wbon 
dinplacod by rolling. 

fn fciufl cams tho vertical piano through HO, perpendicular 
to the piano of dmplaconuml, divide# tlio floating body sym¬ 
metrically, and eonwiptently tlio vortical lino 110 pansou 
through the point 0 in tlm piano of floatation. 
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Tho lino HQ also tlividoi the curve of hunyiuiry Hymmotri- 
cally, and tho point 11 in a point of tna\inium m minimum 
curvature, In tho fust of fchoaa two onion I ho nmp of tho 
ovoluto is pointed downwardn; m tlm noomiil ruio it in pointed 
upwards. 




Tho figures at emoo show tho o(Toots of displacement. 

In tho first case tho righting moment, which in the skti- 


angte of cliapl 
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In the second case, the lighting moment incieases to a 
maximum vahto, and then diminishes, vanishing for the 
position givon by the tangent GQ'P\ 

Tins is a position of equilibrium, but it is of unstable 
equilibrium, m accoidance mtli the genoial mechanical law 
that positions of stable and unstable equilibuum occui alter¬ 
nately 


If the equation to the ciuvg of buoyancy be obtained in 
the form p =/(</>), G being the ongin, 

and tho righting moment is 

w ip 

k> d<f>’ 

if W be tho weight of tho ship. 

In gonoral tho cuive of buoyancy, foi moderate displace¬ 
ments, is approximately an aio of an hypoibolaj in. the case 
of a 1 wall-siclcd ’ ship, that is of a ship with tho sides veitical 
near tho watoi-lino, tho cuivo is an aio of a paiabola. 


71. Taking tho case of a ship floating upright, tho 
expression foi tho ladius of euivatuio of a transvoiso section, 
2 A, of tho siufaco of floatation is 

I?/ tan ads 
r i sa - d —J -> 

ds boing an olomont of tho peiimotoi of tho watei-section, 
and a tho inclination of tho sido of tho ship to the vertical 

To provo tins, lot O' bo tho centio of giavity of a section 
thiougb 0 making a small angle 9 with the watoi-section 
AGB, and lot aOb bo the projection of tho porimotoi of tho 
pew soction upon tho watoi-section, JS being tho projection 

of O'. 

Taking PQ — ds, and drawing Pp and Qq normals to tho 
perimeter, tho olomont of area PQqp = y 6 tan ads ; 

, •. OE‘ (j4) = 2 jy^O tan ads, 

and, sinod 00' = r,0, and OE— 00' ultimately, it follows that 

=/y ! tan ads, 
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an oxpiossion litst given by Mims. () Ihipm, in a niomoir 
gi-von to tlio Acaddnno dim fteioncoH in 1814. 

A corresponding expulsion ubvimiHly exists for Lius uuliua 
of oiuvaUuo (/£,) of the longitudinal senium. 


72. Calling r and It I ho molacuutiio heights for Itans- 
veisal and longitudinal diflplncoiriontH, that in, tlto radii of 
curvfttuio of lianavoiso and longitudinal sections of tlio 
aurfaco of buoyancy j wo know that 

v L and H y, 

whom i and I mo tho principal momenta of iuoi tia of tlio 
wator-Hooliou. 


Mona. E. Locloit has established tlio following relations 
botwoon IhoBO quantities; 


di , Vdr 
r i m W mr * d yi 


11 , 



11 + V 


dR 

dtr 


A translation of Loclorl/H paper is given by Mr Merrifield 
in tho Proceedings, for 1870, of the Institution of Naval 
Architects, and m tho Messenger of Mathematics, March, 1,872. 
Tho following is tho fust of tho two proofs which are givoti. 


Taking a sootion parnllol to tho waloMoclion, and at a 
distance a» from it, 


dV*» Ada. 
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j>l tqiqh lin tIn* ninjothou of Huh now wiolimi ilium Uio 
wftUii-.'UH'lmu, llii'ii <b h llio mimionl of iuoilia of Uio luoa 
boUu'i'ii oh in ul Ali\ 

,\ t/i , Inn 'i ils, 

iiml i • ///" tun W.f, 

(L% 

i vn , u 

Tlonoo »•, AtU ( j ,r! 

tli i I 't/i- idV 

• UV"V" VdV ' 

Vdr 

" r '•> 1 A V ‘ 

78 , Wo now nppond muni' exiimplo* of llu> dotorniimilion 
of Uio molnowitro. 

]Csc, l. A mil id rylintlcr oj mdm a and Imujlh h floating 
with, to (t<nt vertical 

In this «wo Uio plniui ol llontntinn in it cinuilar tvion, and 

* f Ilf dr f (a* 

J ft dp 

n 

^ jn* P cm'OdO, pulling tr*unnO, 
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tboiofoio, if h' bo tbo longl.fi of tbo avia immersed, 
7 mVi ■ IIM » ™ , or IIM » ^, 
and tbo equilibrium ifl Hlftblu if 

«• A A' 

4A ; < 2 “ 2 ‘ 


Ex 2 A cylinder Jlmliny with its axis horizontal and 
in the surface is displaced in the vertical piano through the 
axis. 


Tbo piano of floatation ih a lootanglo, and 
Al* half 

h bomg tbo longtb of tbo cylindut, and a iIh rudius; 

A* 




mi 


and tbo equilibrium is stable, if 

. Id v ia 
" ira “* 37r ’ 
or h > 2a, 


Ex 8. A solid cone jfloating with its axis wrticdl and 
vertex downwards, 


Let h bo tbo longtb of tbo axis, 

a tbo pin Lion of tbo axis immersed, 

2 a tbo voitical angle of tbo oono, 

'Thou A Id tan* a, 

and Fu fr nrd tan* a; 

IIM » tan* a j 
also 11G ™\1i — jjj-s, 

and tboroforo tbo equilibrium is stable or unstable, aoeording 
as 

' e tan*« > or < h ~ e, 

or z > or < h ooa* a, 
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But if p, <r, bo tho doiuiiLios of tlio fluid and cono, 



lliorofniu iho equilibrium is Htulilo or uustnblo as 
- > or < (cos a)". 


Ex. 4. An imisreh's Irittugnlar prism flouting with Us huso 
not immersed, mid its edges horizontal. 

ItofoninK to Art. 49, consider first tliu position of oqui- 
librium in which lint Iiuhu in innliiuid to tint human. 

In ll»ia uuho, if yl «i ly and A P -■ 2,e, ;o and y avo givon 
by tl 10 liquations 

-H g » 2n com’ ^ , 

,f!</ tm (j 1 , 

Tlio co-ordinnUtH of (l and H rofomtd to A H, AC as axon 
arc roHpuclivoly, 

H fl«, nud H.n, fly, 

11 <7*« J ((a - at)* H- (<» - gY 4- 2 (a — x) (a - y) cob 0\ 
m $ (/c , +y , + 2«ty cob 0~ 2a (1-f-coH 0) (ic+y) + 2a* (l + cob 0)), 
from which, by meairn of tlio nbovo equations, wo obtain 

IIQ *• j ttin ^ (a* ooh" - o’A 

JH *4 


Tho area PAQ ■■ 2u’Bin 0, and if M bu tint mulaeontro, 
and l tlio length of tho prism, 

210 * sin 6 , JIM> 




mt > 


PQ' 

24a* «iii 0 ' 


But PQ* - 4 (io* + 1 /* - 2 ay cos 0) 

—10 cob* | (a* gob 11 g - o*) \ 


* 

II, IT. 


7 
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, 0 

u 0 

/ JIM »= .I-M 

6 *WU^ 

mill 77il/> //<Y, if o*Kill 11 f <* i or 8 f fn*itw 8 - (t 8 ), 

M M M 

♦ ♦ <■» a ^ 

m\ u cor 4l > * 

Noxl, consiiU'i* llio nor m wluoli llm burnt ih hnu/onliil, 
and VQ llunolom pamllol to tt(! 

Thu area l*AQ 

AP-AQSr, mill i'Q- <lcwin J 
,0 

WM .) (9 

Ilonco, 70/«jl a ——y , ami 7/// - J (" “ <’) fOH ^ , 

cos „ 

M 

(mil //d/> //f/HW n . 

Nowin the Ail 4!)', lii'fiiin uifoi ii'il In, wohiuo shown I lint 
llii'io aro thuio positions of eipiilihumn, or one only, tuimduig 
as 

, 0 o 

(MIS* k¥ > 01 «. . 

'i (I 

Ilonco il folio wm, that, wlmn them nui tim'd positions of 
Aquililmum, llio mlerniodinto out', in which OH is lioiizontnl, 
is a position ol unstablo eipiililninm, whihi ill llio other two 
positions the cijutlilunun m stalde. 

Jf tlioio ho only one position in which llio prism will lost, 
its oquihbiinm in stable. 

ft will ho n lisofnl uxeicisn for llm student to obtain these 
lOHiilts by investigating the ei|iuition to the omva of buoy¬ 
ancy, mid dolonnming t!ui position ol its ootilro of curvature. 

74, Finite displacement#' If a solid body, floating; in 
walor, bo tinned through any given anglo from its position 
of equilibrium, then, as before, the moment of the lluul pros- 
sui'O Is restoratives or not aocording ns the point L at Which 
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*tho vertical through the now conlro of buoyancy moots thu 
lino 7/C/ in above or boluw (A 

It in not to ho inferred that if L in above <7, tho body 
will when set free return to its original position and oscillate 
through it, or oven that thu original position is ono of 
stable equilibrium, according to our previous definition of 
stability: it is a general law of mechanics that positions of 
stable and unstable equilibrium occur alternately, and tho 
body may have boon displaced from its original position 
thvouyh other positions of equilibrium, 

A« a particular example lake tho following. 

A solid cone, Jloatiny with its luntt vertical and vorlov 
downwards , is turned throuyh annnyle 0 in a vortical lilting 
the volume of fluid displaced romttininy tho sumo; to dolor - 
mino tho direction of tho moment of tho Jtuid pressure* 

Lfot AB bo the major axis of the ellintio section made by 
tho surface piano of the lluid, 0 its middle point, Aa } 7 ib, Go, 
lines at right angleH to AB, and let the angle AVB « 2ct ami 
VA **d. Then 

VAa «* 0 — a, and VJH> *■ tt ~ 0 — a, 
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n-s(F«+ j ,«>t 

^ v ( wufl cuH(0 + ft) mn 0 J 

(l <w 0 ( t 

COS (0 + tt) ' 

irr « , cosfl 

/. K//« {a „4 , , . 

1 nw (0 hft) 

Tho Bomwuinov axis of llm rllipsa All is a mr»mi pmpm- 
tioiml botwoon tbo poipomhouliurt 1mm vl and II mi tin* hxh 
of tho cono, 

ils ftu>a*-7r i A /I (\'A . rW.miiM 1 

_7T , a HHl CK Hill S-3C (i'IIK( f# —#)p 

2* cos {0 -I a) ’ (nia((M-«)l * 
therofoio tho volume of tho Jluid duqilwed 

» i‘ 0 K (0 — a), (mon of ellipse) 

I in • t fcon (0 - «)) * 

r~t J nrtl 11 nna tt J ' 'I 


» h ?rti" mu*« c<m . 

a (ai9((?*| a)j 

Ilonoo, if p, <r , ho tho tloiwilios of tho fluid ami tho cone, 
since tho weight of the fluid displaced is equal to that of tho 
cono, wo havo 

pd a siii’a cos a Jjjjj jjj “ * J « oh' tftu'a, 

n , /<Y er foos(0 ha)] ! 1 

\h) ** p {coa (0 - a)} cos*a ’ 


And VL>VG if 


, ooh 0 , 

( Com (CM- a) > 


or if /*> C0BaC0H (° +j) (ooh {8 - ct)'l i 
V p coa d ~ " ' (ooa (0 -|- a)| * 

Supposing 0 indefinitely small, wo obtain thc&ondilion of 
Btahuifcy tor an muniloaimal displacement, 

»J~p > oartx j as boforo, Ex. 3, Art. 73. 
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» Lot tlio equilibrium of tho onno lo neutral, that in, lot 

<r =» p cim®a, 

then, after a finite displacement, tbo action of tlio fluid will 
loud to restore tlio cone to its original position, if 

cos «. cos 0> V(oo.H(f? -p a) .cos(0 —a)], 

a condition which is ulwaya true,a and 0 being ouch lesa than 
a right anglo, 

In tho coho of noutral equilibrium of a none, tlio equili- 
hrimn may thorofmu Ijo eliamctormod an Hlnblo for any linito 
displacement, 

75. When liquid iH con I ai nod in n vnaael, which ia 
slightly displaced from its original position, tho preceding 
invoatigatioiifl unable uh to do.tormino tho lino of action of tho 
roaultant downward prcaanro. 

Tlio problem in fact in this cuao, os in tho previous Case, 
is tho following. 

A given volume, tlio contm of gravity of which in II, ia 
cut from a solid AllO hy a piano, mid tlio lino Oil ia perpen¬ 
dicular to tho piano; tlio hiliho vedumo huing out off by a 
piano malting a very small angle with tlio piano AB, to 
determine tlio position of tho straight lino perpendioular to 
tho aooond piano, and panning through tho ountvo of gravity 
of tho volume cut off by it. 

If the interior tmrfnco of tho vessel is symmetrical with 
inspect to tho piano through II perpendicular to Lho lino of 
intersection of the two planes, tlm linn whoso position is 
required will intersect ClI in a point M, tho mctnosnlro, tho 
position of whioli is dotonniuod by our provioua iobuUh. 

70, A hollow vsssel containing liquid, finals in liquid; re¬ 
quired to dlfsmuw tho nature of the equilibrium, supposing 
that tho body is symmotnoal with respect to the vmiioal piano 
of displacement through its centre of gravity, and that the 
centres of gravity of tho body and oftfio liquid are in tho same 
verticalline. 
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Lot M bo tho mi'liw'oiiliio for Ibo diwphiml fluid, mu! M' 
for tbo conliumid fluid, IT, IP, Clio weight* of Uio displaced 
and contained fluid*. 


Taking lnnnumls about 0, tho centra of gravity of tbo 
vessel, tho lORullant fluid pioRsuuw will tend to losUno oqui- 
libiiuin, or thu iovoi«o, uci'niding on 

i v . ant- ir. oat 


is positivo or negative, i.o, an 


1 7 

jp > or < 


(!W 
UM ’ 


Jix, A hollow oo»0 contuinuif/ water floats in water with 
its am vortical. 

Lot h ■» tbo longth of tho a\i« of tho coup, 

h' =» tho longth of tho ax in in tho contained fluid, 

* 83 tho longth beneath tho Hurfaoo of tho external 

fluid. 

Taking 2x as tho vortical Anglo of Iho oono, wo havo 
JIM » j z Lnn'jf. 

* This istho aiup of a lonlty ship lolling! the next artiolo teousno* the 
pitching of a leaky ship. 
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But 


Similarly 

idwt 


(i ea | s HOI! 1 * — lj' ll, 
(fM‘ m h' HM'*X — j| h, 

IV C* 

i v m h*' 


tliorafiiru tho equilibrium i« Hlublu if 

/:V !l/i' m’tt'a-' Hh 

\/<7 > lb m‘u“u - H/t 1 
z boing given by tlio equation 

Il r — 11 7 ’“ A yim UuiL (z 1 — h'') «= weight of cone. 


77. Ill tbn ciuio in which t.lin centres of gravity of thy 
contained ami of tlui Iluiil displaced arc not in tho Kiimu 
vortical, Hupposu tlio displacement to take place in diroction 
of tim vortical piano tlirongli tlio centres of gravity, mid that 
tlio body in ayniniotrical witli respect to Unit piano, 

Lot Q bo tlio crmlvn or griivily of tho body, Jf of tlio fluid 
displaced, IV of tlio contained Ibiid, and it, M\ the mota> 
centres. 



Also lot GNW bo horizontal in the position of oquili- 
britim, nncl QLU tlio horizontal lino through (r in tlio dis¬ 
placed poaltioii, 

Then If, If, having the same moaninoRjtB boforo, and 6 
being tho angle of displiwoinent, tho or|ullibrlum is atablo or 
Unstable, ns 



104 


CONNTHAINT. 


ir. ar t >tn < ir .a //, 

or 

IK(tfiVcohfM JWniii 0) > m < II" (t/iV'cnN 0 I ll/Xhind), 
io Milieu ir. (/jV . II". <,'N\ 
ll r M'N' 

7H. Hlubtlili/ of the equilibrium of hotlten Jloaliiq/ untlci 
constraint 

In thoso east's of oiniHlimub,in which, for a mimll displace 
moot, film volume of liquid displaced umimiiK unchanged. (lie 
themy of llm iiiolnei'liUo delis unites Min line ol iwtinn of Min 
fluid jh’ohkuio, and Llio question »f ufalnlily i« Mien easily 
dotoinumsl. 

Suimoso, for instance, Mud, a body, partially intinnnwd, is 
movoftblo about a huiiKonlal axis, which m vnilically beneath 
Mio contie of ginvily (O) of tint plane of hucIiou of the body 
by the Hiufiioo of tho lupud, 

Tho effect of a displacement llimugh a airmll angle 0 will 
bo to dopioHS tho point (J tliioiigli a spitau which depends 
upon 0\ and thoiokuo, to the fust older of Hiim.ll quantities, 
the volmno displaeod ronmins unchanged, and tho iiiotaeuntie 
is tho same an if 0 uimamod in tho mu face. 

If tho body bo niovoivblo about a hoiissontal axis which is 
not vot lically lxinaiilh tho point 0, tho change in tho volume 
displaced cannot bo nogleeled, nail the question of stability 
must bo troatod by n ditoel considoiatioii of tho action of (lie 
displacod liquid. 

IOx. A reotancfular lamina rosbs in a liquid of twice its 
own density with two of its sides vertical, and is moveable in 
its own plane about the middle point of one of its vertical 
sides, 

Tho figuro leprosonta tho lamina when slightly displaced 
through an anglo A OB, (0), tho point 0 which la In tho 
surfnoo boing tho middle point, 




<•< IK HTlt A1 NT. 


ior> 



Then if 0.4 « <t, and if tin: height »i Ih, tint men. 

A0H i u'G, 

mul, taking iiiiimeiilH nlimit 0, f.lio c<piililninm is stable if 
( 2p (i <1*0 . H If -h <tf« . ()N) > ft . 2rt/j . ” , 

IIN being Hits vertical through Jf ; 

or, uincci ( hY« 0(1 eos 0 — IK! sin 0 ^y ~ [[ 0, 
if, 2a* > M", 

79. In the particular onxo in which tlm wmtro of gravity 
of the Inuly mid tlio axis about which it is uioyonbio uru in 
the Burfnoo of tlio lh|uul, a ibnniiln win bn givun, for tlm 
duloriuiriatiou of Htubiiity, aimlngniiH to that of Art. Ok 
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Taking Oy as the axis, and V as the volume of displaced 
liquid 

Loss of moment due to the displacement of II 
~g P V fflSr^gpY.UF.O, 

and le&toiative moment duo to the increase of the displaced 
liquid 

« /gp i • f xdy « gp Ah% 

Ah* being the moment of ineitia about Oy of the atoa of tho 
plane of floatation , 

the equjtUbiium is stable, if Ak % > V 7/iY. 

In the geneial case of a hou/ontnl axis, if O', L s and HT 
ho the pi ejections, on the pl^ne of floatation, of 0, 0 , and 77, 
tho test of stability is that 

gpAk'-gpr.nff+ Tf. GL 

must be positive, with the condition, 

W.O'L^gpV O'iT, 

Ah 1 being the moment of moitia, about G'\j> of the area of 
the plane of floatation 

SO The equilibrium of bodies floating in two liquids . 

Suppose the body to ho wholly immeised with the 
portion V of its volume m the uppei liquid and V in t|ie 
lowei 

Take the case in which tho cent! os of giavity 77, II\ 
of the liquids displaced by V and V', and theioforo tho 
centre of giavity G of the body, aio in the same voiticaL 

Displace the body thiough a small angle 0 about an axis 
through (J tho centie of giavity of tho section AOB of tho 
body by the common suifaco of tho liquids, 

The action then consists of a piossuio gp'V* acting 
upwards through M tho motacontio foi tho lowor liquid, and 
'of a premusgpV aoting upwards thiough M tho metacento’O 
for tho upper liquid 
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Tf M be abovo G and M' below G, tlie equilibrium is 
stable, if 

gpV,GM> gp'V' GM', 

or, obsoivmg that IIM is measuiod don n wauls fiom II, 

if jo7. IIG - pAJI > p'V '. II'G — p'AV, 

or (p , -p)Ak l >p'r' IFG-pV.IIG, 

All being the moment of mcibia of the aiea A GB about the 
axis through G, 

If K be the contie of giavity of the fluid displaced, L the 
losultant molaccntio, and 17 the weight of tho body, 

W.KL = gpY.iai-gp'V' IUF, 

=gpV (Kir- mi) - <jp’ v (Kir - i-nr) 

~<j(p’-p)AK\ 

and tho eqvulibiium is stable, if L is abovo G 

81, The preceding question may be also usefully ticated 
in tho following manner. 

Tho body may bo supposed to be completely immersed in 
a liquid of density p, and we can thon imagine a liquid of 
density p-p superposed 

Lot E bo tho contie of gravity of tho whole volumo 
Y+ r, so that (7+ 7') EG - 7' II'G -V.IIG 

If tho body bo displaced tlnough a small anglo 0, the 
lcstoralivo momonl is 

g (p' - P ) (Ah' - V'. IT G)-gp(Vt V') EG, 
which by tho above relation becomes 

cj(p'~p)Ak*-ff P 'r.II‘G+gpV HG, 
and tho stability dopends upon the sign of this oxpiession. 

82 Stability of a body floating vn hetet ogeneous liquid 

AVo shall considei only tho case m which tho body is 
symmetrical with regard to tho line IIG so that tins line 
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paasos llnough 0, tho contio of gum ly of tlio wiiUn-Hcrtion, 
and contains tlio contio ol giavity of all the slmla of Inpud 
displaced. 

Tho offoct of this limitation !h llial. a huhiII displacement 
($) about (7, or about any point m lid, iiiihos (ho uoulio ol 
giavity of any honzonlnl acelmii llimugh n lieighf of thooidoi 
0\ and wo can Ihovofmo oinploy lint (ouituln* ol AiIh, (01 ) 
and (80). 


83. Determination of tho mint nitre fur a body Jloatiiifi 
in heto) ogoneowi liijuuL 

A liquid in which (ln* donsily in a Ihuclum i.r llio depth, 
can bo concern'd as made up ol a hoi mu ol Imningoitcniix 
liquids having mkvossiyo descending muluoen, and (ho conlic 
of gumty 11 of tho wliolo mass If displaced, will ho the 
contio of gtavity ol tho aggiegatu of lliosn liquids. 

'fuming tho body Ihmugh a Hiimll angle 0, iho vortical 
tilt of tho centre of giavity of each pin lion will vmy an 0'\ 
and thoioforo tho vortical tilt of Jl will vtuy n?i O’, 

If hi bo tho suifaco, p tho density, and V tho volume dis¬ 
placed of ono ol those liquids, ami H h bo (ho contio of gravity 
ol l r , thou, as in Ait ((18), 

h’l. I r « 0Jk\ 

A boing tho aroa of tho Ruction A'; 

tlicioloro IVh, llm v/p/, y pm QSpAk\ 
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Further, if M ho tlio nuibiuxmtrp, 

irL**irM,6~mr.o, 

ami therefore JIM. U**'£pAlc\ 

TIi’ih formula includes Iho ohms in which tho solid bulges 
out lntlow the wuti.’V-KUclion. 

Taking C!A as tho axis of ?/, anil considering tho case 
when Iho solid duos not bulge out, 

UpA/c* «//!£(/>) y* ihcdy, 

(he double integration extending over tlm water-suction, und 
tho Humiliation ul ’ p down tho vertical ordinate i\ r 2 J ; bunco, if 
p bo tho density at 1\ 

11M . U « jjp'y 1 d.cdy, 


84, If tlm Healing body be a Holiil of revolution, having 
its axis vortical, tho fovinnhu can ho somowhat aiinplillod. 

For, transferring to polar co-ordinates, 

*r 

mr.Vm* ff‘pVaiii* OdnlQ 



p being tho density corresponding to Ilia auction of radius r. 

Suppose, for oxainplo, Unit tho deimily varies as the 
depth, and that the floating body to a cone, vortex down¬ 
wards. 


If h bo tho longth of axia iinmoraod, 
U. EM ■* f ir/i (/t - r cos «) Air 


and IT» f wp* (h — *)' tan' adx 1 
1 0 

, V. EM - J/i tan* a, 


irulS tan* a 
“* "20 ’ 

Trg^tnu’a 

12 
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Also, if Fbo flic vtuki\-, 

\Hl n j}/ ( , 

VM j}/i hit* a. 

8.1 Tho following in nnofliot mol hod of dnl.oimining the 
stability or llio mutability «1 tho oqiuliluinm of a floating 
body*. 

Taking tho coho in which llio body in Nynmioliical with 
loganl to llio mtioal piano «.»i of dinplarniiiciit, lot A OH 
bo tho ]tlano oi floatation, (' lining itn eontiu of gmvily, 
and uUl> llio Inpud-Hiiiliioo nflor llio body lias boon (mnod 
about Oy llnoiigh a Hiimll nnglu 0, (\v lining hmizontal and 
Us voilionl, 



Lot ic, y, z bo oo-oidinatofl of a point P in ilia surface 
of Uio body, anil let llio voiheal ordhmUi Pn moot tho piano 
ay in n, and tho piano A OP in N, thou 

Mn ®> xO, and PM + wB. 

]jot JP bo fbo contio of giavily of nDb , 11 of ADJ3, and 0 
of tho wliolo body. 

* Ail#. (85-86) wmo oi iff tnally published In llio Soaond MUIon (1807) 
of Iht# TronlJoe, 
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Them, l r being the volume ol* liquid displaced, and UK, 
JFK' perpendiculars uu (Is, 

l r . II'K' a* fj.rstlgils, and V. l!!\— Jfx (.: -i- x0) dy ilv ; 

]hit, if tho vertical through//' r) . V " 

meet UU in 71/, the lurlmuMitrc, \.i 


11L » mi . 0 ; lw 

j, . h \ n 

./<> U>\ 

and if IfM ho greater than IfU, 
the uijuilihriuiu in Htahlo. 

The expression Jjx* tlyds, is Llm moment of ium'tia of lliu 

piano area uOb about Cy, and in ultimately tlui Ham a us that 
of A Oil aliout Cy. 

Hence, if A bo life urea AGB, tho oi[ualion may be 
written 

V./til mb'A 


8(1, This rotuilL may nlno bn 
obtained by taking GVl as axis of 
&•, but tho process is then nomo- 
what longer, as it becomes nncoH- 
sary to allow that, to the Hint order 
of Bin all ([uantitieB, 

OK- OK. 

Thie however is easily soon, for 
V. OK-jj^.zdydx, 



and V, OK m JJi (< + x$) (* - ccO) cly dx, 
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nml thoiofuio l r A7v" •« JJ A ai"0* tly tlc, 
which ia of tho hocoimI okIoi. 

Again, wo may give anollmi form (o I ho [ it ureas by a 
dit oct mvi'Hligaliun of llm moment, about (’//, of I ho Hunt 
picsauio. 


S7. A hotly it /loutim/ in I'quiltin hint in tt Jluttl, oj which 
the density is, at inti/ point, a Junction oj the depth 0 / that 
point, it t« required to Jutd tho iioniUlioii of stability 

Taking A OH os llm piano of Until alum, and it (Hi an Mm 
hgmd-muincu tilUu displumnenl, let li‘ ho tho eonlio ol 
guivity of tho fluid displaced by tilth. 





Tttko tlio voitical through 0 aa axis of a, and Ca n« axis 
of ai; thon if P bo any point („e, y, s) within tlm body, and 
Pi tho perpendicular on UA, 

PI ■» s coh 0 -1- to sin 0 
a -I- kO ultimately. 

And if tlio density p «/ (tho depth), the density at P 
boforo displacement 

■»/ (s + xO) 

“/(«) -I- aOf {z), 


to tho first order, 
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Ilonco, if IT ha tlio maun of liquid displaced, 

U, HK » JJ | J/(«) -h toOf (*)} u> de dy d.o, 

U. ITK' JJJ J’{~) iv (Is dy t/.r, 

whtsro a' iH tins lon^Mi, nV\ of tlm ordinate nV produood to 
moot tilts Hurfiuio i»r tins Ismly in l'\ 

By subtraction, wo obtain 

IT , Hit JJJ ^f(s) to <h dy d,n+ JJJ (*) d®- 

In ihu Hint integral x in less tlinn a:0, and therefore/ {z) 
to thu Ural urdur ia oqutd to 

/(«) + */'(<>)! 

tlio flint intogml tliuii 

«/(0) [[** 0 dy da to tins flint order, 
and tlio aocond integral 

-0jJ\n»)-f{-K0))<tdydx. 

Further, /(- xO )«/(()) - xOf (0), 

and therefore U < lilt » 0 jjdy dw } 

noglocting email qunnliliua of thu huucuuI ordur, 

But fIL » 0 . flM, and \vu tluia uhUiin 

U . UM -JJ id* f(*) dy tic, 

the integration extending over tlio piano of llontntion, 

This result can also bo obtuinud, ns in thu previous onse, 
by talcing OA as tlio axiii of to, or by direotly investigating 
tho moment of the fluid pressure about Oy, 

D. II. 8 



1J4 
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88. Vov tho particular of a milnl of involution, tlio 
following pioof may bo given 

Take tlio voi Li'X 0 an 
oiigin, tlio axia of tlio 
body for axis of «, and Ox 
hoiixoiifftl Lot J , /‘JQ bo 
a honKontal section, and 
P'JCQ 'aHcction though H 
inclinod at a small angln 
0 to P14Q. 

Then if <t> ho thu angle 
botwoon JCP and tho langont at P, 

EP'mHP*\ HP 0 cot <!>, 

and h’Q' — hlQ — HQ . 0 oof c/j, ultimately; 

.’.P'Q'm PQ to tlio 1st older, 
and tlio aroa P'JCQ'm that of P/CQ 

If E ho tho middlo point of P'Q\ 

ICE' «=» J {ICP' ~ ICQ') n. HP, 0 . cot (jt coO cot <j). 



In tho position of displacement, lot 
Of/ ha tho porpondiouhu liom 0 upon tho 
vortical through 1C, 

then OJ/**OE.O + JCE' 

<^a0 \*tvO col (j>, 

and Lho moment about 0 of tho fluid 
prossuvo 

« typ-mo'da [aO H- tn6 cot </>} 



* J o gOprrm* + a da, whero 00 *> o. 


If tho equilibrium bo stable, this 
groator than 

w.oa.o, 

W being tho woight of tho body. 


moment must bo 



EXAMVMH 


ii s 


Also 


W. Olh 


1 I’f/pTTtltjdz, 


inti, iT thu lino of action of I,ho resultant fluid prosauro moot 
ho axis in M t tho moment® l/. UM.O ; 

IT , OM ca jffp TTJI* ^3 ~\~ X ^ ,l a ; 


in cl 


]V. UM « ff/pr^fo, 


m j i/pir-v^Ln, if (JA « it, 

roinomboring Unit p is a function of z and therefore of w. 


KXAMl'LHH. 

1, An invorlod vohroI formed of a Hubsttmeo which is 
heavier than water aunlainu enough air to mnko it float; 
prove that, if it be pushed down through a certain apace, it 
will ho In a position of equilibrium which for vertical dis- 
plocoitionl will bo unstable. 

2. A solid cylinder, one end nf which is roundod off in 
tho form of a homisphoro, floats with the sphorloal aiufaco 
partly immotnQil: find the groutost height of bho cylinder 
whion is consistent with stability of equilibrium. 

!1. If a solid paraboloid, bounded by a piano porpon- 
dioulai' to iLu uxih, flout with its axis vortical and vortex 
immersed, the height or tho motaountro above tho oontro of 
gravity of tho displaced liquid is equal to half tho latus 
rootuin. 

4 A oono, whoso verlionl angle ia 00", floats in water 
with ita axis vortical and vertex downwards; shew that its 
tno^tuiotitro lies in tho plane of floatation ; and that its equili¬ 
brium will bo stable provided its spooiflo gravity > jfj. 

8—2 
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5, An isosceles wodgo (louts with its base hoiuuntnl, 
and its edgo ltnmmsodj show that Uio ciquihlnmm i« at able 
for displacements in a piano noiponduiulni Ui the edge, it tlio 
latio of Llio density of tho wodgo to that of tlio tlmil is gi outer 
than tlio latio (cos a) 1 L, 2« lining tlio angle of tlio wodgo, 

6 A olosod cyhiuhioal vossol, qiuuLui-filled with no, is 
placed floating in water with its axis vertical; I lie weight of 
tlio vossol is ono-fonith of tlio woight of tlio wntoi which it 
can contain, oxamino the natiuo of tlio uqiuhbiimii hotoio 
and aftoi tho ico molts, uoglooling tlio change of volume 
con80quont on tho change of tompomtiuo 

7, I’ind a solid of lovolutiou mtoli (lint, when a segment 
of it is nmnorsod m liquid, tlio disunion between the eon Lie 
of buoyancy and tho motaeonUo may bo constant, whatever 
bo tlio hoiglit of tlio Hoginont, 

8 Water loats upon moicuiy, and a eono is ton heavy to 
lost without its voibox ponolmling tlio inorciiiy, find tho 
donsity of tho eono that tlio equilibrium may bo stable, 

9. If tlio floating solid bo a cylinder, with its axis vorti¬ 
cal, tho ratio of whoso specific gravity to that of tlio fluid is <r, 
provo that tho equilibrium will bo stable, if tho ratio of tlio 
mdius of tho baso to tlio hoiglit bo gioator Ilian {2tr (1 — o-)]i 

10. A vossol in tho form of a paraboloid of involution 
contains watoi, and rests with itN voilox on tho highest point 
ot a fixod rough sphoio, find tlio condition that tho equili¬ 
brium may ho stable 

11 . If a cylindiical shell without woight contain liquid 
and float m anothoi liquid, show that tlio equilibrium will 
bo stablo, unloss tho latio of tlio clonsity of tho internal 
to tho oxlonml fluid is loss than unity, and greater than 
half tho duplicate ratio of tho radius of tlio oylindor to 
tho dopth of tho internal fluid. 

12 A hemispherical shell, containing liquid, is placed 
on tlio vortox of a fixed rough snhoro of twioo its cliamolor; 
provo that tho equilibrium will bo stablo or unstable, as 
tho woight or tho slioll is greater or lose than twice tho 
weight of tho liquid. 
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13. A solid of revolution floats with its vertex 
downwards, determine its form when tho position of tho 
motucontro is independent of tho density of the liquid. 

Li. A conical hIiuII, vortex downwards, floats in unstable 
equilibrium; how much water must bo pouted in to nmko 
tho equilibrium stable? 

1/5- A Holitl cnno is plaootl in a liquid with its axis 
vertical, and with ils vertex downwards and resting on 
the lmsu of the vessel containing the liquid. If tho depth of 
tho liquid ho hair the height of the cone, and its density four 
times tho density of tho cone, prove that tho equilibrium will 
bo stable if thu vortical angle of the cone exceeds 120°. 

llcplueing the solid cnno by a thin conical shell of the 
samo height, of vortical uuglu IK)", containing liquid, up 
to tho lovel of the middle point of its axis, of half tho density 
of tho liquid outside, prove that tho equilibrium will bo stable 
if tho weight of the shell be less than thro e-fourths of tho 
weight of tho liquid inside. 

10 . A cylindrical vessel, tho weight of which may bo 
nogloctod, contains water, and thu vchhoI is plncod on the 
vortox of a fixed rough sphere with the centre of its hose in 
contact with the sphere. Find the condition of stability for 
inflnilosimnl displacements, and prove that, if tho equilibrium 
be neutral for such displacements, it will bo uustablo for 
small Unite displacements. 

17. Find tho form of a solid of revolution floating with 
its axis vortical, sard such that tho distances of the motocontre 
and tho centre of buoyancy from the lowost end of Lite solid 
may bo in a constant ratio whatever bo tho density of tho 
liquid. 

18. A somioircular cylinder roBts with its axis vortical in 
a liquid of twioo its own density; If it bo moveable about 
the lino of Intersection of its vortical plauo iaoo with tho 
surface, find tho armdilion of stability. 

19. A right circular cone floats with its axis horizontal 
ip a liquid the density of which is double that of tho oone, 
the vertex being attached to a fixed polut in tho surface 
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of tho liquid; picrni that fur stability the vortical angle must 
Tjo loss Ilian I SO". 

20. A oylindncnl vohwI i« inuvcubln about a hmizonlid 
axis passing lluough Us oimlin <»1 giavity, and ih placed mt aa 
lo liavo itn axis vuilieal, if watei l»n pmued m, show that 
llio uquilibimm is at iual uiiHlablu, and find thn condition 
which iiiiihL bo satisfied, m nnlor lliat it may bn pusmblo to 
inako llio oqmhbnum stable by pinning in chough water 

21 A thin conical vessel of given weight is ninvnablo 
about a diameter til its huso, wliiuh in horizontal, and ih partly 
fillod with a hoavy llunl, show that thn ui|iiililuiiim is 
always stablo if tho sunuvoitieal iingto of thn conn ih < » 

and if it bo grantor than this, dntvnnimi whun thn oqiiilibnmii 
is stablo oi unstahlo 

22. Water is contained in a vossni having a horizontal 
bftso, and a paraboloid who.so Hpoeilio gravity is futn-ninths 
that of water, and tho length of whoso axis is to tho latus 
roctiim as nme to eight, m supported paitly by the Ihud and 
partly by tho bnso on which thn vortex louts; find tho least 
depth of tlio fluid foi which tlui aquihlniuin is stablo. 

23. A paiabolionl cup, tho ivoighl of which is IK, 
standing on a horizontal table, contains a quantity of wator, 
tho weight of which is it IK; if h ho llio hoight of tho contra 
of giavity of Llio cup and tho contained water, tho equilibrium 
will bo stablo piovidod tho latus lootum of tho pamhola ho 

> 2 (n-i-1,) h. * 

2*J. A solid of uivolution floats with its axis vortical, 
and is sunk to different depths by placing weights at a fixed 
point on its axis. 

Kind tho form of tho solid that tho equilibrium may 
always bo noutial. 

25. A solid cone whoso axis is vortical and vertox down¬ 
wards is movoablo about an axis coincident with a generating 
lino; to what depth must tho system bo immersed in water, 
in order that tho equilibrium of the oono may ho stable 1 



26. A aoljd of cork bounded by tliu aml'aco generated 
by tlio revolution of a quadrant «)f an ellipse about tlio axi« 
major Minka in mercury up to the focua. If tlio equilibrium 
bo noutral for amall angular diaphu'enumta, prove that 

2c* + -hi" -h 2o” — o ~ 2 ■=■ 0. 

27. Tim Holitl fori nod by a portion of oy’ = tt (V — a?) out 
off by a piano parallel l,o Unit of mij llnata in a lluiilofn timoa 
ita density; prove that, if it in in noutral equilibrium for 
amall angular tlmjilauuumnlH in any vertical piano, 

n !■ -H~r« 

2H. An iaciHColoH triangular lamina AUG ftoatH with ita 
baso AH horizontal, and almvo tlio mirfaoo, in a liquid, tlio 
density of which vurioH oh the depth : if h bu the doplh of U 
below the Burfacci, tlio height of llm nmtaeonlro above G ia 

4 k suu , 

20, An elliptic lamina lloata half iinmoraod, with its 
tmiiRVerao nxia (2a) vortical, in a liquid, llm density of which 
varioH oh the aquaro of the depth; provo tliat the depth of 
the inetacontre ia 


o boing the occontrioity, 

SO. A right ciroulivr cylinder mats in (i liquid with its 
axiR vortical and a length o iinmoraod, Tlio donBity at 
a depth m boing <f> (*), allow that tlio doplh of tlio mota- 
centro is 

' 75 1 .. • 

I </>(*) 

J o 

81. A paraboloid of revolution floata with ita nxia 
vertical and vertex downwarda in a liquid, the donaitv of 
whloh vorioB oa bbo depth; the equilibrium will be stable or 
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unstable, according na 4c is loan or gi outer than 8(»t + a), 
whoio o is tho longtli of tho axis, a Ilia length immersed, and 
m tho latus i actum ol tho gonoiating parabola. 

32. A piolato Hplioimd Heats half munnwil, with 
its axis voitical, in a liquid, llm density of which vanes 
ns tho squaio of tho dopth; tho height of tho nintacuntio 
abovo tho mufneo is 



83. A solid paraboloid of involution lloatH with its 
axis voitical, vortex dowmvnids, and focus in tho surface of a 
liquid, the density of which at tho depth 3 is /x (a -\ s), 4rt 
being tho latus umlum of I ho gonoiating parabola; piovo 
that tho distanco of tho molaoimtio Irani the voilox i8 *y a, 

,84. A homogonooUR cone Heats with its veitox down¬ 
wards in a liquid whoso density vanes as Lho square of tho 
dopth ; if the density of tho cone be equal to that of tho 
liquid at a depth oqual to a fifth of tho Height of the ciono, 
tho voilioftl angle, when the equilibrium is noutial, m given 
by tho equation, 

cos’ a m jj 

86. A solid paraboloid of height It and latus rectum 4a, 
is m equilibrium m a voitical position, with its vortex down¬ 
wards, and is moveable about its veitox, which is fixed at a 
givon dopth o holow the smfaca of a liquid, tho density of 
which vauos us tho dopth; piovo that tho equilibrium 
is stablo if tho ratio of tho density of tho paraboloid to the 
donsity of tho liquid at the dopth of its vortex is loss tlmn 
tho ratio of o" + 4«c* to 4 h\ 



UlIAPTliU VI, 


OHCU.TA'i’lONS Ob’ KUOATtNU IHimKH, 

89- A 11KA.VY hndy whit’ll in Hunting in liquid in a posi¬ 
tion of stablu equilibrium, will, if slightly displaced from that 
position, make small vortical and angular cweillntinnH; we 

t jrocQod to consider, in a simple emui, tlm laws of those oscul¬ 
ations. Wo shall suppose that the body is symmotvioal with 
regard to a vortical piano through its centre, and that the 
initial displacement \h parallel to thin piano. 

It is evident that tho nuliHeipuml motions of all points of 
the bodv will bo parallel to thin piano, and if the equilibrium 
bo stable, that tho motion will consist of small vortical and 
angular oscillations 

Final, let tho vortical lino through U and IX (GEE) pass 
through tho centre of gravity of tho plane of limitation, 
When this is the onao wu oau cmiHidur the vortical and 
angular displacements independently uf uaoh other, 
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Supposo a small vt«i tioal displacement, then llio inn lion 
CE of Llio body which is lamed tail of llm fluid may lui con- 
sidoiod as a llim cylinder. 

Lot (W ~s, llum l*Ut '• U(f n, and 

the moving foico dowmvaids mi lho body ♦ ■■ lho Weight of tlio 
body "tlio weight of llio fluid displaced 

< ■ gpA . a, 

il A bo tho area of llio piano of filial atlon, 

f/*, lid . 

• "I d(t 'Up As, 

in being llio mass of lho body 

Rut mg * lho weight of fluid displaced 
**ffp V, Y being llio vohnoo 01) \ 

< l*e <)A _ 

. . d(l I y . U, 

is tho equation which dulonnines llio mutual. 

Tho fiino of a complelo oscillation is theielbro 


‘VC*)' 


90. Noxlsupposo a small tmgulai displacement («) about 
0, then G is laisod tlnough a H)iace which depends on 
and thoiofom may bo neglected m ctanpnviBoti with quantities 
depending upon a, and if the body, supposed at rest, bo then 
loft to itself, il will (on lho supposition llml llio equilibrium 
is slablo) oscillate about a hoi f/onLai axis llirough (/. 

It would in fact como to tho aamo thing if lho initial 
displacement wore about G, as tho point u would move 
sensibly (that is, oonsidoilug small quantities of llio Unit 
oulor only,) in a horizontal direct!on, and tho quantity of 
fluid displaced would, na boforo, remain unchanged. 

If M bo tho motaooutro, tho moment of the fluid pressure 
about G 

v*gpV,MG sind, 
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and tends to diminish 0 , tho angle made by Oil with the 
vortical at tho limn t . 

But itCh*^y -n; it II Grm a, 

therefore, since the horizontal axis through (} ia a principal 
axis, wo lawn 

vHC' - - i/ft (k'J - a 7) 0, 

neglecting higher powers of 0, whom mlC 1 ia the momout 
of inertia of tho body about tho horizontal axis through G, 



an equation which, when k*A > ttV, that in, whon M is above 
(I, indicates small oscillations taking place in tho time 

If G is below II tho sign of « will of conrsu bo ohungod, 


01, Secondly, wlum tho linu joining II ivud G does 
not pass through 0, tho two motions uvo not independent, 
but the law which defines those motions can ho dutorminod 
as follows. 



Suppose the body to bo Blightly displaced in tho vortical 
ilano of symmotry, and then loft to itself j and at tho timo t 
fob 6 be too angle made by HG with the vertloal, and * - 023 
thod&pth of ubelow tho surface. . „ 


l 
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Let HQ meet the plane of floatation in D> 
HG = a } CD — b, DG~c> 


and othei symbols as befoio, 

Then the depth of Q — z + b sin 0 + o cos 0 

~ z + bd + c t to the older consideicd, 

The weight of the fluid displaced is tho weight of a 
volume of fluid equal to 

aFb + EG, oi AFB + EO\ 
this weight = gp V + gpAz> 
cl* 

and , . m (z + c + 10) » mg - (gp V+ gpAz) 


= -gpA*, 
cVz . d?d A 
°* df + h df ~~ 9 V *' 


.(I). 


Anothei equation is to be obtained fiom tho consideiation 
of the angulai motion about the honzontal axis tluough <?, 
which is a pnncipal axis, peipendiculai to tho plane of dis¬ 
placement 

The moment of the fluid pressure about G may be divided 
into two paifcs, the one due to the poition aFb , and tho othor 
to the poition EO of the fluid displaced 

The foimer pait of the fluid pleasure »gpV acting 
upwards through M the metacentiej and the latter ~ gpAz, 
and may be consideied to act tluough 0 the centre of gravity 
of the plane of floatation, 

The moment, in the dnection tonding to diminish 0 , 
—gpV QM sin 0 — gp Az (b cos 0 — o sin 0) 

-gp (k*A - aV) 0 - gpAz (i b - o0) 

—gp {h*A -aV)d- gpAUy 
neglecting the pioduct of z and 0 , 
cV0 

, « wil£ — — gp (JcPA — o, V) 0 + gpAbz * 
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Proin tho uipmliuiiH (I) mid (II) wo obtain 

d^a qA/ 1 b'\ (jh /ISA \ „ „ 
dt ' + V V + A'V * “ A' s ( Y ~ a ) 0 ” °» 


(CO pAh , ,j (k*A \. 

!C~ VJ('* + k'( Y 


which may bo written 


-I* re — bnO « 0, 


(CO pe 

dC 6 4 


• nO » 0. 


To inlograto thoHO iniuationH, multiply tho second by X, 
and add it to tho lirat, thou, 


. \n — bn \ , Tyy ^ 

assuming Tb . Xi rb .CHI), 

wo have ^ (* 4 \9) 4 (r - ^ (c 4 \ 0 )« 0 , 


and, if \ (l \ bo the roots of (III), 

h+X^-C^cob jy/r-X,| f-h«, J-, 


n 4 \,f> « 0, COB jy /V - i -I- a,|, 

(Vom which t and 6 aro cmnplotoly determined. 

Tho dopth of 0 is given by an expression of the form 

0+ A ooa {/xt 4 a)4 B cob (ji't 4 /9), 

and its motion consists of two diutinot osoillntiona, eooh 
following tho pendulum lawn, ami compounded together in 
aooordanoo with the principle of the coexistence of Bmall 
oscillations*. , 


• Pillion’s Conn dt AlttMUqui, Ark. 018, 
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I0CAM1WH, 


U may bo abaci veci thal if two paints lio Uilcoii in the 
lmo AH } whom* (IihImicch Funn (l in the rlm^Umi (U) am 
then at ilia limo t t lilt' vmlicnJ ilapflis of tlnw pmnU 
aio z^\0 and z *f \l?, tliaL in, mo 

O, cos j/y/»• - x, [’ t -\ «,J , and ({raw J^/;• - X, £ M «,]■, 

and thoir vortical millions iuu llininfntn simple iiHeillalions 
following tho pendulum law. Tina u'limik is quoted |>y 
Duhamol (Count tie MAttHUfW, Ait. ir»2) ns duo to jf, 
Uauohy. 


KXAM l»l,HH 

I. A straight 101 I is (hopped voilimllv fiom a given 
height abovo tho mufaco of water; determine ila motion ami 
fliul tho condition that it may he only just tmiiioisud. 

2 A vortical cylinder finals in a liquid of twice its own 
density contninod m a oyhnducal vixmoI. If the radius of 
tho vessel bo doulilo thal of tho nyhnder, and the cylinder ho 
slightly displaced in a vortical diinotion, find the'limn of an 
oscillation, 

•1. A solid, tho lower pm linn of whoso mu face la sphori. 
onl, floats in ft heavy fluid; show that tho time of a small 
angular oscillation is tho namo m whatever fluid it floats, 

4. A_ hollow homisphoio moveable about a horizontal 
diamotor is partly filled with lluid; show that tho timo of a 
small oscillation is tho same as if there wore no fluid in it. 

6, A solid ellipsoid floats in a liquid of twice its own 
spooiflo gravity with its shoilost axis vertical; find tho time 
of a small vortical osoillation, and also tho times of small 
angular oscillations about Lho two horizontal axes, 

0. A miho (tho length of whoso edge is 2a) is floating in 
a fluid with its contra of gravity at ft depth o below tho 
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surface} if it receivo a small displacement so that two of its ■ 
faces remain vertical, show that the times of its small vertical 
and angular oscillations ave 



and 2 tt y/|~ g ( J |, respectively. 


7* A candle of S.G. p floats vertically in still water 
of S.Q, o*,' It is lighted and the flame is observed to 
descend towards the water with uniform velocity u, and the 
velocity with which'the candle burns is v: prove that 


v — - 


cm 


Prove also, that if the flame be extinguished when a 
length l of candle remains, the candle will rise out of the 


water if ^ be > 
oscillation will be 


but if v be < 






fflg 


the time of an 


8. A right cone is floating with its axis vertical and 

vortex downwards in a fluid, and - th part of the axis is im- 

mersed ;'a weight equal to the weight of the cone is placed 
on the haso, upon which the cone sinks till its axis is totally 
immersod, boforo rising, show that 

a” + ?i 2 + n - 7. 


9. A cone of vortical angle 2a floats in a cylinder of 
radius a with a length h of its axis immersed. If it be 
pushed vertically downwards through a small space, shew 
that' tho time of an oscillation is 


/(a? - /i. 2 tanV) h 

7r V 3aV 


■ 10, A solid cone, of given vertical angle, is supported 
on an’ axis, about which It is moveable, coincident with a 
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diamolor of its basu, if the iww be held hnnl 
lowoiccl nnlil otiu-oighlh of llio volume of the 
down win (Ik, ih iinmoifiod ut hoinogenitoUH li'jv 
ratio of tho dutmiliou of the liquid and r*m 
equilibrium ih neutral. 

Jf, m tint piovimm ease, tint axiH bo not lowul 
to make llio oiiuiltbiimn noutial, and llm «*i 
slightly displaced, find the Inn*' "I a hiiuiII ohoiIIi 


li. An oblate aplunnid i« eomplololy iiimi 1 
(Inula, llio HjMHiiIlo giavily «if tint l*t\voi being I 
tho upper fluid, and finals with i(h axis veil 
uontio m the common HUifaoo of llio IIuiiIm 


Su111m.1t ik a small displacement to take jjdt 
voilicui dneotion, tindly, about a limumilal line 
conlio of gmvity, allow that llio Iiuioh of tho sum 
will bo loupeolivuly 


7r 



and 7r 



b a* -I b\ 

If a" - fcV 


whoio a and b aio tho sonn-axuH of tho guiiurali 


12 A homogeneous hoIuI lloala completely 
a liquid, the donaity of which vanes m this n< 
conlio of giavity at a depth h ; piovc* that llio ti’ 
vortical oscillation is 

**«/$■ 


J8 A lamina of uniforin tlucknesa, in tli 
isoscoloa right-anglod triangle, has one of the 
flxod below tho am!Hco of a fluid, and vests ' 
whioh ib not inntioisod horizontal. Provo that 
sin all osoillation m its own piano is 



I 

whoro a is tho longtlh of each of llio sides of Hid 

i 



EXAMPLES 129 

14 A solid gonovatod by tlio 1 evolution of the curve, 

y cc a> z i about tho axis of w, floats with a poition h of the 

1 

axis umnoisod, if the solid ho depressed tluougli (n n ~ l — 1 )h> 
it will, on its lotum, just cmoigo 

In, A sohd of lovolution of mass m floats in diffeient 
liquids. If tho timo of voitical oscillation in any liquid and 
its density p aie found to ho connected by the equation 

f donnlmg a given function, show that the equation to tho 
lnoiklian section of tho solid is 

0 


'dy t ,( f /»/ 5 


CHAPTER VII. 


WUS881JR1S OK TNH ATMOHJ'IUSUK, 

02, If a glass tube, about limit) fool in longLh, having 
ono ontl closed, bo filled with meiruiy, and then niveilod in 
a vessel of moicmy so as In inmieihO iIh open end, il will ho 
found llial Iho nioicmy will descend m the tube, and lost 
with its upper suilace at a height of about 20 inches above 
tho surface of the moroury in tlm vessel: thin experiment, 
liist made by Torricelli, has suggested Iho usu of tho 
Barometer, for tho purpose of measuring the alinosphonc 
pressure. 

Tlio Barometer, in its simplest form, is a stuvighl gloss 
lubo A B, containing moremy, and having its 
lower end immoisod in a small cistern of mer¬ 
cury; tho end A is hcimedically sealed, and 
thoro is no air in tho blanch AB, 

ft is found that tho height of the snrfaco P 
of Iho moicury above the Hiufnco 0 is about 
29 inches, and, as there is no piosRuto on the 
smfaco P, it is clear that tho picssuio of tho 
air on G is tho force which sustains the column 
of mercury PQ 

Wo have shown that tho piessmo of a fluid 
at rost is tho samo at all points of tho samo 
horizontal piano j lionco tho proasuro at (J is 
equal to tho piossuro of tho moicury at Q, 

Let <r bo tho density of mercury, and II tho atmospheric 
protisuro at 0, then 

and the height PQ 


XI m (fo'PQ i 

itoasuros tho atmosphorlo proasuro. 
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Oft Recount of its great density, mercury is tho mo3fc con¬ 
venient fluid which can bo employed in tho construction of 
barometers, hut the proasuro of the ftir may bo moasurod by 
using any kind of liquid, 'l'lio density of mercury is about 
13'5(JB times that of water, and thorolora tho height of tho 
column of water in tho wator-baromotor would bo about 
33} foot 

Tho donaity of morcury ohaugoa with tho temperature, 
and <r must thoroforo bo expressed as a lunation of tho 
tompornluro. 

Experiment shown that, for an increase of 1* contigrndo, 

tho expansion of mercury is ^3^th of its volumo; liouce 

if a, ba the donBity at ft teniporaturo t", and cr fl at a toinpora- 
luro O', 

<r 0 - <r, (l + f;3 * flu ) ~<r, (1 + '000180180 j 

tr ,«■ <r 4 (1 — Ol) if 0 =» ’00018018, 
and 11 =>i/cr 0 (l — (?0 


By means of tho formula, IT (T — ^0 A., tho atmo- 
sphorio proBsuro at nny placa can be aalculfttod, making duo 
allowance r»r tho cliango iu tho valuo of (j consequent on a 
change of latitude. It is found that this praauro is variable 
at the aamo place, with or without changes of tomporaturo, 
and that in ascending mountains, or in any way rising irboye 
tho level of Ilia place, the pvonKuro diminishes, rhis lTl 
accordance with tho theory af tlio equilibrium of fluids, for, 
'In ascending, tho height of tho column of air above tlio 
bavoinotor is diminished, and tho lirosaiiro of tho air upon C } 
which ia equal to the woighfc of tlio superincumbent column 
of air, is thoroforo diminished, and tho moroury must descend 
in tho tubo. 


If then cl relation bo found bofcwoon tho height of tlio 
morcury and the hoiglit through which an ascent has boon 
made, it is cloar that by observations, at the earn time, of 
tho barometric columns at two^ stations,*'© snail bo able to 
dotorjnlno the difference of thoir altitudes# 
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PUKHHUIUS OP THIS ATM OWl'l USUIS. 

Wo Khali investigate a fminula for Ibis pm pose, but it ib 
P ast nucosHiuy to alulo llm lawn wltiHi legulalo ihu puwauioa 
of llm air anil gases at diflbvoiil lompmuluuiH, anil also llio 
laws ol llio mix lulu of gains. 

{ J3, Wo liavo before staled Llm loktimi 
2> -a kp (l | al) 

hotwoon tbo piossmo, density, ami teiupeintuio nT an alas Lie 
ilmd* it is ileduml limn tlm two following lean Its of uxpuii- 
mout. 

(1) If tho tomperaluro bo cumin nt, tlm pressure of air 
varies inversely an tin volume. (I toy ton Law.) 

(2) If the pressure remain constant, an increase <\f tem¬ 
perature of 1“ 0. produces m a ma u s of air an erpanston 
•01)3005 of its volume at 0° 0. (Dalton's and Uuy-Lussao's 
Law ) 

Ifonee, if p bo llio picssurc ami p n tliu donaily of ftir, at 
a lompoialmo zoio, 

P m i'P« 

Hupposo now llio lompeialure iuctwikocI to l, llm pleasure 
rcMtiaimiig llio am no • tbo conception of this may bo assisted 
by oonsidei mg llio nir to bo contained in n cylinder in which 
n movonblo juHlon fils closely, anti low applied to it a con¬ 
stant foiee, bo that an lnoumsa of tho elastic foico of tho ail 
would havo Iho effect of pushing out tho pinion, until tho 
equilibrium ia loslmod by tho diminution of density, and 
consequent diminution of proHsuio: wo bLio.II thou havo from 
tbo 2ml law, 

p„ “ P (1 + #0> 

Inking p aa tho now donaily and a ■» '003005; 

p hp (I -I- at), 

If p\ p' bo tho prosauro and density of Iho same fluid at a 
tomperaluro f, 

p‘ ■ kp (1 *h at’), 



rnrcsHimrc or tub atmosiuimu; 


las 

Tho quantity a in voiy newly llm sumo fm gases of all 
kinds, hut k lias diffiuent values fm difieiont gases, and must 
of coin so bo dolei mined expeunmnlally in every case*, 

A bsnhilc Trmpemhn c 

04 Tf wt* imagine llm loinpeintuie of a gas lnweied 
until ilx piossiuo vanishes, without any change ol volume, 
\vi» tunvo at what is called tlm aliHolnlu /mo ol tumpeiatuio 
and absolute Lmiil'malnio is inousuiod fioin tins iimnt 

Assuming f„ fo lepioscnl Him lempoiatmo on tlm centi¬ 
grade tlmunonmti i, wo olilimi, limn tlm equation l 1 


In Fahionhoit’s scald llm muling for absolute /mo is 
~ 48 0\ 

Tho equations, p ss> Kp (1 -I- «/), 

0 (I + «/,), 

load to p ra icptt {l - /„), 

*-■ KpCt'V, 

if T bo tlm almoinl.o tomumaturo. 

vV. 

fhnco pV is constant, it follows that y ,yi in constant, and 

this law oxpuisscK, in tho almoluto scale, tho lolatum between 
proamire, voluino, and tmnpovutiuo. 

Tho pressure of a mu tore of different duslic Jluiils 

05. Consider two dilToront gases, contained m vessels of 
which tho volumes mo V mid V', and let tlmiv piossiucH and 
Loinpoiatuum, p and t, he thu aanio. 

Lot a communication 1m CHlahlishod hotwcon tlm two 
vobsoIs, or timisfor both tho gosos to a closod vessel, the 
volume of which is K*|- l'': it ih (mind that, unless a chemi¬ 
cal action take place, tho two gaSeH do not iomnia sepmate, 

* Molhoriii of tlctormluliiB the valuo of a arc donoilboil in l>0H«ilinnuVs 
Natural Philotophy, UaoHlnlud and odltod by fiofoanui Kvorolt 
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but ponnoato oruth other until limy mo completely mixed, 
and that, when oipiilibuum is attained, llut piossuio and 
tempeiatuio mo iho same ns bofinti, I'Vom linn iinpoitanl 
oxporimontftl fuel wo can deduct) tlm following pinpomlion. 

If two flaxen having the mt me temparatmebo miirml together 
in a vessel, the volume of winch n V, amt if Iho prenmre'of the 
two gasett, alone filling Iho volume V, bo ]> and ]>', the pleasure 
of the mivtin e will bo p -| p'. 


Suppose tbu two gases supmulotl; lot tbo gnn, of which 
tho piossuio w p, Imvo ilH volitmu changed, without any 
alloinlioti of tompoinlnio, until iln picsmuu boooiuoH p its 

volume will bo, by Alnrriotto's law, ^ V. 

P 

Lot Iho two gases bo now mixed in a vessel, of which Iho 
solid content is 

r-i r,o V\ 

V P 

tho proRsmo of tlm mixture will still bop', and the temporn- 
tuio will bo unaltoied, If tho mixture bo then eoinuroasod 
into a volnmo V, its proteano will hocomo, by tho application 
again of Mari lotto's law, p'. 

This result is obviously tnui for a inixluro of any number 
of gases. 


00 Two volumon V, V" of different gases, at prexsarm 
p, p' respectively, are mitred together , ho that the volume of the 
mixture in If, to find tho pressure of tlio mixture. 

The pressures of tho two gases, reduced to tho volume U, 
aro respectively 

V V / 

V lh yv\ 


and bhoi'oforo, by tbo preceding arliolo, tho preesuro of tho 
mixtuvo is 

V V' 

"QP + yp'\ 

and if nr bo this pressure, wo liavo 

vsUv*pV-\ p'V', 
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97. The laws and results of the preceding articles are 
equally true of vapours, the only difference between the 
mechanical qualities of vapours and gases, irrespective of 
their chemical characteristics, being that the former are 
easily condensed into liquids by lowering the temperature, 
while the latter can only he condensed by the application 
either of great pressure or extreme cold, or of a combination 
of both*. 

98. If water be introduced into a space containing diy 
air, vapour is immediately formed, and it is found that the 
pressure and density of the vapour are dependent only on the 
temperature, and are quite independent of the density of the 
air, and indeed are exactly the same if the air he removed. 
Xf the tomporature be increased or the space enlarged, an 
additional quantity of vapour will be formed, but if the 
temperaturo ho lowered or the space diminished, some portion 
of the vapour will bo condensed. 

■While a sufficient quantity of water remains, as a source 
from which vapour is supplied, the Bpace will be always 
saturated with Yapour, that is, there will be as much vapour 
as tho temperaturo admits of; but if the temperaturo be so 
raised that all the water is turned into vapour, then, for that, 
and all higher temperatures, the pressure of the vapour will 
follow the same law as the pressure of the air. 

In any case, whether the space be saturated or not, if p 
bo the proBSuro of the air, and tu of the vapour, the pressure 
of tho mixture is p + *r. 

99. The atmosphere always contains aqueous vapour, 
tlio quantity being greater or less at different times; if any 
portion of the space occupied by the atmosphere be saturated 
with vapour, that is, if the density of the vapour be as great 

* Professor Earaday succeeded in condensing carbonic acid gas, and other 
gfcsea repairing a oonsiderablo prepare for the purpose, and the result of his 
experiments led to tho conclusion that, in all probability, all gases are the 
•vapours of liquids, This oonolusion was remarkably supported in 1B77, 
wliOn M. Plolot, In the onrly part of tho year, liquefied oxygen by applying 
tp it a prossnro ot 800 atmospheres, and, in December of the same year, 
M, CaUlotet liquoflod nitrogen, hydrogon, and atmospheric air. 
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ii8 it can l)o for the luiiipmatim', (lmti nny i eduction of 
tomporatuio will pioihmo midcnsnlitm «1 mum* poilmn of 
Iho vapom, but if tlio density of tlm vnpmu bo mil, at its 
maximum lor that loinpHiiltiu 1 , ho nnuloiiHiifuiii will Lake 
place until Lho limipuintino is Inwoioil below tlm point 00110 - 
spondiug to tlio haUualion of tlm Hpaoo, 

Formation of Dew, If any Miifuoo, in cmilnH. with Ilia 
alinosphoio, bo cooled down bolmv (1m luinjmiulwio coiu*- 
sponding to tlm Hntmnliuu of lho Hpaco no nr il, condensation 
of tlm aqueous vapour will ousuo, and llm condoimed vapour 
will bo deposited 111 tlm foim of (lew upon tlm huiIiico, Tlm 
formation of dew on this giotuid dependa llimoloiu on tlm 
cooling of il« sinihen, and this is in Minimal giouter and irioio 
tpuckly effected, when lho sky ih Iron fioni clouds, and when, 
consequently, lho Iuhh of boat by radiation is gioalor than 
undor othor circumstances, 

Tlio Dew Point is tlio lomporaluus at which dow first 
begins to ho formed, and nuiat ho dolonninod hy actual 
obsoi vation, 

Tho prosHiuo of vapour corresponding to itR saturating 
donsitios for diltoiont loinpoiutmos umaf also bo dotoimined 
oxporimonlally, and, if this bo oflbeted, an observation of tlio 
dow point at onco determines tlm pioHsmo of tlio vapour in 
tlio atmosphoro. Jfor if l' bo tlm dow point, and p tlm known 
corresponding prcssuio, them at any othcu loinperaluio l above 
t' tho pressure p ia given by tlm equation 

p l + at 
p ,m l + at'* 

100. Effect of compression or di latation on the pressure 
rtJicZ temperature of a gas, 

It is found by experiment that if a quantity of air, 
onolosod in a vossol nnporvious to Imat, bo deniproasecl, its 
toinpoiaturo is laisod; and that, if a quantity of air, onolosod 
in any kind of vossol, bo suddenly compressed, so that there 
is no timo for tho boat to oscapo, tlio temperature is similarly 
raised, 
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101. Thovmal capacity. 

Tlm thermal capacity of a body is measured by the 
;mount of hunt, voipiivud to raise tho temperature mm degree. 

Tito unit of limit winch in actually employed in tho 
piautily of bout required to inereusu by mm degree mm unit 
>f min* of water, Happened to ha between 0 n (5. and 10°L). 

specific Heat, 

Tim Hpeoillo lmat of a body in llm llmnnal capacity of one 
mit of nman, or, which i« llin name tiling, it in tho ratio of 
:1m amount of heat required to innvuHo by 1° tho tmnpora- 
turn of llm body to the amount of Imat required to increase 
by 1° tho temperature of an equal weight of water. 

If an amount of lmal (Ul produce in tho unit of moss a 
change of Unupcjiuturo rli p ilm measure of the specific houL i» f ^ , 

In gases it in uoeewmry to consider two cases ; (1) when 
tho prosHuro rcmiaiiiH constant, tho gun lining allowed to ex¬ 
pand, (2) when tho Yolunm remain* constant. 

We shall donoto the ^pacific lmat in those two cohos by 
tho symbol* o„ and c g . 

It is oasy to boo that is groator tlmn c p} for in tlm 
drat case tlm heat imparted doos work in expanding tho gas 
as well a* in raising iU temperature. 


102. To determine llm offeob of a comproftaion or a 
dilatation of a givon quantity of gas, it in clour to bogin with 
that the lmat roquiron will bu a function of ?>,;>, ami T x and 
ainoQ^ccJ', tho lmat required for any expansion will bo a 
function of y and p, Tlmroforu it folluwB that 


dQ« 


dQ 
1 dv 


*>+^’. 


tyithia gonornl, p » kpt T or, if tho mans of tho givon quantity 
of gon bo tho unit of mass, 

'■*/■■■ pv - kxT » Kl\ 
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If l)io piossmo bo constant, dQ c/lT, 

If Iho vohuno bo constant, 

and lH J m n * v . 

<y> A 

Thoioforo, if no boat bn impiutcil, Unit in, if dQ 0 , 

(hi dp _ 
c„ v -| o„. ^ «0j 

,\ pV v*V is constant, 

Q 

oi pifl is constant, if 7 «* ", 

*'tl 

Ifp, bo changed lo p‘, v\ wo obtain 

and 

Tho equation jniv» constant is, in thermodynamics, tbo 
equation of tho adiabatic, or isontropic linos, and it represents 
the rotation between tlio prossuro and volume of a muss of air 
which is suddenly compressed or dilated, ft will bo found 
subsequently that this 1 elation is of great importance in tlio 
thoory of sound, 

108, If can bo shown by tho aid of tbo principle of 
energy, llmt tho dilferonco bolwoon c„ and o p , for any given 
gas, is constant. 
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By a law of thermodynamics, tlio onorgy impartod to a 
( 'stom by tbo application of boat in proportional to tbo 
mount of boat. 

Honco, i T bring tbo mechanical wjuivalent of boat, tlmt 
i, tbo work ibmo by tbo unit of boat, tbo energy imparted 
d tlio unit maun of a gim by a rise of Lumporaturo dT wbou 
ho proHJUiro is constant is 

J. o/lT. 

Bub thin onorgy is jwvrlly expended in olovating tbo 
ompumtuvo at a given volume, and partly in expanding tbo 
mill mo; 

J . o l flT<^2)du -P./. ajlT 
vud jw » AT, 

,*• 1 / ( 0 ^ —* c 0 ) 01 A, 
showing that c t - c, to coimUmt. 

We can omploy thin equation in obtaining tbo rosult of 
Art. 102. 

For if no boat bo supplied, no onorgy in impartod, 
aud /. pdiH- J, c„cW» 0. 

But pv •* K'A' ® J . (fip - o t ) T) 

pth -I- vdp « J . (o,, - o P ) dT, 
and pch> (o, - c { ) + c„ (pdv -I- vet ]))«» 0, 

whouoo Op, pdu + c t . vdp — 0, ns boforo. 

Wholo mass of tho Earth’s Atnmphoro, 

0^104. Some idea may bo formed of tbo maw of air and 
vapour surrouuding llto earth by moans of tbo barometer. 
Supposing the earth to bo a sphere of radius r, and that tlio 
height of the barometrio oolumn, h, in tlio samo at all points 
of (U aurfaco, tbo mass of tbo atmosphere ie approximately 
equivalent to the mass 4rr err'h of mercury. 
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Lot p bo the moan density of lho c»ai Lit; 

(hen, the mass of the atmosphoin : C,lut umsh of Ilia caUh 
** i'ir<n Vi p ] 7 rr tt 
Werh * pr. 

Uuf, Inking walor ns Urn slnndnid fmbslnneo, cr*~lfl57, 
and p hius been found to bn about fl o t and, if wu lake 2DJ) 
inches as an approximate value of //, if will bo found Unit the 
ratio of tho lmwHOH is somewhat less limn tliu intio of emu to n 
million#, 


The hvujht of lho honiotfmcoiix atmosphere, 

is J0.1 If llm whole column of un bad tlm tuium density 
llnoughoul as at Urn muhire, its height being l, and lho height 
of the moiciuy being /<, wo should huvo 

<rh «*ply 

whoro p is tho density of tho air- It has boon found that 
lho latio <r * p is about 10102 : I, and thoiofcue, employing 
os bafoio 20 0 as a value of It, it will bo found that l is a litllo 
loss than 5 miles. 

JFecmuvy limit to the heu/ht of the atnwHph&m 

If is Hear that, since at a distance from Lho oailh's am face 
its attiacLion diminmlioa, and tlio density and jnosaure of tho 
air ftro thoiefoio diminished, tho above losull is very far from 
tho Until. A limit to tho height can however be found from 
tho consideration that, beyond a corLain distance from tho 
earth’s oontio, its attmotion will ho unable to retain the 
particles of air m tho cnvuhu paths, which they must describe 
about tho earth* m order to i amain in a state of relative 
oqu illinium* 

* f JCho obflomtfcmB on Lho molhm of ponflulnma, matld by Hit 0, Th Airy 
AfcUioHaiton Oollloiy In J854., huvo thrown doubt on tho noemrimy of tho 
vaUioCfi, which Iuib boon ruummocl, In AiL 0*1, an a moaetuft of tho moan 
dohfllty of Lho earth, 1 

f Iao valuo clocluaod fiom Lho IXarLon Qbwmtiomi is with a nrohablo 

<Wori**0i89, mi, Tnmi. 1850, 
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Ab tho equntor the oxproHaion roV, co being the oartli'n 
igulav velocity, \h equal to *, and therefore, ut a height 
o force nuw'HKury to retain a particle m of air in its circular 
olion is equal to *; ilm earth's attraction at tho 

( mu lieight 

w/i* 

m {r + z)''' 

ml the extreme height in given liy the equation 

v *|* a 

(r+ *)''* W\) r 

t «-r 17(^0-11, 

hat is, « in a little greater Limn 5 j\ 

Tt is possible however tlmt Huh height in considerably 
jeyoml tins true height, Ihr the tempera!mo of the air lma 
jeon found, by experiments made in balloons, to diminish 
,vith great vapidity during an ascent, and it is therefore quito 
^oasiblo, that, at a height. Um lhau 5r, the air may bo 
iquollod by extreme cold, and its external surfaco Would bo 
in that case, n£ the «umo kind aw the Burfacun of known 
iuulostic Hubla, 

The determination uf height* hi/ the barometer, 

100, Conmdor a vertical column nf the atmoHjihcro at 
ruflt under the actum nf gravity; at a height z let p he tho 

C rOBflure and p tho density, and at a height *d- 8,3, lob j)4- fy; 
o tho proiHuro. 

If A bo the aroa nT tho nuolinu nf the column, tho 
volume AB* of air may he ctmmdored as in equilibrium under 
tho action of tlio prosauiua pj. ami (p + S p)A t and of its 
weight ffpA&z. 

Oftfanoo wo have 8p « - ypS *; 
tittul, if t bo tlio temperature, p * kp (1 + cd); 
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in tho limit ^. ( ty***~ . '/ , 
p dst 1 -f- at 

Wo sluvll supposo t constant, anti lliorofoio 




l I at 


•i- a, 


and, if p’ bo tho pi assure at u height wo obtain 





at 


Lot h, h 1 , bo llio obsoivetl heights of tbo baiomotov at 
two stations, tho Insights of which arc e and Hum, taking 
<r as tho density of moioury at a toinperutino mo, anti r, r, 
ns tho lompoiatuios at tho two stations, 

p « i/crh (I — Or), and // r» gcrh! (1 — Or) ; 


h /. 
(I 

0 


Vat) log 


// (1 -Or) 
/t'(l -Or')' 


t may bo taken as approximately oqual to J(r -I- r'), and wo 
thus havo an equation horn which tho dillcnonco of tho 
heights of tho two stations can bo calculated. 


107. If however tho heights above tho earth's surface 
bo considoiahlo, it is nocossmy to tako account of tho 
vacation of giavity at dill’oiont distances from tho earth's 
coutro, Wo procood then to uu investigation of a moro oxaot 
foiniula 

Lot g bo tho measure of giavity at tho lovol of tho sea, 
and r tho radius of tho earth, thou, at a height x, tho nllrao- 
tivo foico is moasurod by 

r* 

9 (r + »?‘ 

and tho oquation of equilibrium is 

wo havo also p => /cp (L -h at), and it is horo important to 
observe that p is tho sum of tho prossuroa duo to tho air itself, 
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cl to tlio aqueous vapour winch is mixed with it, so that, if 
ho the clomity of tlio aqueous vapour, p is tlio sum of two 
ontitios in tho form 

kp (1 4- ct() q- k'p (l + at), 

cl thoroforo tho ciunulity kp in tho ubovo oejuation is 
m of tho two kp, k'p', corresponding respectively to the 
id tho aqueous vapour. 

From tlio two equations abnvo wo obtain 
dp ^ _ 1 pr\U 

V ” 1 4- at ()' -I- z)' ’ 

id, an before, we shall consider i constant, and equal to tho 
loan of tho UimpuruluroH at the two Hlations, 

By integration 

tl08) ’“ !+■,(.' + « 

uid.-.i log£*<’-•? .. 

° J) (1 4- at) (r + «!)(?’ 4- e ) 

Lot 1i, A', bo tho observed heights of tlio mercury, 
,nd r, t', the lemperaturos, cm boforo; tlion, sinco tlio force 

if gravity at a height * is measured by tho quantity ™ 

vo lmvo 




■(IX 


v' m, ( r d’ *y 1 ■“ @ t ' ft 
p “ \r 4- e'J 1 - 


dr h 


■( 2 ), 


and thoroforo, observing that 0 is a very small quantity, 


* - * 


UL±i!lSL+^±.-'> i,og„f+8 log,, (T' - T)|. 

whore 7 * ■» log,,«'4342045. 
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Fiom lliis fonrmla, if % bo known, Dio vtiluo of z can bo 
calculated. 

If Uio lower at item bo noiuly at tho love! of tlio sea, 
z' »»0, ft! Ill 

+;)n.{' i si<w,(i i T)i...(n) 


108, lu llio pieccding investigation wo have taken no 
account, of Dio variation of gravity lit dilVeiont pails of |,lui 
oailh’a surface; but il ;f bo Dio ineusiiui of ginvity at a place 
of which Uio latitude is A,', anil </ at a pi two of latiliulo it 
has boon lounil, (Poisson, Alt, 028), that 

f/ l - 002,'88 cos 2\ 

</’“ i- 002088 cos 2\' 

Dio valuo of (j obtained from this (MpuiUon, in which if and 
ato supposed to bo known, ihuhL bo omployod in tlio above 
formula. 


If \'bo tlio latitudo of Pails, tlio value of tlio quantity 

*,(L- 0021188 coh2A/).(4), 

is nearly 18880 Kionch metros or about GO I oB’iHl English 
fact*, and, icpiosoiitiiig this numoucal quantity by o, tho 
expression foi z becomes 


„ ( i + *<)(i+;.) n _ y 

l-~'0()2688 cos2\' U>gl( ’ h H * 


2 lo fho ( 1 1 + *) ~ (t - t)1 •. .(5), 


Tho valuo of o may bo obtained by direct calculation of 
the expression (4), and Die calculated value is ,I8887'4(1 
moll os; it has beon found however, by comparing Die results 
of trigonometrical measurements with the results of the 
formula (5), that 183130 tnoLios is a inoro accurate value of 
tlio oooiMent. 


* A Fronoli motio Is H0“37070 Inolios. 
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In order to calculate t from tho formula (f>) ( an approxi- 
ito valuo must bo first obtained by neglecting e in tho 

V 

[ht'haml mombor of llio o(juaUo||; if this approximate 
lue bo thou oinployed in tho huiuo expression, a moro 
curate valuo will result, ijijd t)io samp process may, if 
ccfwary, bo repeated. 


100. Other curru<:tini|n are hnwovor necessary in order to 
nder tho determination of insights by tho barometer vory 
aotin practice; tho video of Ic for instance is modified by 
o fact that tho density of aqueous vapour at a given 
mporaturo and pressure ih loss than tho density of dry air 
idor tho Hiunu cireuntslaueoH, and llio proportion of uquooiiH 
pour to dry air may ho, and in gonoral wj|| bo, difforont at 
iO two stations, 

Moroovor, if tho upper station bo on tlm siufneo of tho 
mind, tho attraction of tho portion of tho earth which is 
love its moan level nm«t bo takou account of. T|jo olfoot 

‘ this attraction ia to inoraoso Llio quantity , ^ by — . 

i that, at a hoight », tho foroo of gravity jy measured by 

a. ty*. 

(»'+ e)*^ 4?’ ’ 


approximately, g 
io equation for p wi 


ill bo in this 


(Poisson, Mdcanique, Art. 020); 
ip this caso 

nd thoroforo, if the lowor ylation bo at tho lovpl of tho non, 

A (1 + at) log ^ »tjB 

In place of the equation (2) we shall liavo 

!>:_(•, +} pi = /T'*: 

", '■ *'■ .'-1 \ • p V *r)x-0rh’ 


Ti tt 


10 



ancl llto final equation tor z will bo obtained by subnliluLing 

in (8). 

1-1 for I + *, obsoiving llmL log -| <j 
is approximately otjuttl In 2 log ^1 -|- g *^J. 

Wlion is voiy small, it may bo neglected in tbo formula 

(fi) It lms howovor boon fmiml m pi no tiro tlml tlm lumills 
avo rondored mmo nceuinlu, lor such cnmm, by employing, as 
tbo vftluo of c, IHi'M),'! molioH. (Diilinmol, p, lio!).) 

110 . In tbo piomlmg nitidoH wo bavo supposocl tbo 
tompomliuo of tbo nil to bo constant tlumigb tbo whole of 
tbo voitical space botwoon tbo Iwostatimm; if howovor tbo 
diflfoietioo botwcon tbo heights be vary great, a considerable 
error may bo thus inlioducad, and formula) bavo tbeiofoio 
boon oonstuictod in wlnob account is taken, on various hypo¬ 
theses, of the vaiinfiou of atmospheric lompoiaturo. A 
formula of lids kind is given m Lindoimu's Uaromotiio 
Tables, constructed on tbo supposition LlinL tbo lomperatuio 
dmumshos in harmonic pi egression through a sorioa of 
heights incieasing in authmotio progioasion. 

It must also ho lioticud that wo have assumed tbo tom- 
poraturo of the mercury in tbo baiomotor to bo tbo same as 
that of tbo air (unrounding it; but in soma oases, as far 
instance when obsoivations ara mado in a balloon, tbo 
barometer limy not lomain long enough in tbo samo place to 
acquiro tbo tompoiahuo of tbo air round it. Tbo lomporalura 
of tbo morcury can, howovor, bo obsorvod by a thormomotor 
tbo bulb of which iH placed m tbo eistorii of tbo baiomotor, 
and tbo tomporaturos so obtaiuod must bo employed in tbo 
equation ( 2 ) of Art. (107). 

111. Tho two following probloins aro illustrativo of tlm 
principles of this chapter, 

CO 4 piston without^ weight Jits into a vertical 6y Under, 
closed at to hem and filled with atmospheno air, and is 
' initially at the top of the cylinder; water being poured slowly 
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on the lop of Ike piston, find how much cun bo poured inbeforo 
it will run over, 

Lot a Ijo tho holj^lifc of tho oylindor, ami z tho depth to 
which tho pinion will sink; thou in tho position of equili¬ 
brium tlio pressure of tho air in the cyliudor in U + gpz, 
wiioro 11 is tho atmospheric pressure, unil p tho density of 
wnloi': hut 

this pressure : 11 a : a~e; 
lhi „ , 


Let h ho tho height of tho walor-baromulor, 

II ^gph, 

ha ES3 (<t — z) (h H- s), 
and «“() or (t — //, 

Unless then tho height of tho cylinder is greater than h, 
no water can ho ])onred in, for, oven if tho piston ho forced 
down and water then poured on it, tho pressure of tho air 
bonoalh will raise tho piston. 

Tho negative solution, when a < h, can however bo ex¬ 
plained as tho solution of a diHeronL problem leading to tho 
samo algebraic equation. (Suppose tho cyliudor to bo con¬ 
tinued above tho piston, and Jot it bo required to raise tho 
piston through a spaco a by a force which shall bo equal to 
tho weight of tho cylindrical spaco e of water. 


This loads to tho equation 

U~gps a 

" ¥<r ■ •*" 1 ' i 

II a -I- z 
or s«nh~ «, 


(2) To determine the motion of a balloon on the supposi¬ 
tion that the mass of air displaced by it in any position is 
homogeneous, and that the temperature throughout is constant, 

Lot 9 bo the height of tho centra of gravity of tho balloon, 
in Its mass, V Its volume, and p tlio density of tho air at tho 

10-2 
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height«> then Iho equation which determines the motion is 

<Vz 

'\IV 


d'‘z , , 

«* aj «fifpF~wi<7, 


wlioio 




But from Lho equations dp - g’ pdn ami p » Ay), wo 
obtain 

lie'*<•'*>, 

ami thoiofovo 


H IV -m ( !V 


^ 7 / , \* e 

/t> (?• -(- zy 


jh 


fiom which, putting m cr V, multiplying by 2 ^ , and into- 
grating, 

initially 0 « 0— 21E + 2crgv, 

Tho greatest height of lho balloon is given by putting 
dz 

3a" 

and, if tho moan density of tho balloon differ very little from 
that of tho air, - t will bo email, and an approximate valuo 
may bo found. 
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J, If Uio density of air bo '0013, Uial of mercury 13f>9, 
ami if tho height ol the haiomolor lus 30 inches, prove that 
the numeueal value of k in about; 830300, a foot and a second 
being units of space and time. 

2. Tim weight of i litre of diy aii at 1Tv5° 0 when the 
height ol the baimnotei is 700mm is i'23 giaunnoH, The 
pu'ssuie of aqueous vapour at this lemiiciatuio is 12 0 mm. 
ol mommy, ami its density ih to that of <liy air at tho same 
tcmpemtmo ami pioHsum as 5 to 8. Kind the weight ol' a 
litio of ail when Halmated with aqueous vapour at tho above 
lomporatmo and piusmuo, 

3. A faulty haiimteler indicated 20 2 ami 30 inches 
wlion tho indications of a collect nisliuniunt worn 20 4 and 
30 3 inches lospeelivoly; find the length of tubo which tho 
air in tho tubo would Oil under tho piessuto of 30 inches. 

4. Tho barometer standing at 30 inches, a cubic yaul of 
atmosphouc air is eominessed into a vessel containing it cubic 
foot; find appioxiinaloly tho numerical muasmo of tho onoigy 
stoiod up, tlm specific giavily of moicmy being 13 600 
lolcrred to water, of winch a cubic mch weighs 26277 giains. 

6. Tho readings of a perfect, moicurial baiomolor ard a 
and ft, while tho cortospomlmg loadings of a faulty ono, in 
which thoro is some air, am a and b\ piovu that'tho col¬ 
lection to ho applied to any reading o of the faulty haromotor 
is 

(a -a) (ft- h)(a~b) 

(a ~ o) (a - a) - (6 - o) {ft -1>) ‘ 

C). If a Ihovmomolor, plunged incomplololy in a liquid 
whoso tomporaturo is leqnnod, mdicato a Umipemlino t, and 
r bo that of tho air, tho columu not immmsod homg in do- 

greos, provo that tho coircction to bo applied is ^ m > 

being tho expansion of morcuvy lu glass for t° of 
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tempeiature, assuming that the tompeiature of tlio meicury 
in each poit is that of the medium which sui rounds it 

7. A closed vertical cylinder of unit sectional area con¬ 
tains a piston, weight W The piston is onginolly halfway 
up the cylinder, and the space above and below is filled witli 
satmated air On being loft to itself the piston sinks to half 
its formei height; piove that the tension of the saturated 
vapour is 3 W -411 wlieie II is the piessuie of the atmo- 
spheie, the temperatuie being supposed the same at the end 
and beginning of the piocess, 

8 A veihcal barometer tube is constnictod, of which 
the uppei poition is closed at the top, and has a sectional 
aiea the middle poition is a bulb of volume £>\ and tha 
lower poition has a section c 2 , and is open *at the bottom ; 
the mercuiy fills the bulb and pait of the uppoi and lower 
poitions of the tube, and is pi evented fiom lunmng out 
below by means of a float against which the aii presses, the 
upper part of the tube is a vacuum find tlio change of 
position of the uppei and lowei ends of the meicurinl 
column, due to a given alteiation of the pressure of tho 
atmosphere 

Shew also that, if the whole volume of the meicury in 
the iiistiument be wheie II is the height of the baio- 
raeter, the upper suiface will be unaffected by changes of 
tempeiature 

9. A cylindrical diving-bell sinks in watci until a certain 
portion V lemams occupied by an, and in this position & 
quantity of an, whose volume undex the atmospheric piessuio 
was 2V, i$ forced into it Shew how far the bell must sink 
m order that the an may occupy the samo space as in tho 
first position. 

Find also the condition that when the air is forced in at 
the first position no air may escape from beneath the bell. 

10. Two equal closed cylinders both contain known 
quantities of water and air, One is placed above the other, 
and a communication made between the water m eaoli, Find 
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the amount which will flow from the upper to the lower before 
there is equilibrium. 

Suppose the whole now introduced into ft warm room, 
whioh way will the water flow f 

11, A hollow cylindor containing air is fitted with an 
air-tight piston which when the cylinder is placed vertically 
is at a given height above the base; the cylinder being now 
inverted and placed vertically in a fluid sinks partly below 
the surface; find the position of equilibrium. 

12, A vessel, in the form of the surface generated by the 
revolution about its axis of an arc of a parobola terminated 
by the vertox, is immersed, mouth downwards, in a trough of 
morcury; shew that the pressure of the air contained in the 
vessel varies inversely os the square of the distance of the 
vertex of the vessel from the surface of the mercury within 
it. Supposing the length of the axis of the vessel to be to 
the height of the barometer as 45 is to 64, find the depth of 
the surface of the meroury within the vessel, when the whole 
vessel is juBfc immersed. 

13, A piston without weight fits into a vertical cylinder, 

closed at its base and filled with air, and is initially at the 
top of the cylinder; if water be slowly poured on the top of 
tho piston, shew that the upper surface of the water will be 
lowest when the depth of the water is — hjW here h is 

the height of the water-barometer, and a the height of the 
cylinder, 

14, Tho barometer stands at 29'88 inches, and the 
thormoinetor is at the Dow Point: a barometer and a cup of 
water are plaood under a receiver, from which the air is 
removed, and the barometer then stands at *3(3 of an inch; 
find the space which would be occupied by a given volume of 
the atmosphere, if it were deprived of its vapour without 
ohanging itB pressure or temperature. 

15, A straight tube, closed at one end and open at the 
Other, revolves with a constant angular velocity about an axis 
meeting tho tube at right angles ; neglecting the action of 
gravity,, the density of tho air within tho tube at any 
poiriix 
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1C. A bonl lubo of uniform bmo, tho arms of which are 
at light anglos, rovolvoH with constant angular velocity w 
about tho axis of ono of its arms, which is voiUcul anil low its 
extremity numoisod in water. I’uivo that I ho hoighfc to 
which tho water will rise in tho viatical rum ih 



a being tho length of tho liomonlnl aim, 11 tho atmosphoric 
prossuio, ami p tho density of water. 

J7. 1’ioVo that for fuligh purposes tho diffmonco of tho 
logarithms of tho heights of the Iminmoloi multiplied by 
10000 gives tho dlfforoutJo of tho hoights of two stations in 
fathoms. 

J8. Two non-conducting vessels, of volumes v anil v\ 
contain atmosphoiio ail at pu'Hsmos p and p \at tho Lompcia- 
turos V and T' j if tlioso musses of au- ho mixed togothor in a 
nou-oonduoting vobhoI of volumo V, find tbo piosauio of tho 
mixtiuo. 

19. Two bulbs containing air aio connoctod by a hori¬ 
zontal gloss tuhn of umfoim boio, and a hnhblo ofliquid in 
this tube sopaiatos tho air into two equal quantities. Tho 
bubble is then displaced by hooting tho bulbs to tempera- 
tuios t degrees and // degrees’ piovo that, if tho lomporaturo 
of each bulb ho docretisud r dogioos, tho huhblo will receive 
an additional displacement which boars to tho otiginal dis- 
plaoomont tho ratio. of 2ar j 2-1 a(t -i- 1' — 2r), wlioio a is tho 
coefficient of oxjiansion. 

20, An elastic spherical onvolopo is surrounded hy air 
saturated with vapoui; wlmn tho air within it is at a pressure 
of two atmospheres it is found tlmt its radius ia < twioo its 
natural length, and again tho radius is throo times its natural 
length when tho onvolopo oontains 77 times as much air as 
it wpuld if open to tho air; assuming that tho tension at any 
point varios its tho extension of the surface, prove that fa of 
tho proBsuvo of tho air is duo to tho vapour it oontains. 

, 21, A Conical shell, vortical anglo and height II, oau 
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iM dmihlo itfl own weight of water. It is invovtod ami 
nnioraod, nxin vortical, in a mans of water. Tho wator ia 

ow mmlo to rotate with angular velocity and tho 


one ninka till its vertex lies in tho mnTaoo: provo that the 
eight of- the wnlur-lmromotor ia to that of tho cono ns 


22. A Rinall balloon containing nil- ia immnvMod in water 
nil has 100 gmiuM of load attached to it, tin! eiivrslopo of tho 
inlloon lining of tho Hiimo density ns tho water. If at tlio 
oimiomturu of the water and tlm prunnuro of tho atmosphere 
he balloon contain 1 cub, inoli of air^lnd tho depth to which 
t innat bo immoraod in tlio water in order to bo in a position 
if uu&luldo oi|uilibriuni when the height of tlio water baro- 
notor ia 33 feet; it being given that the (tenuity of air: that 
)f wator ; that of lend :i 1 i 3U0 : 1)120. 


23, A cup ia formed out of a uniform Solid paraboloid, 
by removing half tho Vehunoj ro that tlio innoc boundary iB 
m oqual coaxal paraboloid with its vertex at tho forum of tlio 
former one. Tho cup iH iininoiHod in vacuo in a fluid, vortox 
upwards and axis vortical, and gaH ia forcod in from below till 
tlio vortox rises to tlio mtrfnco: if tho wator bo now halfway 
up tlio inner boundary of tlm cup, provo that tho density of 
tho fluid ia £ that of tho paraboloid. 

2*h. If tho proBfluro of tho air vnriod as tho ^1 H- th 

powor of tho dotiBlty, hIww that, noglocting variations of 
tomperaturo and gravity, the height of tho atmosphere would 
bo equal to (m + 1) times tlio height of tho homogeneous 
atmosphere, 

25. A pleton of woight xv rests in a vovtioal oylindor of 
tranevorfle aootion k, being supported by iv doptli a of air. 
Tho platon rod reooivos a vortical blow P, which foroo^the 
piston down through a distance h i provo that 

( t " + nfc )( /l + alo s( 1 “i)} + 2^“ 0 ' 

II being tho atmospheric pressure. 



CHAPTER VIII. 


THE TENSION OF FLEXIBLE SURFACES. 


112 The general pioblem of the equilibnum of flexible 
suifaces is considered by Lagiange, Mdcamqne Analytique, 
Tom i, and al&o, more fully by Poisson, Mdmoii es de l*Institute 
1812, it is proposed m this Chapter to discuss one class of 
the questions which arise out of the geneial case, thogQ" 
namely which have reference to tho action of fluids upon 
flexible suifaces 

The pressure of a fluid at lest being nonnal to any 
surface with which it is m contact, we have, in fact, to con¬ 
sider the equilibrium of flexible suifaces at lest under tho 
action of noimal pressuies, and of the tensions at their 
bounding lines. 

For the sake of generality the teim 'flexible surface * ia 
employed as the lepiesentative of substances, such as cloth 
and tlun paper, which do not offer any sensible resistance to 
bending, and which, when bent or twisted, do not tend to 
return to their original form Perfectly flexible surfaces, 
whethei extensible 01 mexfcensihle, are therefoio to be looked 
upon as inelastic 

In the following articles we shall suppose that tho stioss 
between any two portions of a flexible smface is wholly tan¬ 
gential to the auiface» 


Measw) e of Tension, 

i Conceive a flexible and inelastic surface; extensible or 
m^xtensible, in a state of tension, and let QPQ' be a srwjtU 
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n'c of the section through P made by a normal plane; then 
f t . QQ bo tho resultant action, perpendicular to QQ' in the 
angent piano, between the portions of surface bounded by 
lie line t iatho measure of the tension at P; in. other 
vords, / is the rate of tension at P, or the force which would 
jg oxortod on a seotion of tho substance, the length of which 
s unity, in the same stato of tension throughout as the 
mrface at P< 

In general the stress between the portions of surface 
iopnrated by QQ" will not be perpendicular to QQ', and .will 
therefore be the resultant of tho tension t ,QQ' and of a force 
r • QQ 1 tangential to tho curve QQ\ r being a quantity of tho 
ituno kind oa t and measured in the same way, 

113. A vessel in the form of a right oiroular cylinder , 
the curved surface of which is flexible, contains fluid; the axis 
of the cylinder being vertical, it is required to find the relation 
between theprossus'e and tension at any point. 

Xiet PCf, bo a small portion of the surface contained 
between two planes perpendicular to the axis and two gene¬ 
rating lines of tho cylinder. 



Let t bo the horizontal tension and p the pressure, at any 

E oint of PQ } and suppose the element PQ f of the surface to 
0 made rigid; then its equilibrium will be maintained by 
tho normal pressure of the fluid, pPP'.PQ, the tangenjfel 
forces tPP' and tQQ'i and by the vertical tensions on pQ rod 
JP’Q*, if thoro be any tension in the vertical direction 

Hornby resolving the forces in tho direction, of the normal 
OE t , drawn to the middle point E, 
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p.PP' ,PQ =2 tPP’ sin (J POQ), 

^ 2 tPP' \ , if v bo the radius, 

oi t ~2 )7 * 

114 If fluid at rest under the action of given forces be 
contained in a cylmdncal suijace of any form t the tension at 
any point of a section peipendxculai to the axis of the cylinder 
is the same 

Let PQ\ (hgme, Ait 113), bo an element of tho smface, 
0 the centie of cuivature at A, t the tension at ^i 9 t 4* Sf at 
B } and S </> the angle between the tangents at A and JB 

Also, let be the inclination to OA of tho duootion 
of the fluid pleasure on PQ\ which must he between OA 
and OB 

Then, resolving along the tangent at A t 

(t + St) cos S</> -1 — <pAB sin S\jr, 

~prS<j> sin S\fs, 

if ? be the radius of cuivature at A, 

lienee, ultimately, when Scf> vanishes, 



and, as this is the case at eveiy point of the section, it follows 
that t is constant 

By lesolvmg the forces in the direction 0A t wo shall 
obtain, as in the previous article, the i elation 

i~pr, 

between the tension, perpendioulai to the generating line; tho 
Pljgsure. and the ourvatuie, at any point of the surface 

The Lmteana and the Elastioa, 

i ' Lintearia is the ourve formed by pouring water 

upon A rectangular piece of thin cloth, the end*V W-hfoh turo 


I 
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pportcd hnmmitully, while llio water is proven ted from 
japing at tho sides. 



Thus, if Llio ends AH, Of), of tho olotli or mombrano bo 
iBtonod to l.lio sides of a box, and if tho sides AJ), HO fit 
Iio box closely and water be jxmrcd in, tho cross section of 
lio elotli by a vortical piano parallel to AD or HU is the 
jinloariu, 

Tho pressure being normal, Llio tension of tho cloth ib 
onstant, and tberoforo, if r bo tho radius of curvature at P, 
md HG tho surfucu of the water, 

gpPL.r is constant, 

, •. ~ PL « h - y, taking Pif « y . 



and «■ cob <f> - cos or, 
if a bo the deficotlon at B, 

0t 30 J oos 0 ~ oob a 1 

tho intrlnaio equation, 


* 
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Putting sin g « Bin ^ win 

this becomes 



TIonco the depth PL 



w o J'2 v/ooa (j> e<>« a &a 2c Kin * coa^r 

n . « fl , . « 

» 2c sm on , mod, am „ , 

2 o 2 

HO, Tlio TCIoslion is Urn curve Dinned by an elastic rod 
when bent, and is identical with llto Lintoario. 

Taking /blGnslho rod, aupposo the oquilibiinm main- 
tainod by foicos at li and 0 m ofipoatto diiootimm, 

Tlio bonding moment at I 1 in lmmortional to the oiuvnluro 
(soo PoisKou’s jWcanum or AlmelmvH Statics), and thoioforo, 
couHiduinig tlio oquilibiinm til' tlio portion HP, and taking 
moments about i-*, it follows that tlio curvature at P varies as 
PL, so that 

r,PL*»o\ 

ancl tlio claatica is thoroforo identical with the linloaiia, 

1 17. The elnsticn, may liavo any number of convolutions, 
as in tlio appointed figures, 
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id Lho lintonria can bo nuuln to liavo convolutions by a 
opor adjustment of (ho wnlor lovol mul tlio wator pressure. 

Thus, if wo iinti|>inis BG Lo bo (bo wutor surfueo, and if 
rangonumts bo mailo to lob tliu wator lill the space AK, and 
•ess upwards on lho portion* BF„ OK, wo luivo a lintoaria 
ontical with an dilation nl'tmu convolution. 


If wo imagine that BG tmiehuH tlio lmnt rod at B and 0, 
jcoBsituting, as will bo noon, an inllnilu length of rod, and if, 
t boforo, wo monauro tlio dolloclion from tlio tangonl at A, 
r «■ oo, when 0 «> tt, and thoroforo 
(h 


u . i un u 

2 ?” 1 +co ‘—j- 

r a cos g 

[ooauring a bom A, thin loads to 

It will be Boon liortttftor that Ibis in lho Capillary curve. 

118. To obtain tbo Cartesian equation of lho Liutoaria, 
t o have * 
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. 1 

" !W J 1 .( p* ’ 

<k» m %-V 

dy J.y<* - ( 2 /iy - 1/)‘' 

Tito investigation of Uto equation of lho Luilouwa was 
ihsl effected by Jfitnoa Jioriionlh. 


and 


JI9. Conaidoving llto oqtulilnhim of a piano floKiblo 
montbiano, llto Httoss along any lino, lliat is, I bo acUou 
between llto contiguous poilnais of the Hiufaco bounded 
by that lino, is in gonoial oblique to llto lino, and is thuvofoio 
icpiosontod by a loimion t and a Itmgonlial notion r; wo 
shall now show that foi any two duocluuiH, at tight migles to 
each other, t is Lho saino, and that lbotu uio two diiocliona 
lor which r vanishes. 

Taking any small square olcmont of llto mu face, lho 
tangential actions rSn and (t *1 Sr) Ss on a pair of opposite 
sidos foirn nltnnatoly a couplo rSs“, tf 8 s bo a side of Uto 
dement; and, since this must bo balanced by tint other 
couple, t'8 if t' bo the tangential action in Llto diioction at 
right angles, it follows that r amt r aro equal, 

Now take a small triangulnr olomont, OAII, right-angled 
at (), and reprosont the stresses as in the flguro. 



Resolving parallol to AJJ, wo obtain 

r'AB H- iOB sin 0 H- rOB cos O^tl OA oob O^r OA sin 0, 

2t' «(i' — <) sin 20 - 2r cos 20, 

and vanishes whott tan 20 giving two directions at 

1 right anglos, 
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L20. If in tho previous figme wo assume that 0/1 and 
i/l am tho diioetimiB of Sioio Imigontiul action, and if wo 
molvu m tlm dim hour pcipendioular and paraded to AH, wo 
lioll obtain 

T «* t COS 9 0 -1- 1' am 9 0, 

r r> ( t’ — {) nin 0 coh 0. 

Tho quant it it‘H l and £ am now tho gicnlnsl and least, oi 
ho leant and gmatosl toimuniH, and wo shall thoiofoio call 
horn the Pi limpid Toiimoiih 


L21 If (f> ho the inclination of A li to OA pioduecd, and 
f <f) bo tho inolination to OA ol tho lUHiiltiinl Htiess, It. AB, 
ipon AII, 


tun (// « 


fOA 

ton 


£ 

t 


cot 0, 


. tan </>' tan </> 


t‘ 

r 


ilso JPAJPmttM+pOA*, 


,•. It* W t* Kill 9 </) -I- C COB* tj). 

If then wo dcHciibn an ellipse having its axes in the 
directions OA and OB, and mioli that 


coh 9 (/> , Kin 9 <l> 

» *1* m . 


and it therefore follows that if any lino OV ho drawn through 
0 , tho rale of sheas linen it is represented by the radius 
vector of llio ellipse, anti (lie direction of tho hIiohs is that of 
the diameter conjugate) to OB. 


122, If now we take tho cose of a flexible membrane 
exposed to fluid pressure, and consider tho equilibumn of a 
small element of the membrane, the results of tho throe 
preceding articles aro at onno applicable to tho coho, for in 
the limit tho components of normal pleasure disappear in 
comparison with tho tangential action. 

B. II, 1 I 
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123. A flexible surface of any form is exposed lo the 
action of fluid; iequired to find the relation between Iho 
prossuro, principal tensions, and the curvature* m the direction* 
of these tensions, at any point*. 

Lot Q, Q\ bo ponds contiguous In P, on dm linns of mm* 
cipal loiiflion PQ, PQ', tlnough V ; thaw mninnl pumps 
tlnongli Q am! (/, porpundicular In dm lnms, PQ, PQ', 
culling llio am Taco in I lit* iuch, A H, AI), ami Id IlO, Of), bo 
Iho iuch of Hoclion made by lioruml plnnw through contiguous 
points in Q'P, QP, produced. 



^ »i * 


Tho olomonl Jffl is kopl at rout by iho tangential forces 
tAB, iOl), t’AD, t'BO, and tho normal lbroo, p, Alt. DO. 

Lol r, r, bo the radii of curvalmo al P of iho ourvos PQ, 
PQ'; Hum, resolving along tho normal nl P, wo have 
ultimately 

p. AB. BOm 2 u\ U ^ D + 2 l‘B(M l] , 

1 »• 


and 


t . t' 


If tho naluro of Iho surfnoo bo such that t' *» t, tlio above 
equation is 


* Tho student must bo Rimrdod a«nlnnl llio Idea that tliof o id any eoBiioollon 
between principal tonulona nud principal mimUmm 

Por insttmoQ, imaglno a marobuina folded round n cylinder mi dfiwra 
1 munbev of holloal liuo« of tho aiuna pitch on tho membrane, 

'J'ho inombrimd can bo lightened in Iho directions of too 1to* which 
will become tho dlrootions of greiUest tonslon, the porncMimilar totan king 
'W<b end 1 the alro m along i\ guWMUl^g line being obitynq to ihafeto. 
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or, if z —f (a), y) bo tho equation to the surface, 



tho oquation obtainod by Lagi'augo and Poiasou, 


. 124. If tho directions of t and t' are not those of prin¬ 
cipal tensions tile tangential action will appear in the 
equation. 

Taking any point 0 on the surface, two directions OA, OB 
at right angles to ooch other, let t, t' be the tensions in these 
directions, and T\ T tho tangential actions in the same 
directions. 

Os being the normal at 0, draw four planes parallel to, 
and very near to, the normal planes AOs, BOz, cutting the 
surface in OB, BE, EF, FO , 



Then, ultimately, tho tangential actions, T. OD and 
2’. EF on. OD and EF are equal and opposite, as are also 
those on ED and OF, 

Honoe, by taking moments about OZ, it appears that 
T, as in Art. 119. 

If # be tho inclination to the plane ay of the tangent at 
A to the curve CD, 


11—2 
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tan 0 — f . Oiij 
a my 

and similtuly at the point a, 

uini, '"*4 (_o “ ) ' 

ITonco the hum of tho actions 7*. GW and r !\NF in the 
du ocLion Oz 


- 2’ .a/} / P * a/J - T . JiT-f* (- 0<«) - T . <7Z>. MC . f, 

i/at/y x aaw/ 

and a similar loun arisos fimn Uio action T, 


Resolving along Oz, wo now obtain 
p CD 1)1C 


2 lCB 0A + 22'. 01) 

r v 


and 


'V 



+ 2 T 


d*z 

civil)/ 


Mi 


dh 

died]/ ’ 


125, If wo imagine a suifaco of such a nalnvo tlml the 
tension at any point is always pinpoiidieulav to a lino ot 
division through that point, it can bo shown that tho tension 
at any point is tho same in cvoiy duoetion. 

Lot a small Uiangnlar portion of tho tun face bo supposed 
rigid; them tho equilibrium m tho tangent piano ih onlnelv 
dctomuucd by tho tensions of tho sides of tho triangle, for llie 
tangential impiossod Ibices, if thoie bo any, will ultnnatoly 
vanish m coinpaiisou witli tho lonsionsj and since these ton* 
siens aio poipondicular to tho sides, they must bo in tho ratio 
ol tlioir lengths, and thciolbio tho moasuros of tonsion in all 
cliiocturns aio tlio samo. 


Fmllior, llio tonsion will bo llui samo over tho suifaeo, for, 
if a small loctangulai' olomont bo conaidoiod, tho tonsions on 
tho opposito sidos must bo equal. 


* Tho gonouvl quoRllon of Ilia oquIHbilnm ot flaxibla mirfiiOM In din 
ouoaad in a papoi, by niyuolf, In llu Qmileily Journal of Maihmulloi, 
Vol, iv I BOO. 
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Tlio Conception of micli n Burfora in of tho wuno nature as 
tho conception of a perfectly rigid body or of a perfect fluid; 
novorlUolujw we obtain approximate Hpceimuna in tbo caso of 
liquid films, mioh as simp-bubbles, or tho (lima winch may bo 
soon in a door glow bottle containing liquid which baa been 
shaken about. 

The cnnHidomtinn of the equilibrium of liquid films wo 
dufur to tbo next chapter. 

12(1. A vassal, formed of flexible and inexlonsible 
material, in in the form of a surface of ronolulitin, and is hold 
with its axis vertical, and filled with homwjeiwons liquid: 
it is required to determine the principal tensions at any point. 

Lot 0 bu tho lowest point of tho yobhuI, and tako 0 
for tlio origin. 



Moaauro w vertically upwards and let PEQ bo any liori- 
T.onlal section, tho upper rim being AO II, whirli la Biippoaod 
to bo fixed. 

At all poiuU of Lbu horizontal auction PQ, tho tonaiona 
ara evidently tho aamo. 

Lot i bo tbo meridional tonaion, i.o. tlio tendon at P, in. 
direction of tho tangent at P to tlio curve A V, and t' tlio 
koritoutnl tension at P; llioao nro tlio principal ten»lona. 

Tho vortical roaultant of tho tonaion t along tho section 
PQ counterbalance# tbo roaultant vortical proaauro on the 
aurfiwo POQ j lionoe, if 

QE ■ <u, EP - y, and angle PTO - 0, 
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27 rijt cos 0 ~ I fjpiry'^ flu' + gpmf (c — re), if 00** c. 

J 0 

This equation determines t, and t' is given liy the 
equation 

- 4 l Ail. 12!{*, 

7 * 7 * 

\\hciop = r/p (o— a), 

It will bo obsoived that riu tho rudiuR of cwrvalmo of the 
cmvo AP at l\ and that ?•', the iiulius of curvalmo of tlie 
peipondiculai normal soction, is tho noimal PCh 

127. A moro gonotal pioposition is Iho following: 

A Jlomble vessel, in the form of a surface of revolution, is 
subject to fluid premue, 'such that it'is tho sumo id all 
■points of the same circular section; it is required to determine 
the principal tensions at any point 

hot VIHQ, P'li'Q' bo two consecutive civculiu sections, and 
lot t bo tho mondional tension at P. 



If OP ** s, tho resultant tension, parallel to tho axis, on 
tho circle PQ, 

* * dm 

tho losultant tension, paiallol to Oco, on P'Q' 

- ** {s" *+(Vi a) 8i }, ir W ” ” 8 *’ 

# Thlfi equation way also bo obtained, for this easa, by Iftking a 
mail olomont bounded by linoa of ourvatuio, that in by nrnvUltami and 
homontal oiiolon, It ’will bo nocoBtmiy to employ Memtlor'a Ibeotmn, 
ana to obaorvo that tho osoulaling planou of linoa of ourvuUn'O atti not 
gonomlfy normal plane* 
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The difference of these two counterbalances the resultant 
pressure, parallel to Ow, on the strip of Burface between the 
circles PQ, l y Q', which is equal to 

p.2iryS8 d £, 

if p be the pressure at any point of the circle PQ ; 



and 2] being a given function of and therefore of 5, this 
equation determines the tension t } and, as before, t* ia given 
by the equation 


128. By eliminating p we obtain a relation between 
t and t\ but it is better to obtain the relation directly. 

Taking a small element PP / } 1VU bounded by meridian 
arcs, PP\ j UR> and by circular arcs PR y P f R t let 8<j> be the 
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angle between the meridian planes and 280 the angle between 
the tangent lines, at P and R, to the meridians. 

Then PR = y8<j>, PP' = 8s, 


and, resolving parallel to the dnection of the meridian 
bisecting PR and P'R', 


£ 

dy 


(ty8<f>) 8y — 2 t'Ss sin 80 




PR 

PR’ 




,as y 

a v 

this equation, and, since i ' =? y sec 

,, ,♦ i , £'cos 0 

the equation - -j- —~— —p, 


determine t and t\ 


V 


129, Examples (1) A conical perfectly flexible and 
elastic bag attached > mouth downwards t by the rim to a 
horizontal plane, and filled with liquid by a small hole at the 
apex, has, when at test, the figure of a right ovtcular oone; 
find the equation to the figure it will assume when detached and 
the liquid let out , neglecting its weight ♦ 

Let t be the tension at P m the direction perpondiculav 
to the genmating lmo VP, t* the tension m the direction VP } 
and 2c* the vertical angle of the cono, 
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nr 


t i t 

Then j) “ + ^ given, if FiY»A?, 

W*“Jurn!.,««• 

2 w tan a hoc «. 


But SnrVXl’ cuh a ■» tliu resultant vortical proBsuro on. 

*» jj IJpiTX* Itlll 9 a j 

• '• tnu «H(!oa, 

Lot V'P'Q' bn llio generating oitrvo of llio auiTaco of 
revolution into which the huiTuco forma ilHolf after tlio liquid 
Imfl boon lot out, V'Jf “£, I 1 l 1 ' covro- v 
Bpuiitling to llio point 1\ |, 

Tf I y Q , ’ m &», a, nniall we of thu curve, 

&r sue a ■> &r ^1 + , 

tuitl a Ian a « 7/ ^1 H- , 

taking tho modulus of olnaticity different in tho two direc¬ 
tions. Taking account of tho valuofl of l and i' obtained 
above, m enu bo olimimilod botwoon tliono two oquatioua, and 
tho relation botwoon £ and i) will result. 



rip tan a hoc a 

From tho first equation, putting—,, t 7 - 




»> 


th 

do 


cob a 


1 

| M* » i Hj J 

1+ ? 


, * coa« tan" 1 ?, measuring s from 7, 
a u 


or 


w . 

- m lau 
a 


(£“■*)■ 


SubatitutlDg tbU expreaslon for as iu tbo second equation, 
wo obtain 



I - 
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« to « to (» 008 «) - , {l + 0"’ * " M “ («»• (’ co»«)} . 

tis tho differential equation to the cmvo. 

If \ = V, a tan a = ?/ jeot ^ cos aj -| !) Inn Q cos a^|, 


(2) A flexible membrane in tho form of a adenoid, that 
is, of tho outface i/enoraicd by the t evolution of a catenary 
about its directrix, has its ends fastened to two equal circular 
boards of radius it, and tho c cross p of tho air pressure inside 
over the air pressure outside is i/nm,‘ 

Tn this caso tlio omvaliuos are in opposite directions, 
and if PCI bo tho ltovmnl at P, each laduis of curvature is 
equal to P0, and tho oquations of equilibrium are 


t' - t **p PCf, and t' m J ( yl ); 

^ ^ (It 

and since PO ■* $ , o , ■» i 
c f/// 1 

•'* 2o (i — T ) (?/ — o*) f 

r being tho meridian tonsion of tho vortex; 


ftlld I'ma r -i- P (%* - o'). 

Tho first of those oquations may at oiioo bo obtained by 
considering tho equilibrium of tho portion Alt, and thou tho 
value t' follows fioin tlio equation, t' - t,^pr. 

Noglooting tho weights of tho hoards, and supposing tho 
form of equilibrium to bo maiulniuod by tho insido air 
pressure, wo obtain 

2?ro |t + ^ («* - o*)J ^ » pira\ 

which givos 2r = po, 

and tho tonsions then become, 
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130, Wg have hitherto considered only laminae of uni¬ 
form thickness, but, in order to include cases in which the 
lamina is of variable thickness, a more general measure of 
the tension oan be given. 

Suppose a bar AB of any homogeneous material 
to BUpport a weight If, and let tc be the area of the 
seotion of the bar; then the tension at the section 
through P supports W and the weight of the bar PB; 
and ix r/c is equal to the sum of these weights, r is 
the measure of the tension at P per unit of area> 

It will be Been that r is one dimension lower 
than t, 

In fact, if e be tho thickness of a flexible lamina 
at any point, tbe tension at which, measured in the 
usual way per unit of length of section, is t, we have 
tSs =i 
or t- er. 

131, The investigations of this chapter will not in 
general bo applicable to surfaces which are inflexible, or of 
imperfect flexibility, but, if in any particular case the action 
between adjacent portions of a surface be wholly in the 
tangent plane, tho relations obtained between the tension 
and tbe normal pressure will hold good. 

For instance, if a vertical circular cylinder formed of any 
inflexible substance bo filled with fluid, the action at any 
point will bo wholly tangential and of the nature of tension. 

Rigid or elastic lamina subjected to fluid pressure, 

132, Wo shall now consider the case of a cylindrical 
■lamina, subjected to fluid pressure, such that it in tho Borne 

i ( , , along any generating line. 

; * If APQ be a cross seotion perpendicular to the generating 

V Tines, tho stress between tbe two portions separated by the 
4 .' .generating lino P will consist of a tangential force, a shearing 
| T force, and a oouplo. 

' , Taking unit length of .generating Jipe, we Bhall denote 
these quantities by 1\ and G, observing that P, N, and 0 
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i©present the stiesses exerted at P upon tho element PQ> 
and that jF+ ST > J\ r + SP, Q -f S G, m the contraiy directions, 
aie the actions at Q upon PQ, 



If then pBs be the fluid pleasure upon PQ , we obtain by 
1 ©solving parallel to the tangont and normal at P and by 
taking moments about P, 

8T+ (iT+ SiY) 8<f> +pSs Q = 0, 

BN -(T+8T) 8$ + jjSs s= 0, 

8G~(N+ 8N) 8$ -(T+8T)~8<f>-pBsj^0, 


or, ultimately, 


dT 

d<f j 


+ Jf=0, 


d<f> ■ L+P d<j> 


■0, 


— -1 \r * Q 

cl<j> ' dj> u ’ 


If the form of a rigid lamina bo given, those equations 
determine the stress at any point, 


If the lamina he elastic, we have the additional condition 

JS 

that 0 is proportional to the curvature, or that, , and 

we can then eliminate G } j7, and P, and obtain the differential 
equation of the form assumed by the lamina. 


Further the equations will determine the law of fluid 
pleasure under the action of whioh an elastic lamina will 
assume any assigned cylindrical form, 
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133. To illustrate the use of these equations, consider 
the cnBG of an elliptic cylinder, formed of some thin rigid 
substance, dosed at its ends and filled with air the pressure 
of which exceeds by p the pressure of the external nir. 


Eliminating N y we obtain 

measuring s and $ from one end of the conjugate axis, 

a'b' 

ab (a 9 «in a 0 + 6* cos 8 * 


and, by the method of tho variation of parameters, it will be 
found that 

sin 9 + b* cos* (f> + A cos <£ + B sin </>, 

and 


N *= A sin </> — B cos $ — p - 


(a? - b a ) sin (ft cos < fr 
Jo* Bin 9 0 + 6“ cos* 0 


Employing the consideration of symmetry and the law of 
tho equality of action and reaction, it follows that N vanishes 
at the apsos and ,\ A = 0, and -0^0, 

Hen co T > mid O® s ^ n </> cos <j); 



assuming that, when p = 0, thore is no stress, 

134. As a further illustration, imagine a thin elastic 
lamina, naturally plane, pressed on one aide by an excess p 
of air pressure, and supported at its sido by two equal parallel 
forces. 

' E 

'v In this case, G « - , 

■’ v 


exampu:h. 


17J) 

and 


iV= 


, 1 'J- f 
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EXAMPLES. 

t. Supposing tlio cylindois of a .Hi am all’s I’i oss niiulo of 
tho samo matoiial, and tlio Btioss to bo tlio same in oaoli, 
what should bo tlio intio of tlio thiaknossoa of tlio cylinders? 

2 , A cylindrical vessel is formed of metal a inches thick, 
and a bar of this molftl of which tlio section is A sciimro 
inolios, will just boar a weight W without brooking. ti the 
cylindor bo plaood with its axis vortical, dud how much fluid 
can bo poured into it without bursting it. 

3. Tho tonsilo strongth of cast Iron being 10000 lbs. 
weight por squaio inch of soolion, And tho thickness of a oast 
iron watoi-pipo whoso internal diameter is ,12 inches, that 
tho stress upon it may bo only ono-cightlv of its ultimate 
strength whon tho lioau of water is 88A foot. 
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4 A hollow cono, the voitex of which is downwauls, is 
filled with water, find whoie the lionzontal tension is 
gieatest 

Also find whore tho tension m the ducction of a gone- 
lating line is greatest, 

5 , The top of a rectangular box is closed by an uniform 
clastic hand, fastened at two opposito sides, and fitting 
closely to tho other sidos, the an boing giaclually lemovcd 
ftom the box, find tho successive fonns assumed by the 
clastic band, and when it just touches tho bottom of tho box, 
find tho diflfcienco botweon tho external and internal atmo¬ 
spheric piessiucs, 

6, An clastic tube of ciiculai boio is placed within a 
ligid tube of square boie which it exactly fits m its un- 
stiotchod state, the tubes being of indefinite length; if theio 
be no air botweon the tubes and an of any prcssiuo be foicod 
into the elastic tubo, show that this pleasure is piopoitional 
to tho latio of tho pait of tho elastic tube that is in contact 
with the ligid tubo to the pait that is ciuvod, 

7, A vessel, fanned of a tlun substance, in tho shopo of 
a cono with its axis voitical and vcitox clownwaids, is just 
filled with liquid and closed at the top. If it bo made to 
lotate nmfoimlj about its axis, find tho piincipal tensions at 
any point, 

8 A sphoiical clastic envelope is surioimdod by, and full 
of, an at atmosphenc picssme (IT), when ail oqual amount is 
forced into it Provo that the tonsion at any point of the 

0 

envolopo then becomes ^pi (2?' n — r' a ), whore r, r' denote 
tho initial and final ladu 

9. An olastio sphoiical envelope whoso natiual ladius is 
a, has aii forced into it so that its iadi«s becomos b ; it is then 
placed uudoi an o'dmustod loceivei, and its indius merensos 
to o; find tho quantity of air forcod in, assuming that tho 
tonsion is piopoitional to tho incioaso of siufaco, 

10. An elastic sphoi ioal onvelopo of radius a, is filled with 
ail at tho samo prossure and tompeiaUuo as the sunounding 
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air Assuming that the Lemmon vaiitifl ah tlio iitcronsa of 
surface, and that if the mianlily of air inside* 1 ki doubled tlio 
mchus becomes ma, and that if tho louipoialmo iimido be 
then iniscd to T\ tho ladius becomes no, ptovo LliaL 

'J u „ , n A m'(n'- I)(2-mi') 

2 + W-l 

11 A liomispliorical ling, supported at its lim, is 
filled with walorj tlio puncipul tollmens ut a depth x mo in 
tlio ratio 

ai 5 -|- cuv -| ((,“ : 2.1/* *|* 2a,r — a*, 

Find also wlioro the hmi/onlnl tension vanishes, and 
explain tlio oncmnslanco of its being negative foi a poitiou 
of tho bog. 

12. If tlio homisphoiieal bag bo closed at tlio lop by a 
rigid piano to which its liin is tied, and then inveitecl, show 
that the principal lonsions at a depth to, nto in tho ratio 

flrt — 2;o : Oft —<1®. 

Id, A aphoiical onvolopo is just filled with liquid, which 
rotates nnilbimly ahout a diameter; neglecting gravity, 
piovo that tho principal lonsionH at an angular distance (j> 
from tho axis of rotation aio 

^ pwV sin’ 1 (j> and pcoV sin* <ji, 

14 A cylindrical sholl of finite thickness is formed of a 
material such that a bar, ono squnus inch in sootion, can 
sustain a tension r without giving way. If this sholl be 
subjected to an inlornal fluid prossuro or, which is only just 

not sufllckml to burnt tlio cylinder, prove that w «s r log^; 

wlioro a and l aro tlio oxtornal and internal radii of 
tlio sholl. 

15 Show, from tho equations of Art. 127, that, if t bo 
equal to V at ovory point, each is constant, 

allow also that, in general, if d bo a maximum or a 
minimum, it will bo oqual to t\ 
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16 A flexible bag, m the form of a light cncular cone, 
]ust filled with liquid, has the um of its base fastened to a 
ligid plane, and the liquid is acted upon by lepulsive foices 
horn the centio of the base, vaiymg as the distance, find the 
piincipal tensions at any point 

If an apoifcuio bo made m the ngid piano, fitted with a 
piston, and a blow be stiuck on the piston, find the principal 
impulsive tensions at any point 

17, If, m Ait 127, the vessel be a paiaboloid, and the 
puncipal tensions bo equal at any point of the houzontal 
section thiougli the focus, shew that the length of the axis is 
jjths of the latus-iectum* 

LS. A convex mextemible pliable envelope in the foim 
of a suifaee of lcvolution with its axis vmtical is exposed to 
watm-piossme fiom within Piovc that at the widest pait 
the tension along the moudians is a maximum oi minimum 
accouling as it is less or gieatei than the tension acioss the 
moudians 

19, A flexiblo bag is in the foim of a surface of i evolu¬ 
tion and subjected to a constant fluid pressure, Find the 
foim m oidei that tho latio of tho piessiuo to the maximum 
piincipal tension may bo twice tho cuivatmc, and find the 
puncipal tonsions at any point 

20 , A quantity of liquid within a tlnn sphoucal shell 
10 tales about a veitical axis with umfoim angular velocity, 
find the puncipal tonsions at any point, and examine the 
effects of an mcioase m tho velocity of lotation 

21 , A floxiblo suifaco, such that the tension at any 
point is tho samo m cvoiy dnooUon, and whose toim is 
given by tho equation z~<l)(j, t y) t is exposed to the action 
of fluid, find tho latio of tho piossuio to the tension at 
any point, 

Show that this ratio is 11 : 12 at tho points of the 
suifaco « 3^ (a* -fy), where — 

22 , A right cncular cylinder is made of elastio material 
attached to rigid fixed piano ends. It is distended by fluid 

B n, 12 
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pressure Supposing tliat the tensions in the moudum 
and cnculai sections aie regulated by Hooko's law, obtain 
equations sufficient to determine completely the shape U will 
assume, If the pressuie be constant, prove that Iho 
in endian ciuve is 


& I- A. 


■i 


f +a 


7 ( 2 -*+<')-(* 



^heie a is the onginal ladius, \ one of the moduli of 
elasticity, and A, B } 0, constants of integration 


23 A plane elastic lamina, resting against two parallel 
bais, is bent by fluid piessme on one side into the form of a 
catenaiy, find the law of the fluid picssuio 

24 A vessel of tlnn rigid maternal, in tho foim of half a 
circulai cyhndei is filled with watei, and suppmtod by 
vertical foices at its bounding genoiatuig lines which aio 
horizontal, jnove that the stiossos at any point distant <\> 
from the lowest point die such that 

2 T 2 N 

$ sin $ + cos tf>,—,„ = - 4 cos <j>, 

1 -7T , , 

aud gpu? = ^-<j>&\n^-coa(j) 

25 A ugid lamina, m the foim of a cylindoi tlio cioss 
section of which is a catenaiy, is sub] octet! to air piossvuo on 
the concave side and supported by two equal forces parallel 
to the axis of the catenaiy, find expicssions for tho sltossos 
at any point 


26 A plane elastic lamina lests on two paiallol hori¬ 
zontal bais, and is bent down wauls botwoon tho bars by a 
constant air pressure above; foim the diffeicntial equation 
connecting tho ladius of cuivattne and tho dofloction, 

Also form the differential equation when the bonding is 
effected by pouring water on the lamina to tho lovol of 
the bars. 
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CAPIM.AUITV. 

105. It ia ft woll known fuofc tlmt if a glass tubo of small 
boi’o bo dipped in watoi', the water inside tho tubo risen to a 
higher lovol titan that of tho water outside. 

It ia equally woll-known lhat if llio tubo bo tlippod in 
moroury, tint mercury iuaido is depressed to a lower lovol than 
that of tho moroury outside. 

If ft glass tumbliT contain water it will bo aeon that at 
tho lino of contact the auriiice ia curved upwards and appears 
to cling to tho glass at a definite angle. 

If the Lumblor lie carefully filled, tho lovol of tho water 
will riHo above tlio plane of tho top of tho tumbler, tho water 
bulging nvur tho round odgo of tho top. 

If walor bo spilt on ft table, it lias a doilnltu boundary, and 
the ourvod odgcu cling to tho table. 

Those fools, ami many others, have led to tho Llieory 
of tho oxistonco of a surface tension, tho laws of which may be 
stated ns follows: 

(1) At tho bounding surface separating air from a liquid, 
or bolman two Liquid*, therein a surface tension whioh is the 
same at Query point and in every direction. 

(2) At tho line of junction of the bounding surface of a 
gas and a liquid with a solid body, or of the bounding surfaco 
of two liquids with a solid body, the surface is inclined to tho 
surface of tho body at a definite angle, depending upon tho 
nature of the solid and of tho liquids, 

In tho enso of water In a glass veBaol tho angle is nouto; 
in tho case of moroury it i8 obtuse, 
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Assuming these laws we can account for many of the 
phenomena of capillauty and of liquid films, 

136 Rise of liquid between two plates 
If t be the suifaco tension, « the constant angle at winch 
the surface meets either plate, called tlie angle of capillauty, 
h the mean rise, and d the distance between tbo plates, wo 
have, foi the equilibnum of the unit bieadth of tho liquid, 



2 1 cos a s= gphd, 

so that the use increases with tho diminution of tho distance 
between the plates. 

It will be seen that tho pressure at any point Q is less 
than the piessuie at N by gp QN~, 

and . -U-gpQN 

The atmosphenc piessuie at P being sensibly equal to 
the pressure at the water level outsido, it follows that tho 
weight PN is supported by tho rosultant of tho suifaco 
tensions on its uppei boundary 

137. Rise of a liquid in a circular tube. 

In this case the column of liquid is supported by tho tension 
round the periphery of its upper boundary, and thorofore, if r 
be the internal radius, 

%irrt oos a = gprrrVi, 

2f oos ct — gprh. 


or 
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Tlio prossuro at any point of tho suspondod column being 
loss Ilian tl 10 atmospheric pressure, it follows that if tlic 
column woro high enough, too pressure would morgo into a 
Rtato of tension, which would still follow the law of fluid 
pressure of being tho saino in ovory direction. 

It may bo observed that tho potontinf onorgy, duo to tho 
ascent of tho column, is indopondnut of tho radius. 

Tho Capillary Came. 

1!18. Tho capillary eurvo is tho form assumed by tho 
surface of a liquid in contact with a vortical wall. 

If 07? bo tho vortical wall, and OA tho natural surface of 
tho liquid, consider tlm equilibrium of tho oleineutary portion 
PQMN, taking ono unit of breadth perpendicular to tho 
plane of tho paper. 



IfP<J“8a, tho vortical resultant of llio surfaoo tensions 
at Pond Q 1b 

V 1 

r being tho radius of curvaturo at P, and this supports tho 
weight of the oolumn, sinoo tlio atmosphoric prossuro at P, 
and lite liquid prossuro at iV aro practically oqual, 

* o' ‘ 

and ry»r, if 4 t^ypo', 
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and, inverting the Jigmo of Ail. (117), wo soo llml Uio 
capillaiy ouivo in a pai Uculax cawo of tho ouialica. 

Tho particularity consists m llio fuel llml OA in a tangent 
to tlio cm vo, so that 0 when y ™ 0, ami enables uh to 
obtain llio OattosiaS equation. 



Inlogiating, and taking llio origin so that y™o, when 
ai = 0, 

t . . .11 , «1 0 'I* J o' — tj* 

wo obtain a> -bja - y '* = g log , 


or $ « fiocli |" («) I -Jo* - ,j/)j. 

If y » 0, m is infinito, ami, taking tho liguro of Art. (117), 
tho olnsricft is idonlioal with the capillaiy curve when JIO is 
the tangonl al li and 0, but this i« only possible when llio 
length is very gioat. 

For tho intrinsic equation in tins ease, 


o* dr du 

- Bn ' 

dij) d<j> 


r sin 0, 



1 ~ cos 0, 




tan^ 

log--, moasuring a fiom tho peiut 0** a. 

tan / 
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130. If a ilrop of li<\uicl ho placed on a horizontal piano, 
it will in general take the form of a surface of revolution, 

Measuring x. vertically downwards from the highest point, 
llio equation of equilibrium will ho 


1,1 

,,.+,7 


P 

t 



if a ho tho radius of eurvaturo at tho highest point. 


If tho drop ho largo ho that wo may consider the tup 
Hat, and if wo nogleot tho curvature of horizontal sections, 


J‘2 sin <f> 


, approximately, 


or, in Cartesians, 



If A ho the depth below Llio top at which tho tangont is 
vortical, this loads to A" ° 2c’, and givos the expression bgph* 
for ilia mirfucu tauniim. 


14 ( 1 . If water ho introduced hetweou two parallel platoa 
of glass, so near to each other that tho action ol gravity may 
bo neglected, tho water pressure insido will lio constant, and 
if tho surface ho a surlaeo of revolution, it will follow tho 
same law, and ho subject to tho equation 


p being tho difference between tho oxtornul and internal 
pressures. 

141. The well known experiment of Heating a noodle on 
the surface of wator can bo oxplainod by aid of the laws of 
surface tension. 
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» 

Tho figuio loprosontwg a section of tho noodle and tliu 
surfuco of tho watoi at light angles lo tho axis ol tho needle, 



tho Ibices in action on tho noodle am tho tensions at P 
and Q, and tho watoi piossmo on PAQ, which is equal to 
tho weight of tho volume NPAQM of watoi; those forces 
countoibalanco tho woiglit of tho noodlo. 

Fiuthor tho lioiizontal component of tho tension at P, 
logothor with tho horizontal watoi press mo on HD, in equal 
to tho toraion at 11, / J 7Jboing lioiizontal ami PD veitieal 

Thoso couch lions clotormino tho oquilihrium, and load to 
tho equations, 

2 1 sin 0 - a -I- (/pc (cO -|- c sin 0 cos 0 — 2 k sin 0) » w 
4 l sin® ^ y a «*rfp (c cos 0- hf, 

wlioio « is tlie angle of onpdliuity, w tho weight of tho noodlo, 
h tho height of its axis above tlio iiatuial level of tho watoi, 
and 2d tho angle POQ, 

Liquid Films 

142. Liquid films mo pimluoed m vuiiohh ways; a soap- 
bubble is a familiar instanco, and liquid films may bo 
foimod, and thou olinini'loiiHties ohstuved, hy shaking a oloar 
glass bottlo containing Homo viscous liquid, or by dipping a 
who fiamo into a solution of soap ami water, or glyeoi iuo, 
and slowly thawing it out 

Tho fact that films apparently piano, can bo obtained 
shows that tho aolion of gravity may bo naglootod in com¬ 
parison with tho tonsion of tho film, 

It is found that a voiy small tangential aobion will toai 
the film, and it is thorofoio inforrod that tho stress aoioss any 
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lino is ontiroly normal to tlmb lino, From this it follows, as 
in Art. (126), that tho tension in tho sumo in ovory direction, 

113. Knortjy of a piano film ♦ 

If a piano him l>o drawn out from a rosorvoir of viscous 
liquid, a certain amount of work is oxpouded, and tho work 
thus expended represents tho potonlial energy of tho film. 

Imagine a rectangular Him hounded by straight 

wires AJ), UO } AH buing in tho surface of tho liquid, and CD 
a moveable wiro. 

Thu work done in pulling out Clio film is oqual to 
t'AJJ. AD, and therefore, if tt bo the Hupovlloial energy, per 
unit of area, it follows that 

S=t. 

Tt should be observed that what wo have hero called tho 
tension of the Him is equal to twice tho surface tension of 
either side of the (line 

H4, A wire in a vortioul piano of any xhapo has a jnoco 
of throadt of rjiiwn lemjth find wdt/hl f faxlonctl at two joints, 
and tho lolra 'and tho thread form llto boundary of a plane 
liquid film. 

To [mil lha form assumed by tho thread, wo shall oxprosA 
tho condition that tho potential energy of tho system is u 
minimum, 



If A bo tho area QABO> the onorgy of tho film 
*■ SA - / tiyda> 
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and thorofoio if to bo tho weight, of unit length of tin cad, the 
potential onoigy of tho system is ft minimum when 

/.S'f/tfo-l wfyds 

is a maximum, 
with tho condition 

fda-l 

By tho aid of tho calculus of venations, this loads to an 
equation of tho foim, 

(l r 1/ 

d. 1 / fay **1 l>}/ -I o' 
winch is easily intogintod 

This oqufttinu may loptesenl, for ooilain values of the 
constants, a oiiclo m a catanaiy, oh is obvious a priori. 

This question might othomso liavo been solved by 
wilting down tho conditions of oquilibiium of an element of 
tho tluoad. 

L4n. Jinergy of a spherical soap bubble, 

If p ho the din’oienco between tin* internal and external 
pioasuies, ‘M » pr, and, assuming t constant, tlio work dona in 
expanding fiom r to r -| Sr, is 

p 'hvriBr, in’ Hirl) Sr; 

tho total woik dune in foitiling a bubble of mdius c » 4wfo 9 , 
and ns boforo tho supoiflcial onoigy «> l. 

And, in gonouil, whatever bo the form of a film, its 
onovgy « t, H, if S bo tlio bui face, for tho onoigy of a plane 
element => IBS. 


The Forms of liquid films. 


140. Tf the air pressure bo tho sn/tno on both sides of a 
film, the condition of equilibrium is that 


1 , 1 

r r ! ' 


' 0 , 


or that tho moan curvature is zoro. 
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This condition is satisfied in the eases of tho eatonoid 
and tho helicoid, which arc therefore pussiblo forms of liquid 
films. 

In Cartesian co-ordinates tho equation becomes 

j i+ 

as in Art. (128). 

Tho diaciiBSum of this equation is tlio subject of many 
memoirs by eminent mathematicians, ami sovoml very vo- 
mavkablo special solutions have been obtained. 

.For insUinco the surfaces, 

e 9 in ,0H M and 4sin z » (u® — <f*) (e* — <f*), 

COHO) v " 

will bo each found to possess tho properly that its mean 
eurvaluro is zero *. 

In Plalonu’s work, Hnv lou li^uides soumw itiuv squIgn 
forcG8 mufoC'Ulairtis (2 vok 1878), will bo found an elaborate 
account of tho labours of mathoniatieianH on this subject, ami 
of his own extonaivo series of oxnerimonls, but, within tho 
limits of this treatiso, wo urn unable to do more than to call 
attention to tho work of Plateau and others, and lo placo 
before llio student thu leading ideas and some oT tho must 
important results. 

147. ir the form of tho film ho that of a surface of 
revolution, then taking tho axis of tho surface as the axis of 2 , 

«/(*), 

Substituting in tho equation abovo, we obtain 

i/wr+vnrw^j 

which, by tranaformaliun, becomes 



Integrating, 

% “ J ?-!*’ and b " n lo tf O'+ <J~ r *~ a ')i 

" Onto) mi, Journal dc VNcoh Pvlytiolntlqui, 1800. 


A&Yl (P* _ () <fa (fa dfa /fteyi d‘z . 

\(l>/) J tlio* “ dx dy ilxihj ( ' \dxj j dif = 
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st+b 


on 

2?* = <? B +<*'’ “ , 

2 b JZk 

assuming 

a?e a = e a f 

the result is 

*+A ~t+h 


% » a (e li 4 e a ), 


shewing that a catenoicl is the only possible form of 1 evolution 
of a film when the piessiue is the same on both sulos 

148 The same lesult is obtained by tho principle of 
energy, foi tho surface 

JZ 7 ryds 

is then a maximum 01 a minimum, and, by tho calculus of 
variations, this leads to a catenary as the generating curve, 
the axis of revolution being the diiection of tho catenary, 

blow it is well known that if the ongm, tho clueotm, and 
one point of the curve be given, theie aro two catenaries 
which can be diawn, above and bolow tho catenary of 
minimum tension at the given point, 

These correspond to the maximum and minimum siufacos, 
the former being the form of unstable equilibrium for tho 
film, and the lattex of stable equilibrium, m accoidanco with 
the known law that positions of stable and unstable 
equilibrium occui alternately, 

149 If the piessiuos on the two sides of a film bo 
different, and if p be the difference, tho condition of 
equilibuum is 

l+i.s 

» t 

or that the mean curvature is constant 

We shall apply the principle of energy to prove this 
relation for the case of surfaces of revolution, 

The fact that p is constant may he expressed by closing 
the ends and assuming that the volume of air inside is 
constant 
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Tlio variation of tho oxproHaion 

J(%7ryds 4* X 7 ry\hc) 

ia thoroforo /.oro. 


Tliifl lomla to 


(lv O \u , (F$ 

lIonce ( itlW bo tlio normal, 

1 


5 / 0 \\ rfy 

1 = V / “ 3/ (is' 


. .+ ?« 

iW 1 r 


, . • d*aj 

- X, Hill CO ■ 


1 ffo 

r ds* 


according hh the curve 5 h convex or concnvo to tho ax in of w ; 
that ih tho moan curvature in ooimtant. And, in tho gonorai 
coho, wo havo to oxpivHH tho condition that tho wirJiico iw 
a maximum or a miuiimim with a given volume, loading to 
tho sumo gonorai mmlt*. 


IDO. IT tho (ihn ho in tho form of a mnTaco of revolution, 
wo can hIiow that tho meridian curve in tho path of the focus 
of a conic rolling on n straight lino. 



If p ho tho radius of curvntnro of tho conic, and r tho 
radius of ourvaturo of tho path of 8 , 

• Boo Juliet's Catoiifiu of Variations or Todhuntor’a Integral Culouhu. 
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1 1 pcos$P(? # 

r~8P ~~SP 
1 P& 2 

= SP~ PL SP 1 ’ k ein & peipendiculai to SP, 

1 Pi 
~SP“S7 4 ’ 

1 J _ 2 PL 
rS?~SP SY*‘ 

In the case of the parabola, this vanishes, and r — — i6 r / > 
For the ellipse, 

SY* _ P6' a ,1,11 
PP* “ tfP /IP’ ana 7 + UP ~ AO ’ 

and foi the hyperbola, 

1 , 1 _ 1 
T + SP— AO' 

The first is the catenoid, the second and third are called 
by Plateau the Unduloid, and the Nodoid, the former being 





a smuous curve, and the latlei presenting a succession of 
nodes 

To obtain a clear view of the generation of the nodoid, it 
must be consideied that, as one blanch of the hypeibola lolls, 
the point of contact moves off to an infinite distanco; tlio 

* See Roulettes and Glwsettes* 
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lino thon becomes asymptotic to both branohos, and tho 
other branch begins to roll, thereby producing a porfoot 
continuity of tlio tiguro*. 

Of tlio numerous works and papers on tlio subject of 
liquid films tlio student will Jind full accounts in Plateau's 
work, and in Professor Clerk Maxwell’s article in tho British 
Cyclopaedia, 


KXAMPLKH. 

1 . Two spherical soap bubbles am blown, ono from water, 
ami tlio other from a mixture of water and alcohol: if tho 
tensions per linear inch am equal to tho weights of ono grain 
and t 7 a grain respectively, ami if the radii bn J inch and 1^ 
inch mapeetivuly, compare the excess, in tho two cases, of 
tho total internal over tbo t.Uul external pressure. 

2 . If two Heap bubbles am blown from the same liquid, 
of radii ?* and r\ and il l the two coalesce into a single bubble 
of radiuH It, prove that, if 11 bo tbo atmospheric pressure, 
tho tension ia equal Ln 

II H'-r'-r'* 

2 1 r' + r*+ HT 

If a soap bubble bo placed between, and in contact with, 
two parallel plates, which am then slowly drawn apart, what 
are ilia forum, syucIunLio ami untielaHlio, which can bo 
assumed ? 

tt. Tlio Bimorlicud Luiihiuiih of the surfaces soparating 
water and air being tt‘25, water and mercury 42*(), mercury 
and air u5, what will bo the elteet of placing u drop of water 
upon a surface of mercury ? 

4. A drop of oil, placed on tlm Hurface of water, at onoo 
spreads itself out into a layer of extreme tenuity; explain 
the ouusa of this expansion of tlio oil, and prove, from obser- 
valiou of an attonurmt phonomtmon, that the thickness of 
the layer may become less than ‘00001 of au inch. 

• (UlnUttui, Vol. r. 11 . 1H0- Hno alMonunrUoloby Doliuumy, LiimvllUh Jimr* 
jiaJilttil, and an nrllolo by Luumrlo, liulUlim dc VAewMmU UelylqM, 1B07.) 
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What will talco place if another chop of oil is placed on 
iho surface ? 

5 . Show that if alight tliioad with its ends lied together 
form pail of the internal bouudaiy of n liquid film, Iho cur¬ 
vature of the Humid nl ovoiy point will ho constant. 

Iftho thread have weight, and if the film ho a Bin face of 
revolution about a voilical axis, piovo I hat, in tho pom lion ol 
equilibrium, tho tension of tho thread in 

Hieing its length, to i(,s weight pel unit length, and r tho 
tension of Iho Him. 

0. A piano liquid film is drawn out fiom a wnip-sud 
io«oivoii; prove that the mmioiical value ol tho energy pen 
unit of moa (c) is uqiuil to that of tho tension (T) nor unit 
of length. 

If tho film ho removed fiom the rosorvoii, and if a demote 
subsequently tho mass of unit of area, provo that 

,,, do 

7 * e — er , . 

rio- 

7 Any numbor ol’ soap-bubblos are blown from tho 
same liquid and then allowed to oombino with ono anbther, 
Find tho radius of tho resulting bubblo, and provo that fcho 
docroaso of surfaoo bears a constant ratio to tho incroaso of 
volumo, 

8 . Tho siufaoo tension of watoi exposed to air is such 
that tho stioss across an moll isocpuil to tho woight of about 
3’3 grams. If 1,000,000,000 sphuiical drops combine to ionn 
a singlo spliouciU lain-diop mob m diameter, show that 
the wmk dono by Iho suifaeo tensions is equal to about 
•000L277 foot-pounds. 

0 . ff a film under imoqual and external pic'ssiuo foim a 
suiiaco of lovolulion, inovo that llio inclination <j> of the 
tangont piano at P to the axis is given by tho equation 

. K . b 
cos 0» -l- : 

1 Cl 41 
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cn being tho perpendicular from oil tho ax in and a, b con¬ 
stants. 

10, A drop of liquid with uniform surface-tension is 
made to rovolvo about an axis, Prove that tho meridian 
curve of tho surface will bo the roulette of tho polo of tho 
our vu 


LI. Two soup-bubbles are in contact; if r v bo tho 
radii *>f tlm outer surfaces, and r tlm radius of tho circle in 
which tins linen surfaces intersect, 


3 

4r* 



I 


I 


Lii. If a frame of Him straight wire in tho form of a 
tetrahedron ho lowered into a solution of snap ami water ami 
drawn up again, tlmre are found in certain eases piano iilniK 
starting from Urn edges and meeting in il point. Hlmw that 
this is not a possible form of equilibrium for ovory tetrahedron, 
and that it is hu if mm faoo he an equilateral triangle and the 
others isosceles triangles, whose vortical angles urn each less 
than hoc ~ l ( — Jl), 

13. IT water be introduced between two parallel plates 
of glass, at a very small distance d from ouch other, prove 
tlmt tho plates are pulled together with u feme equal In 


2 A t is is a 

d 


I 7/£ shirt, 


A being the area of tho lilm ami H its periphery. 

14. A hollow right uiioulur eoim of glass is placed with 
ila axis vertical and vortex upwards in homogeneous liquid. 
Find tlm height to which tlm liquid will bo raisin 1 in the 
oond, ami write down the differential nqiiufchm of tho surface 
inside. Ilotluco rutiulta for a cylinder, 

1A A noodle lloata on water with its axis in tho natural 
level of tho surface; if <r bo tlm specific gravity of stool 
referred to water, $ Urn angle of capillarity, and 2a tho angle 
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aubtondod at Iho axis by tbo aio of a oroas-soetion in contact 
with tbo water, piovo that 

(ttct — «) win 4 (« — /9) ** co» a eon J (a + 0)> 


10. A film of fluid adhoies to two wit on ouch of which 
forma ono turn of a helix, the axon of Iho two helicon being 
commdonl, and thoir slops equal, Show that iho condition 
of equilibrium of tbo film will bo Ratiafied if Iho difibioulial 
oquation to any acctum of the film thiough the axis i« of iho 
foim 


daa • 


Ady /«?• + y* 

! V V y'-A* 
whori 27 t« «=> stop of uillior hulixi (i,o. distance bolwoon 
consocutivo tluoads). 


17. To tbo oxtiomitioa of tbo axis of a who helix of 
pitch b, whoso length is very groat compared with its diameter, 
an olaslio ailing (modulus of elasticity Ji) is fastened, tho 
wiro being bout over radially at each ond bo os to moot tbo 
axis. Tho siring when straight is tight but uusUetched. ff 
the helix and suing bo clipped into a solution of soap and 
then romovod with a film adhering to tbo wiro and string, 
show that, oxcopt near tho onds, tho string will bo drawn 
into a liohx of melius r wlioio r is given by tho oquation 
(107 rV'r - Mw'JS*) r* + 32tt'AW + 8vrW TV 

+ HVl^TM' + h°T i 0 , 

S'joprosonting tho wholo lonsion por unit of longth (of both 
surfneos) of a soap-film. 



CHAPTER X. 


Tin? KQinr.rmmiM or hkvoi.yino t.tqttii), -mu pahtiolks 

or WHICH AUK MHTUAUY ATTUACTIYK, 

tr>l. Tr a liquid mass, Min particles of which attract 
each other according to a definite law, revolve uniformly 
iibunt a fixed axis, it is nmceivnbhi Mint, for a certain form of 
tho froo mirfacn, thu liquid parlinlcH may be in a stale of 
rdalivu equilibrium; Hiiieo, however 1,1m resultant attraction 
of tlio muss upon any particle depends in general upon itH 
form, which is unknown, a complutu solution of tlio problom 
cannot lio obtained. 

For any arbitrarily assigned law of attraction, tlio quostion 
is ono of purely abstract iuloiVHt, and it is only wliou tlio 
law is that of gravitation that it huoumes of importiuico, from 
its relation to ouu of tlio problems of physical astronomy. 

Wo Hiiall ennaidor tlm fluid homogeneous, and confiiio our 
attention to two eases; in tlio Hint of these tlio attractive 
foroca aro hu ppusod to vary directly as tlio distance, and, iu 
tho second, to follow thu Newtonian law, 

Iff2. A homogeneous liquid mass, tho particles of which 
attract each other witlt a force varying directly as tho distance, 
rotates nmfurmly about an axis ihrowjh its centre of gravity; 
required to ilatermvie tho firm of the froo surface, 

Thu resultant atlracliou on any particle is in tho Oiroction 
if, and proportional to, tlio distance of tlio particle from tlio 
lentro of gravity} and if /a bo a measure of tho whole mass 
)f fluid, fue, py, pa, may represent tho components of tho 
Attraction, parallel to tho axis, oil a particle of lluid about 
die point a, y, n. 
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Taking llio origin at tho contio of giavity, and axw of 
lotation as tin) axis of x , llio equation of uqmhbiimn is 

clpsxp {(»*« — pit) da) -v (w s y — fiif) d\j — jxsdz ], 
and tlioii’fmo 

V «“ G J t(ft> 8 - /0 («t* 4 if) ~ ft**}. 

At Uhi fioo sm(non p ih mu or constant, and tho cqimlnm 
to llio liuo amfaeo is 

(]-"“) {ay\tf)-vz'~», 

tho constant I) depending upon <», and upon tho mm of llio 
fluid. 

If «P<p , tho fioo nmfuro is a sphoioid which becomes 
inoro oblalo ns (o inoi oases, and when ro***ti, tho free kui face 
consists of two pianos , to vendor this possible wo may concern* 
tho fluid onolosed within a cylmducal surface, llio a^is of 
which coincides with tho axis ul lotation, 

When llio fioo mufuco is a hypoiboloid of two 

shcols, which for a coilain value (of) of w bocomoa a cone, 
tho fluid filling Llm space between the coiio and llio cylinder, 
'faking account of tlio volume ol tho fluid, tho value of g>' 
can be dutoimined l>y putting J)**Q } smeo tho piosM.uo in 
this case vanishes at the oiigm, 

tf <u> ro', tho mu face is a hypoiboloid of one shoot, which, 
ns <o moieosoR, appioximates to tlie foim of a cylinder, and il 
is thoielbie uoccHsary, fm huge values of w, to conceive the 
containing cylmdot closed at its ends. 

The insults of this aiticlu, it may ho obsoi vod, aio equally 
tiuo ol lioleiouciioous fluid, whatovoi be the law of vnualum 
of density m the mu'guhhivu Simla 

] 53. /( mass of homogeneous liquid > tho pin lidos of winch 
attract each other according to the Newtonian httv x rotates 
uniformly, m a stale of relative equilibrium about n« aain 
; through its centre of gravity; required to determine a possible 
form of the surface 
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For llio rmiHOU previously moutionort a direct solution of 
tills prnblnm rumiot lm nbtumml t but it mu bn shown that an 
oblaLo Hphurnhl is a possibly form of uquilibrium. 


Lot tho aquation. to tho Nphornul bn 

<? 1 i?’* (L -I-X“) ' 

tlm axis of rotation lining tlm axis of z. 


Thou tho rusiiUunt attractions, Inwards tlm origin, on a 
jmvtiolo at Mm point (/,//, z) will bn rnpnjsonknd by 

«7 rp.v 

X" 


X* 


((I bx*) uir'x-x), 


Y** 


27 T(>lf 


((i +v> mirx-x), 


parallel, respectively, to tlm axes*. 

Wo lmvo thou for tho Hiirfiwes of equal pressure, putting e Jbr 

n> g 

4-7rp 1 

l2e\ n 4'X~(I bX 1 ) lair 1 \\ (wU + tfd;/) 

b3 (bttf 1 X — A.) (I H- V) zrk«0. 

Hot, from llm equation In tlm spheroid, 
stir »|* yrhj b (I b \ a ) ztlz & 0, 
and, as these m pin tin ns most Im identical, 

2*\ fl b\~(l +X") truf'\«2 (laif l X-X); 

an aquation tlm roots of which datormino tlm possible vahios 
of A» 


* Tlttfto QX|ir(WHtnu« will bn found In ImplrtociV N/caiiiqufi Ctlwlt, Pols* 
non'* Mdtuiuhnni t DuhnmoL's Mdctinhuf, utui f r«Hlliikulor*H Stalhu r, In tho 

* »h i/* 2* 

lftnt namod, tho (vpialhsi In llio spheroid Ih ^ I* fty (l —.«?) " tho ox* 
prowlon* uwd in tho text will romilt from tho oxpruHnluiiH there hIyoii by 
puUln# 

By tho um of X, Irrational nimuUUo* nro iwolilod. 
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Tl may bo wriLlon 

nx -j 2cx" 
T-Fx~ 


— tan -1 X 0 


00, 


and Uio question in induced lit tho discussion of tho mots of 
thin equation. 


Jb'or this puiposo consider tliu ourvo 


V' 


Ha; -I- 2e.tr 
t) •! «i* 


■ tan ” 1 to 


. ( 0 ) 


'L'ho abaoifiatu of tho points whom thin cmvo cuts tlio axis 
will bo tlio vnhios of X loquirod. 

.It must bo observed that, in tlio equation («), tnif'kifl (lie 
hast poaitivo angle whoso tangent is X; wo have tlicueforo 
only to conaidoi ouo bmnch of the ourvo (0), 

If the signs of x and y bo obangod, tho equation is mud- 
tored; tho ciu vu is tlmrofoio tho sumo in tho oompartinonl 
— a), - y, as in -|-,d, + y, and if is suflioiont to examine tho 
liaturo of tlio poaitivo portion of tho branch. 

Whon tv m 0 , y «a 0 , and as at ineionsoa from zero, y hogins 
by being positive, and whon to increases indefinitely, lias 
always positivo values, lienco Uio ourvo cuts tlio axis of® in 
an ovon numhor of points, exclusive of tho origin. 


Again, 


dy 2 1 " [c.i 1 -|- 2 (5s - t) ni‘ -|- 0e) 

da m (I + iu')( a + «0* 

^ is thoioloio aim at tho ougiu (a point of inflection), and 
also at tho points given by 


( }V la 


ea . 1 f 2 (5c — I) a? -I 0« = 0 . . ..( 7 ). 

If the values of re®, obtained fiom this equation, hu real, 
and positive, theio will bo a maximum and a minimum 
value of y, tlio founnr, eoimpondmg to the snuillost loot, 
will evidently bo positivo, since y begins by being positive; 
if tho lattor, corresponding to the gieatesf loot, ho negative 
Or zero, tlioro will bo two zero values of y or 0110 only, and 
cottsoquontly two possible sphoioulal foims of equilibrium, m 
ono only, 
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ir tlio minimum vitlno of;/ bo luwitivo, tlmro will bo no. 
jscro vuluo of >/ j that i.H, 1,1 10 oQuilibrium of tlio iluij in tho 
form of a nphumiil in impoHHLblo. 

15'b Tim prowling invosti^ation may bq illustrated by 
fcmciny thn ourvit (/9) for ililtorout vuIuok of e. 

■ 7r ^ 

Tutting fcan K| rc =» tan" 1 , ami expanding, wo obtain 


aR tlio nsymplolo of Mm limnnli of Urn oiirvo umlnr aonHidum- 
tion, ami Urn aimnndod llgurun exemplify tlio dilfuroul oanon 

above tmmLinmm, 







Numerical Calculation, 

155. To calculate the limltuirj value of o fm* 'which the 
spheroidal form is postrihle, 

Tho oquatinii (7) may havo pnnitivu rontw if 5e< J ; moi’u- 
ovgv thu value* oT will bo real, ami poaitivu, if 

(1 — 5a) 1 > 0a\ or X —- > 3c; 

Uo<*. 
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« Tlio flupoiioi limiting value of <? can however bn obtained 
very nppioxiinntoly funn the cnmhlioii llinl, m I lie ivcliomu 
easo of possibility, tlio minimum value of// is /oki. 


Wo have thou y 


(I and 


tfv 

</« 


«*• II, mninUanoouHly, 


1 Tonco, substituting in ($) tlio vahto of c obtained finui 
(7), ami putting y ■=-U, wo hnvo 


or 


(0(7.1* *1 NUN 27) 
(a’+l)(aN !l)(.i'*H* <’)) 


tiur* a — 0, 


*■(7 .•* + !») 

(.tv 1)(®"+I>) 


— fan" 1 ,i'«0 


(S). 


A11 appummalo vnluo of tlio positive loot of Huh conation 
will bo a value of j“, winch, subHliluloil in (7), will givo 
appioximaloly tlio supoiior limit of tlio valuo of a. 

Since ft) a «»47rf)e this dotouninos tlio gioaloat possible 
rate of lotafion consistent with Lho exisLcnco of a Bphoioidal 
foim. 


Whon co is loss than lho limiting valuo thus obtained, 
lliovo will bo two sphoiouls, oitlun of which will bo a possible 
form of tlio rotating fluid, 


150. Approximate delet initiation of the positive root of 
the equation 


k (7a, 3 + 0) 

(«* + I) (*' + !>) 


- tan" 1 x ~ 0 


Denoting tlio first member by/(.<■), it will bo lound that 


/'(•O’ 


B® 1 — » s ) 

V+ ijv+yr 


this is positive from re ~ 0 to V /,'I, ami is afterwards 
negative; f (w) tborofoio tncioases until and Hum 

diminishes; and, since /(U) U, J (.0) begins by being 
positive, ‘ . 
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By the use of the formulae 

„ tan^ 2 + tan " 1 £ 


tan" A 3 = - + tan -1 J, 

it will bo found without 1 much difficulty that the root lies 
between 2 and 3, but tho application of Newton's method 
with tho value 2 as an approximate ono shows that a cloaor 
limit will bo convenient. 

If then 25 be substituted we obtain, by tlio aid of tho 
formula 

tan" 1 (2’5) = tan" 1 (2) + tan." 1 T J g-, 

/ (2 5) = l 0025 approximately. 

Let ^^2'5+y, 

thou, approximately, y = > 


but 


f (2*5) = — ‘085, nearly; 

,\ y « '0293 ami tc = 2 , o293. 


The substitution of this value in ( 7 ) will give 




ua tho greatest possible value of e or 



IIonce, when co is such that e < *1123, there aro two sphe¬ 
roidal forms of equilibrium. 

If e is very small, on 0 of tho values of a (i.o. X) will be 
very small and the otlior largo, and thorofovo as e docreases, 
the ono spheroid bocoinos very oblate and approximates to 
a piano lamina, whilo the otlior approaches to the form of a 
sphere. 

To find the fcmall value of X which satisfies the equation 


3X + 2e\ D 
S + V 


tan " 1 X » 0, 
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expand 5n ascending powois of X, and wo obtain 
X*»» appioximaloly. 

This gives a spheroid very slightly oblate, llto inlio of Us 
axes being \/(l *hX a ) : I, or voiy neaily l + '^ e • I, 

Tho largo valuo of X is obtained by putting 
tan"* Xm’j tan" 1 ' , 

Jt rv 

and expanding m powers of * , a pxocoss which gives 

A/ 

7T B 

X » ,j, e •" w ’I" (o’ins involving positive powers of c, 
as an approximation 


1 57. Application to tho case of a fluid, tho density of 
which is equal to the Earth!s mean density. 

Tf r bo tho Earth’s ladms aud p tho moan donslty of the 
Eailh, 

■j^TTpr is tho attiaction at tho surfaco of a sphere of fluid 
of tho samo radius ns tho Earth, and of donsity p. 


Suppose for a moment that tho Earth is homogeneous, 
and sphouoal, 

thon ftirpr mcasiuos tho forco of gravity at tho polo, 


But. since e = 7 ' -, and Ihoroforo 3a , 

wp ^irpr 

3 e ; I : difference of tho moasiuos of giavityat tho pole ami 
tho equator : gravity at tho polu (y), 


wV 


Taking a second and a foot as the umls of time mu! 
spaco, g « 32 appioximaloly, r ~ 4000 x 17(50 x 3, and it will 

bo found that tho time of rotation, ^ , giving by Lho limiting 

valuo *1J23 of e, is a littlo inoro than ^th of a day, 
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Tliiw limn in llm miuillt'Ht timo in whiali a linmogononus 
fluid iniiKH, of (loiinily aqmvl to Urn liarthw nmau donaity, 
uuiild rotnlu uniformly ho i\h Id bo Hplmroidiil in form. 

U>H. Tim Krtrlli, iw in known by goodofciu moafnirnmonto, 
.lifTorn vory nli^hlly in Hh form from a H]ihovo, ami wo can 
iliMivfnro apply mu’ nifimlimm with grout oiuii\ to tlm uuob- 
tion of Urn Iioinogmmily uf tlm l'larth, unsmiling it to liavo 
Lnkon it.K pirnonl, form wlmn in a a tutu of iluidifcy, or to 
!>n now iv nuiM of lluid nmhtini'd within a oompumtivuly 
Lliin ttniHlr. 

It has boon found by oliHomitinn, that for tlm Barth tlm 
■alio o>V \ g in about l : 281), and \yu liavn llmroforo 

But from Art. (If>(l), 
md Urn ratio of tlm axon of tlm Hphovoid 

w [ : 1 **232 i 2.31, nearly. 

M 

Tlii» result illii’H nut accord with tlm fuels obtained 
jy net uni memutvi'Uienl, which give 1101 \ HtJl) hh an approxi- 
nnlo value uf thu ratio. 

Thu inference in that lh« Enrlli in not liomogonooitH. 

1 CT. Thu foregoing art ides urn taken ohieHy from 
'jtiplnco, JM’r inique (Monb’, Tumn Ji, 

It must bo elumrvml that the general problem of tlm form 
if a minting fluid in not solved; all that ih hIiowu lining that, 
n oortain cohoh, an olilalo spheroid i« a jHinnihlo form of 
equilibrium. 

If to bo buoIl lliat. *> ’l 123, it dnoH not follow that oqui- 
Ibrium is iinposuiblo, hut only that the Hplmroidnl form 
lannob oxtot for that particular angular vulooity. 

If wo put - X ' 1 for X*. taking V* tu» a ponitivo quantity Iohh 
han unity, the equation ( 7 ) oT Art. 133 uoeomoB 
*X'‘-2(fi*- OX^ + Oa-O, 
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or c (1 - V 1 ) (f) - V‘) -I- 

an equation which Iuih no loot loss limn unity, 

Fiom this it follows that a piolalo splieioul is not a 
possible fonn of oquthbiium*. 

!(}(> An impel taut distinction 1ms boon poiuloil out by 
Poisson (Tome, if p 547), belwoon tho suitint*s nl equal 
piossiue iu a lluitl at iest undei tlm admit ul cvIihucouh 
loiccs, and in a fluid at vest, or involving uiuloimly ulimil a 
fixed axis, umlm tho action of tho mutually alluulin lotecs 
of its pm Melos 

Let ABO ho tho bee mufueo, mid 1)1 i’A'any Mtibicc of 
equal ptosstuo; tbon, in tho Jonnor ease, Ibo lOMilfuut, ioieo 
at any point ol DJCb' is noipondteului to Ibo mulaeo at (hat 
point, and is uiialfeeLed by the existence of Ibo fluid between 
ABO and 1)bjl<'\ this fluid could tlieroloio he icuimod with- 
out affecting thu eqiulihuuin of Ibe fluid muss bounded by 
J)J£h\ In tho laller easo, the foieo at any point ol 11 h'b\ 
although poiiiendioular to tho mulaeo at tlml point, is tint 
icsuUanl of Luo attiactions of tho mass of llmd eontiiined by 
J)NJ>\ and ol tho mass contained between OKb' mid A BV\ 
those two components of* llio lesullunl lbieo mo imt lieoesHiutly 
perpondieular to tho mulaeo, and the fluid external to l)bfb' 
cannot in gonoial ho lonmvod without alleeling (lie t*qm- 
libiium of tho lotrmindoi. 

Cl, howovor, tiio fluid bo liomogemsms, and llio pm Melon 
attract each uiltoi acemdmg to tho Nowlouiaii law, ho that 
tho Itou mufftoo may ho Hplieioidal, tho mu luces of equal 
piosmuo will ho similar Hplieionls] and in tins niso, mine tlm 
losullant attraction of an ellipsoidal shell on an uileinal 
paitiolo is zero, the poilhm of fluid Imtwoen A B(! and Dlib' 
may bo lotnoved, piovidod tho ralo of total mu lenmiii uu. 
alLoiod. 

Rfoioovor wo havo shown, Ait. (I5!f), that for a given 
valuo of (o not exceeding a dutuimmod limit, lliete nio two 
possiblo sphtuoidal lountti lot ABU, tho lice mufueo, havo 

,, C f! e * llS < 1,1 1’ 'fhu l>roof In ivIho hiv pit la IXmltSt-oulatU’it 

Ny»tiM6 il it Monde, Tom. n, p. -101. 
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olio of tin to fiirn w, mill doKoribu Avilhiu Lha fluid mass a 
commutm' spheroid, UUK t similar lo tlm otlmr spheroid; 
tlum tln> fluid liLit.wrru Ali(! mill UllK may bo removed 
without uftbeting Mm fluid mown (illK , 

'Pirn ueliou of I ln> shell upon u partielo at a point i J of 
llm tmi'liin 1 (jUK is nut por|mndi<mluv to the HiU'faeo at P, 
but thin notimi, combined with tbo atlmobion of tlio mass 
(HlK l mid l-lir hypothetical (Wo nmiumrutl by mV, in porpen- 
dirulnr in llmxiirlure, ill, I\ nf tlm .spheroid passing through 
1\ wlHi'li in roiiroulriu with, and similar to, Mm mufaeo AJJG. 

I til. If ii fluid mass In* Hut in motion, about an axis 
through iN nm! in of gravity, wiMi an angular velocity mieh as 
lu make tin* value of <* greater Mmu Mm limit ubtaiimd in Art. 
(155), it dues not follow Mmt Mm fluid cannot bo in oqni- 
librium in tlm form of a spheroid, lbr it may bo cm mowed 
dial tlm muss will expand laterally with velereimo to Mm axis, 
taking a umro flattened shape, until its angular voloeily is ho 
far diminished iw lo render Mm spheroidal form pimsihlo. 

If lbr mass ronsisl 1 . of perfect fluid, its form will oscillate 
through tlm spheroid of equilibrium, but if, an in Mm ease in 
all known fluids, friolion In* ndlud into play by Mm rolativo 
displacement of tlm particles, 1-lrn oscillations will gradually 
diminish ami at length a position of equilibrium will bo 
attained, Kmuloying llm prinoi]>lo that Mm 'Angular mo- 
intuitu in' of dm system, vein live to Mm nxin, will ronmin 
constant, wo ran ihMormiim I he final angular volooity, and tlm 
form ultima! rly assumed*. 

Considering Mm question gnrumilly, suppose Mm mass of 
fluid set in motion in any way, and Limn loft to itself; tbo 
centre of gravity will lm either at rest or moving uniformly in 
a straight lino, mid all \vu have to consider in tho motion 
rolativo to tho centre of gravity. 

Draw through l-ho centre nf gravity Mm piano, in the 
direction of which Mm uiignlur momnntum in a maximum; 
then, however during tho Hubhucpiunt motion tho fluid 

• Tho angular tnnmonUmt of * HyflUmi, rolalivo to an tuU, la tho Hum of 
tho momenta uf tho momenta of tho sovoml jmrtlolort of iho ayafcom about 
tl&e a*U. 
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paitiolos acL on each other, this piano, which may bo culled 
tho ‘ moinontal' piano, will ionium lived, and whim llm 
motion of tho paiticloB lolalivo to each olhei has boon de¬ 
sk oyod by thou mutual I'uol ion, the avia poiimndieular to Una 
piano will bo tho axia ol lotution of tho iluitl iiiohh in its statu 
of ldativo oquilibnum. 

Let 271 bo tho given angular momentum of the Hyaline, 
and (o itn ultimato angular velocity. 

Taking o and c\/(I -|*X a ) fin the avos of the nphcimd of 
cqudiluium, and M for the mass, tho ovpienumn for llm 
angular momoulum in j{ Mo* (I -I X“) o> j 

I JW(\ -|-V) II ; 
wo linvo also irpc' (I -|- X‘ J ) -- ill, 

and fiom thoso two equations, nombinod with tho liquation, 

8 V, - liuf 1 0 ... Art. (to-'l), 

ti H- A. 

the values of o, <o, and \ can lie duLcnniiiod. 


Fiom tho Hist two wo obtain 


6 « 



Uh 


(I -|-\ a )'3, supposed ; 

»X + S/A.'(I +X 1 ) * 

;i + v 

ia tho oquation which dutorminea X. 


■ tan * \ - 0, 


Tho loft-hand member of this oquation ia positive when X 
ia veiy small, and negative when \ ih indolinitoly huge, 
and tlio equation 1ms thoiefoio a positive loot; couHoquontly, 
tho fluid mass will at length attain a spheroidal nnin of 
oquilibnum. 

It can bo shown morcovor that, tho equation has only one 
positive loot, and lliorolbro there is olio spheroidal form, nnd 
ono only, towards which tho oscillating fluid irinsa continually 
approximates. 
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Thin iliHruHs'Kin in taken from tho Mtfaaniqm Oitloslo, 
Turn. II. p. 71. aiul from Ikmtticriiilnub'fs tfyslbmo du Monde 
Tom, n. \u 40!). 


102. It wan (linnivoivtl hy Jacobi that an ellipsoid with 
Vhvuu um'qunl uwn in n possible form of relative equilibrium for 
a niiiHH or minting liquid. 

Tin) following proof of Jacobi's theorem is taken from a 
paper hy Limivillo iu iJm Journal du I'A'oolu 1‘olytoohniquo, 
Totin' XIV. 

Taking Iho axis of rotation for llio axis of g, mipposo, if 
posnihlo, llott llio siuliuv of Iho liquid in of tlio formgivon hy 
lint equation ^ 

I i .( 1 ). 


I- 

l p A,* 1 -f- A/' 

TIhjii, iT M In* iJm uiriwH of llio liquid, tho ronultaut ivfctrnc- 

>f tliu mufucu avo 


liotiH nit a imrl'u’ln nl. llm ]hiiut (,/>,//, ?) i 
ruapuctivifly !h/ x and <!z* x 


ruapuctiv 
wboro 


i »*« f 1 

•< ■■ „■ j 


u*dn 

dinV)/r 


ttVa 

(l+xVjTf* 

nji/ fi H \iu 

It ’ 


f 

aJAf 

J J o 


It representing tho expression 

yuTxvro >**«*). 

Tho ililforoiitinl equation of tho free surface is 
(/I ,c ~ ru'a!) Jr I- (Hy — fu't/) rfy ■!- (Jgds » 0, 
and therefore, if Iho freto mirfacu ho llio ellipsoid (1), 

+X' r )“(Z/-'(u') (L + X'*)« 0 .(2). 

Eliminating to*, wo uhLaiu 

(l + \’)(l + V) (4 - JI )- 0 (V J - X«), 


* 8 «o llui Wtanlqui Ctititt, Torn# it., or DultAtooVi Court de J IAmulqm. 
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ami, anbaliUiliiig for J, If, anti 0, Lliis mlnmi l,o 


(1 -l-X") (I +X 






IP 


J il 


1 mVm 
II ' 


f 


ilqjeotnig llio solution X'~-X, which lamia In Ilia anno of an 
oblate sphenoid, ami transposing, wo obtain 

ri tt »(| —«■)(! ~ 

//' 

an oqualion which, if X bo assigned, detouumoH V, 

Assigning a positive \nluo to X“, llm lolMmml nirmbu of 
llm equation is positive il V 0, nml in uogalnn if X' ^ , 
lionet 1 tlieu* is a positive value of X' u wlueli will sulisly tin* 
oqualion 

Moieover, fiom Lho uqualions (2), 

a 

i + \* 


(O' 


? *? A 


M p X*(I -«VWm 
" io(I H V)(H XV)//' 
ami w fl in llioiofmo a positive quantity 

11 onco il is cuimplottdy established I hat mi ellipsoid with 
tinea unequal axes, llm smallest of winch lommloH with llm 
axis of lolalion, ih a possible 1mm of Urn lion huiIhco, 


I(53 TIio resultant nolton of gwivify al llm amlitcn \h tlm 
losultmit of llio knees (J - « , ),e l (7/ rr> w )//, nml anti 
ia tlioielmo invoiaoJy propmlmiml to tlm pmpeudUndnr flout 
llio ccmlio ou tlm tangent piano 

Also, bearing m mind (bat llm uUi actions of a solid oil an 
mlouml piulielu tuo Air, Jh/ t nml fts, ami utih/ing Imilmilfc# 
lliooiom, it is easily shown that Llm lesukimt nliess nmm 
any contial plane sootion is paipomhcuhu to that pinna, ami 
piopoilional to its ftioa, 

JIt was pointed out by Mr Todhunler, and demon* 
strated in the following manner, that llio relative oqiulibnum 
oJT the i olating ellipsoid cannot huIisihI when the nxm afuitu* 
lion does not coinoiclo with a principal axk 
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Itofonril lu the principal axis, lot l, in, n, ho tlio tlirootion 
cmiiioa or lint nxiH of rotation, M any point (x, y, e) of tlio 
iiiutw, nntl N llio fool of lint pmpundiailar from M upon tlio 
axia, 

Thou ()X ** ha ’\-wy\- nz, 

, UM j jf ON** r t flat co-iirdiimloa of .lYaro hi, mv, nv, 

Tlio mvchwntinii wMhV, wlum rosolvod parallel lo tlio 
nxoa, j'ivoa lino lo llio oompoiionla 

n,* (x — /rj), w*(//~w), 

lliuiufttri' l)m tlilVrivniinl cipinliou of tlio froo Hmfaco is 

^^**1 '•+(«*(!/-'«'»)~%] 

lu*nce llio form of iho fmi Htu'ftnm in given l>y llio oqnrv- 

limi, 

I my \ ns)*-Ax'- ]h/' -(V=constant, 

arid thin winitnl ropronoul mi ollipaohl ruferrnil to iU pvinoipal 
axoH, imlowi I wo of llio ipmulilUtM /, in, it, vimiah. 

Mr Uromihill rniturku that a partiulo of tlio litpiiil at tlio 
ond uf lint nxi« of rotation will ho at rout umlor tlio notion of 
tho nllrnctinn of llio Ihpiid ahum, since tlio confrifugal forco 
al that point vamaho*. 

lloiico llio nltmulion mi the pnrtielu muat ho normal to 
tlio ainfmio, which in only iliu ensu at tho end of mi axk 


n, II. 


H 
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1, A cono, with its a\i« inclined til tin angle 0 lo ilm 
vortical, contains nomo waloi ; il is turned till iIh iixih in 
voilical Hhow that tlio whole picNsuve ib altoied in Uiu 
ratio cos 0 : 1. 

2 . If moromy ia gradually point'd info a vessel of any 
form containing ivatoi, lunvo that llio con tin of giuvily of lint 
morcury and walov will bo in its lowest position when its 
height abovo tho common Huiftico bom a to Uiu depth of water 
tlio latio ol tlio density of water to that of lueieiuy. 

fl, If fluid of which the donmty at depth x ia p„ (1 -p\5) 
fill a homisphouoal bowl, radiua a, prove I hilt tho whole pies- 
suio is tho sumo aa if tho fluid wnio umfoim and of density 
oqual to that at a doptli fr a. 

4>, Tho interior of a pint wmo glass is in tho fmm of a 
paiaboloul of rovolution whoso hoiglit ia equal to its lulus 
roclmn If tho glass ho filled with homogeneous liquid, show 
that tho wholo prossuio on tlio glass is to the weight of lltu 
liquid as 

25*/0-lI : no, 

5. Two buckets eontaimng waloi, llio mass of each 
buckot witli tho contained wulor being /If, lialaneo oneli other 
ovor a smooth pulloy, Two picecss of wood of ntansns m, in', 
and spociflc gravities tr, <r' aio then lied to tho bottoms of tlio 
buckets so as to bo wholly unmoisod, ptovo that the tension 
of tlio string attiichocl to tlio mass m is 

2m (M q to') a (1 \ 
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fl. A quantity nf dunlin fluid whoso particles nttmct 
ono lumllmr according to lliu liiw of mituro tills a sphere 


iu whose centre resides ft central force The radius of tho 


sphere is c mid llm iim»« of fluid (il« — /x) t;, whero 

P 

Hliow that ..millions of equilibrium am Kutistloil if p cc 

iiirowly ns r\ 


7. A sphere (radius e) is just tilled with wator, and 
rotates nlioiiL n vertical axis with angular velocity co, such 
that flew’ - « '2>l : prove llmL I ho pressure iu the surface of 
equal pressure which nils the sphere at right unglus is 
type + h p being the density of water. 

8. A small quantity of lluid is spread over the surface of 
a material prolate spheroid. Shew that the free Hurfmio of 
the lluid is also a spheroid, and that lliu depth of the fluid at 
the equator is to the depth at the polo as lliu major axis of 
llm spheroid to llm minor, 

!). A spherical shell, whoso i uteri or radius is a, is filled 
with liquid of uniform density />, mid revnlvas with uniform 
angular velocity w about llm vertical diameter of tho bIioII; 
show that, if llm total normal pressure on tho upper half of the 
shall Im to that on the lower half as m : n, tlio prossuro at 
tire highest point of the liquid is 

(,‘lei — « pit wV’l 
^ | a —1/» 2 !1 }' 

10. A hollow sphere, filled with equal quantities of two 
liquids which do net mix, revolves uniformly alumt its vortical 
diameter, and the liquid pnrtielcs are relatively at rest, Find 
tho angular velocity when the lighter liquid just louolios tho 
lowont point in Ilia surface of the sphere. 

l;|, A hollow cylinder is III led with water and tnadp to 
wvolv« n limit a vortical axis irtLachod to tlio contru of its 
upper plane face with a velocity tniHloioht to rotaiu it at tho 
Kltae inolinuLiuu to tho nxis. Kind at what point ol tho 
turffloo a holu might bo bored without low of lluid. 

U_« 



212 


MI8CF.IJ.ANIWHJH ftXAMIU.I« 


12. A moss of )k 11 licl ih oimluiued lielwoun Ihrno cu- 
onUniU .0 planes, each ol wlneli nllim Is Willi a linen Yiuying 
ivs llio distance, ftud llm absolute Couth ul allinclum /*, )i, ji" 
mo in Imimonio piogicssinii Half an ellipsoid in fixed with 
its piano I’nco against mm of llm eti-mdiuale planes, and 
suifnco touching the oilier plimuu, Us hmh lining purulkil lo 
llio co-onlumU) axes ami pmpmlmnal lo 

I l I 

V/t’ v/’ V/*"‘ 

If Ihoio bo not miffloienl lluiil quilo in envor llm ellipsoid, 
tlio unarmed pail will bo bimmlutl by a mule 

if] A mass of liquid is mil>jeel lo llm mutual gravitation 
of its particles, nml In a lepulmvn foie,o lending from a piano 
llnough ila conlio of guivily ami varying tut llm pm pomlmuliu 
dislanco fioin llial piano; allow (liul Urn eomtiliona of 
oquilibiium will bo Halislled if llm mu fact) bo a prolate) 
spheroid of ft eoi lain olliplmily, piovidod llm lepnUivo foicu 
bo not loo gloat. 

14. A lijjlil cylindrical vessel on a piano bami contains a 
corlain quantity of gas, wbieli m eon fined willim il by a diM* 
exaolly aimilai and pniallel lo llm base; show llial lliu 
pressure on llio eiuvod mufaeo of llio eylimlor ia independent 
of llio position of llio (line. 

15. A cup deals upright m oil, and is ballnslod willi 
water: find its form and nlcoleh il, wliou llie riiHVionoo of 
lovol of Iho two liquid surfaeos ih llio name for all degrees of 
immersion. 

10 . If a liquid bo inelosod in a vessel of any foim mid 
bo allowed lo run into another vessel of different form, and if 
p bo llio prossuro al tv, y, ss, in oitlior of llm vassals referred 
to roolangular co-ovdinales independent of thorn, iho difference 
botwoon kho two values of JJfp cm dy da cliftons from llio work 
done by llio liquid in lunning from llio upper lo llio lowoi 
vossol bv Iho work roquirod lo bring llio surface of llm fluid 
in Iho lower vossol lo tho sumo komoulal piano with the 
original surlaco in Iho upper. 
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17, A vi'HHi'l ill tiii* form of a hnmiKphoi'ii with a nlnno 
li'l in lii’ltl with lli'i lid vrrtiriil. 1,’ruvii that the resultant 
pressure "u llm •■iu voiI *mrfii<*<! unis along a rudiuN taolinotl at 
mi angle Un M $ I" tlio viTlionl, If now tlio liominplioro anil 
(lull! Im mudi* to rnliiit* about tlm vortical diuinotor wilii 
uniform mt^ul.ir velocity r», show that Clin resultant prosauro 
duo Co tin* rotation only tin* curved amTiicu in tlireo times 
u« great ns tlm ivhuU.'iiiI, pressum duo In Lbo rotation only on 
tlm plum* Hurfiu'o, iiinl (hnl ftin wlmlo resubmit pressure on 
tin* curved surface now «e(s along u radius inclined to tlio 
vertical ul mi angle 


Inn 1 ]) 


x<i -i' :if.iV 
Ml 


IH, A vowel in lint slmjMi of u paraboloid of revolution 
contains uoiiio lliii‘1 wliii-li is routing uhmifc tlio vortical 
axis or tlio paraboloid. l*’in<l the angular velocity wlion tlio 

fluid begins to spill. und shew llmt, if tins is tbovossol 

nui*L ImviJ liucn bull full «*f llniil, 


If tin.' jinrubolnid bu not of revolution but of tlio form 

t » * , tim axis of j being vortical, and if *, bo tbo 

greatest mid hast heights of lint curve in which thu Burfneo 
of ilia fluid mewl* tlio vessel, pravu llmt 


I 


i 


JC 




n. e 




wliero e is the disiniieo between tlm vortices of tbo two 
paraboloids. 


Ul, A hollow vessel in llm form of an ruiobor ring, just 
filled with water, spins uuifornily round llio vortical axiB of 
generation, tlm wlmlo moving iw a solid ring. bind tbo 
whole prcMiiru on the iiilrrnat surface. 


80. K cylindrical diviug'bcU in suspended with its axis 
vertical nt a depth such tlwt the water rises half-way up tbo 
boll*, flnd the lewil distance of tlio oontre of gravity of tbo 
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boll from llm conUo of its upper suilhro, consistent with iho 
condition Hint the equihlniuni may bo stable with lel'oieuco 
to an luiguitu displacement of tbo am 

21. A cylinder makes voiliml nsullalinim in a Inpiid 
contained m unothor oyliiuloi, llm lmlnis ol which is n Iiiuch 
that of iho funner, hIiow that fliotlcplhi.il the axis immeiml 
when m a position of lest is //<V . v\n - I) whom t m I lie 
time o( an oscillation. 

22. A vessel in the foun of a piuuboloid with its axis 
voilieal, couliviim a ipiunlity of liquid tipml in volume lo I hut 
ol a soginuul of a painboloul, of the wmie Iniim leeluni, 
floating in it: il Uiin lie mised till ils vtilex is jiwl in llm 
mulaoo, and if it thou wide to a depth equal lo <j of ils axis 
boforo lotmmng, show that I he density of llm liquid that ol 
tbo paiaboloUl :: 4N . 7. 

23. A closed cylindiiml vessel oim fool in lieighl w half 
full of wafer, tho othei Imlf being neeupied by nlmospheuc 
air; if two small apoiiurus bo made, one ill. llm base ol llm 
cylinder and Iho olhoi five* inches above it, allow tlial Ihe 
douBily of Iho air in tlio vessel will deereimo until it is 

(l- limes ils migiunl value approximately, and then 

incronsos again, h being the height of a waltn -lmroineler in feel. 

9 

24. Incoirqnossiblu fluid m at rest iimlor tho action of 
forces 

/i/ll /II/ /i0 

“a"’’ ir~ o'" 

roBpoolivoly parallel to Llm axes, ami a particle, tho density 
of which is loss than that of tho fluid, is placed any whom in 
tho surlaco 

ffl* f z % 

or 6 4 o 1 

prove that, noglocting tho resistance, llm volooily of the 
p&rtiolo wlion crossing tho surlaco defined by tbo quautity 
wt' varies as 
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•2.'*. If Mm >.F u iimhm t.f liquid rotating uniformly 

about a fiv 'i iiM n i iiKnii‘1 mm uuottinr uncording to sucli a 
law Mini Um mirlio-.'s ..f I'quu] pirtmurn uro mniiluv coaxial 
oblate hplmroidu; prove Mint llm romilluul attraction of a 
nphuroid, tin* purth'h-i m(‘ 'vliioji ultrncl according to tlio 
name law, i-< tfn* u'Kuli.nif nl'lwii fnrivn piirpoudiaulnr to the 
equator mill Mm um* iif iiAnliitiiiii rospoalivuly, uud varying 
jw llm iliKliUii'i* i'I'Uh’ ulhuoU'it ]mint from thorn. 


2(1. An rlnulin Hplroriinl «‘hVi-l.qii! in in equilibrium wliou 
it muilum* mv ul twice tin* lamimpburiy tlonaily, anil it« 

TtviiuH in min* Mm imdirnt ci/.e; if I Ini lmrmnolor full - th of 

n 

an inch, find thv lime of a niniill imcilluliun in th 0 nniguitudo 
of the t’UU'hqm. 


27. A light ••mil* ro*ta in n yohhuI containing equal 
depth* of tu'v> given fluid*, with iu vortex iiiHtonocl to 
tliB bottom nml iU a sin Yt'Vficul. l*'iiul the condition for 
tUiblo cn 111 ili brio in. 


UK. A nlrmghl uniform rod nuinlstiiig of nmtlor attract¬ 
ing ivn lib'll | 1 i* lommnided by thud til runt mibjucb to its 
atimclion only; *lmw Mini Mu* ililToruiil'ml oij nation to tbo 
murulimi wmiimi* of tlm mirfmms of equal proaniiro can bo pub 
iu the form 


*/-y 
iLr' 


\]r t log fc* 0, 


r, r being Mm dwUuemt <*f tin* iiniul xy from tlio om\» or tbo 
rod, and if- the rtugb? miblmnUd by the rod nfc that point, 


SO. tf «*, 0, 7 . 8 bo tbo dentil* of tins curnora of a 
qundri Intend area width i* wholly iminonoil in liquid, 
tuid h llm depth of it* ccnlro uf gravity, tlio depth of itfl centre 
of prewtro i» 

}(« 4-0 +7 + - ^($ 71 - 7:1 + 0/5 + 018 4-/98 + 7 ^)- 


SO. A rigid uphericrd ouvolnpu of rndiuB a iB ftllod wlbli 
«hwtio fluid of maw M which 1* iwtod on by ft repute 
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foico =a/x (dist ) 9 from a point in the smfacn of tho envelope 
show that Uio total uoinial piosmuo on the unvclopo is 


i »« u1 

"* ilv 


ifta* if 


i:« 

"TJtrTf 


/l/ \ 

/,(«- -0 


dr 


31 A portion of a paraboloid, IntiiH ionium 4«, is out off 
by a piano povpondicolnr to tlio axis at u distance )\a fioin 
tlio vcitox, it tho voiles of tlio puiuboluid bo fixed at u 

depth *{? a beneath Lbo siufuoo of a liquid, allow that it will 

A 

rest with tlio foems in tlio mufuco if tlio lath) of tlio density ol 
tlio liquid to tlmt of the Holid bo 72!) : 232. 


32 An ombankmontof liiuugidiirHcclmii A HU Hiippoila 
tbopiossuio ol watoi on tlio side HU, Jiml tlio oonditum of 
its not being overturned about the nnglo A when lbo watoi 
roaches to H, tho voilox of tho luonglo . and show that, when 
tho nion of lbo tiianglo in reduced to tho minimum consistent 
with stability foi a given depth of water, 


tan (!' 


JnU 2 ,v -( !) 

3 - h ' 


tan A 


I 2 « -|-!) 
H ~ L 


wlioro $ is tho spooifio gravily of the embankment, 


33, A mass ( M ) of fluid, in which the density at any 
point is tho sum of a given constant quantity and a quantity 
bearing a given constant rnlio to tlio pi unsure at tlmt point, 
rovolvos about a fixed axis with a given constant angular 
volooity, and is alliaoled to a point in tlmt axis by a given 
force which varies as tlio distance find the finm of the fret* 
surface; and show tlmt its least somi-dnimolor (b) is deter* 
imnod by tlio equation, 

fti ** 

whon m and o aro given constants. 
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.' 11 . A ri'Hlnt "f force, repelling InYornoly as tho uquaro 
of llm lies Inflow tint MiirfHon of a lioiimgonoous 

iuoliwtir llwliicli in also acted on hy gravity ami is at 
itotl: (In* inlomdly of llm force, at, a point in tho mirfftoo of 
tint lluitl vertically almvit it* centre, in equal to that of 
gravity: prove ilml llm exlernal Minimal of tho fluid has a 
ItoriKotil-til nmnipfotm piano, and that tho coiitro of force is 
oiiviroii"‘l hy»u infernal cavity, ihomiiiiinit of whioh is at tho » 
ox turn'd Mirlinv <>1 Ilm lluitl. 

Find tin* v.ilmuu of tin* cavity in tonus of its length, 

8.1. A right priani mi a square limto has anolhor prism, 
also mi a square limn', nl Inched In it, ho tlmt tlioir uxos are 
coincident ninl aide* parallel, ami iho whole lloaU on a fluid 
with their t’oiunioii piano in tho piano of floatation. If tho 
siihm of the Iwtot of tho two primus are in tho ratio 2 ! 1, 

(inti their limiting heights in older tlmt the equilibrium 
may lm ■fnhho * 

80 . A heavy culm is tnuvoahln ahmit ail nxiH, which 
juutoc* through, ami bisects, llm opposite sides of one faoo; 
this axis being llxoil In ui/.'ill tally within an empty voaaol, so 
that tho culm is auiqmuded in tin.* position of equilibrium, 

Ijnil tho ilopth to whirli llniil must ho poured in, so as to 
rentier the equilibrium iiiistahle, mul (lie grim test ratio of tho 
ileiuitiea of the culm ami lluitl, that thin may bo pcusiblo, 

Hiipismiug llm culm half immersed ami tho equilibrium 
stable, find the lime of a small oscillation, 

87 . A rylimlrr wlunw axis in vertical is floating in a fluid 
in which llm density at any point varies tut llio a'" poworof 
tho depth; llm cylinder is depressed till ila uppor ond just 
cijinciifo* with tho surface of llm fluid, and on being lob go 
it rite* just out of llm llnid; show that, wlmn tho oylindor 
was floating, the depth immorsud was to the height of tho , 

cylinder ns I to (n + ii)*' 1 . •, 

88. A spherical hemogonoous solid oarth, supposed 

Uj fixed, is surrounded by a shallow sea, which is attrtotod • 
by a distant fixed Unlyj prove tlmt, neglecting tlm oittraoidclttK^ 
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of walm on ilHolf, tho mu faro of llm mi will remain Hphene.d, 
but llml its conlio will duviuln fiom tlm eonim of llm ninth 
by a distance amounting to I ho mono fmelmn of its inilum 
that tlio attraction of thn distmhuig hotly h of llm ittlmrUon 
of tho oiu Ih on mi element of Llm liquid, 

!5fl, If tlio oaif.li 1m mippnsod spherical iuuI named with 
an ocean of small depth, ami if the nil motion of llm puiliclcH 
of waloi on each othoi be omitlcd, llm ellipUeity of tlm umm 
Bplioiold will ho given hy llm equation, 

t conhilugnl fin re ut llm eqimlm 
~ l foire of giuvity ut tlio cmth's huiIiu'o 1 

4*0, An isosceles liiim^ulur lumiim, of >v)ii«*li tlio sides 
AD } AO mo equal, Until h with llm ungulm numt downwards 
in a liquid id which llm density vanes ns llm depth \ if A I) 
bo poipouchruliir to DO, pmvn that if llm lamina can float 
with Urn lino AD ineliuod at an angle 0 to ilm vet Ural, 0 j« 
given by Urn equation, 

81 cr Bin” 0 *» 0 hp cos* a (win 1 0 — sin* a) 1 , 

whom 2/ ih tlm angle DAO, <r m I hi* density of llm lamina, 
and p in tlm density of tlm liquid at a depth equal to AH or 
A 0 , 


41, A solid of involution limit h with its axis veilimt,imd 
ia sunk to diflenmt depths hy phmmg weights at a fixed 
point of ila axis Kind llm form when tlm equilibrium in 
always nuulinl. 

42. Tf a body float at real, shew that for any displace* 
monl, consistent with llm condition that llm wughl of tho 
fluid displaced bn equal to that of tho float, the diltoreimo o( 
tho chatancos of tho centum ol giavity of the float ami of tlm 
fluid displaced bolow tlm surface of tlm thud will, m gemrnd, 
bo a maximum or minimum maim ding as tlm oqmlihnum is 
uiiBtablo or stable, 

Moreover if A be thin diflm once, and tho body be symme 
ideal with rospoct to a vertical plane, pmpemneular to the 
lino about which tho displacement aforesaid ni made, and 0 
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bu l-lio iiit’liiinl i"ii "f any lixt'il linu in tho body and in Unit 
piano lo lint vi'iliml, llio limn nf a mnull osuillatiim will bu 

i* 

that of a wimple pendulum of which llm length in whom 

do 7 

k !« tin* radio* »»f gyration uhmit a liim through tho ooutm of 
gravity paiallrl f• 1 flm uxi* nf iHplrU'oiiiifiit. 

Mnitlimi any ruii«lili«»iia wliicli limit blio generality of 
lIivho theorem*. 


•W. An elli|tfoid ItanM wilh Out taunt axin (2c) vortical 
in a Huitl of lwtao il* density, uml malms hiiijiU nsoillubioiiB in 
u vurtienl plain* uIniuI il point in Lho major axis (2a) which iy 
fixed. Slunv that llie pern*! in 



u'qV 

K “ + fUJ 


whom k Hip uentral distance uf ihu lixuil point 


++, A pneumatic railway earringo can muvo fmoly with- 
nut friction m h tunnel whieh it exactly I1U. It is pluuod at 
ixiist at 1 nut mid, ami mi engine begins In qxhnunt tno air at 
th0 other, pumping out equal volume* in equal fcimoa, 

Show that at limn / Hip iliHUneo of the cnrringu from tho 
end to which it in travelling U determined by m equation of 
the form 

f/\r , , iLr . 

s ^ + b ^ -h n (ic + hi) m na, 


+3, A m>lhl i»r rovuhitiun puMOMon thin property A 
portion being out nit hy a ulitue par (101 u I ion I nr to its axis and 
itaaieratl vortnx downward* in a liquid a ml then displaced 
through a unmll angle* the moment Lauding to restore oquili- 
hrium i* independent of tho amount out off, Show that, if 
H m /(*) goimmling curve, to dolmmuo/wo have 

: [yw - p [ 1 + i/ (*))' +/<*)/" (*)) if 1* +/(")/' («))]* 

P being tlm don#ity of llie soUd oomparod with tho fluid. 
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40 If agivon quantify of hnmogonnmiK matter bo funned 
into a paraboloid ol involution and allowed to final in watoi 
with llio vorlox downwftidx, the squints of llio distance of the 
eonlio of gravity fiom the piano ol floatation will ho invoirndy 
piopoitionul to llio lalus loutiun, 

47. A body, flouting in a fluid, is tinned (Inougli a ninall 
ftnglo 0, lound a piincipal axis at llio oenfio of gmvily of llm 
piano of floatation; show that llio woik done to pioduco llio 
displacement in Jj <jp0‘ (AIA - l r . 11(f), 

From a Bohd liemisphoio, of ladiiiH r, ft pm lion in llio 
sliapo of alight eylindei, of height h, coaxial with fho lioini- 
spluno and having llio centio of ils base at the eoiilm ol llio 
homixphoio, ih i amoved Into IIiih jimlioit in filled a thin 
lube which exactly fits it, The solid m placed with Hr veitex 
(lownwrudH in a fluid, and a fluid, of density p, is pinned into 
the lubo, Find how much must ho ponied in, in oulei that 
llio oqudihiium may ho noutrivl; ami if tho tuliu ho tilled to 
a height 2 h, show liiat 

p r* - 2 \?h' 

*» , 4 , 

« b 

6 boing tho density of tho solid. 

48. A solid body is floating m a liquid of variable den¬ 
sity and its position ik slightly elnvngnd so flint the Innas of 
liquid displaced romains mmltoied IT/(*) bo llio doiiRity at 
a doptli z, and (a),y,x) tho cooidiimtes of any point in tho 
immersed hid face of tho body, nifeired to tho Hinfneu as tho 
piano a 1 ?/, prove that tho point m llio piano of floatation about 
which tho body turns ib tho contra of gtavily ol' that piano 
troalod as a lamina, llio density of which at tho point {jr, y) 
>»/(*)■ 

49. A cup whoso outside suifaeo is a paraboloid of rovo- 
lution of iatus leotnin l, and whoso thickness measured 
horizontally a is tho saino at ovory point and vaiy small 
compared with l, has a circular ilm at a height, h abovo the 
vorlox, and iests on llio highest point of a splioro of ladius r, 
If walor bo now poured in until its surl'aco cuts tho axis 
of tho cup at a distance from llio vertex, and if llio 
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wi>iu[lil< of writer lm four litim.H tliut id' tltc oup, uliow that lliu 
oiiuUibriitiu will hi! stable, ir 

h Y~'il 
i < Sr + r 


Tit). Ah ih<«m*i , Ii"* trinngiilnr lamina AiW is at rest with 
its plum* vertical. mill im vertex (> lixed at a depth o bolow 
tha «nrfii' , '‘ i*f a liquid, lint density of which varioa as the 
ilonlli. If rhe density of tin* bimiuti Im Llm sumo us that or 
lliu liquid at (In' ilfplli */, anil il' 0 bo the ungln which the 
nllilH'H' k nf lliv triangle makes with the vortical, prove that 

Si//,’ I'lm’ {Ms. CUM* 0 ~ U =* lie’ 4 CON* Ot . COS 6, 
llio angle A f’/J W ing 2a. 

81. If n solid i'f revolution 1 m* immersed in a heavy 
homogeneous lliiiil with it* axis vortical, prove that, when 
tlio total mitihiiI jiri'Ssiiri' mi dm nml'imo is a minimum, its 
form must bo such llml dm numerical vnluo of tlio diamotor 
of curvature of ilm Him iilimi ul any point is n harmonic moan 
bctwumi elm nogmont* of lliu normal to lliu mirfuco at that 
point intercepted between dm i mil it and tlio surface of tho 
httUI HI"! between dll' ini'll mill tlio axis, respectively. 


82, A 1mllow cylinder of height 8A Mid radiusc with 
both ©mis I'I'oo'il umilniiis walin', and is placed with tho 
oontr© of it* b !W41 111 cnnUicl with dm highest point of arough 
Biihort) ©r rnilirn* e; dm weight of Urn water is ooual to that 
of Urn cylinder. *h«-w that llm equilibrium will lio stable il 
the wnlur occupy a length of llm cylinder which has botwoon 
tho n»U of 

tr* - •! (Sr — A) (r + o’ ■ 0, 


83, A pnmboliu lamina, bounded by a dnublo ordinal© 
jwnwmlioular to dm ruia, flonto in a liquid with ila focus in 

tho outface wkI It* n*<« inclined at nn angle tan’ 1 y to tho 

i vertical ; prove that Llm density of the liquid io to that of tllO 
lamina m 210 f 121, ami that tho length of tho bounding 
ordinal© U throe Um©» the talus rectum, 
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54- A weightless shell in llio fin in of a pniabolnid of 
lovolution lcslsin ashnilai shell, the pninmelet of which i« 
(loul)lo that of tho foimor, and contains fluid whoso deimily 
vanes as (depth)’ 1 . Kind the depth of Urn llmd m oului that 
llio oquilibinnn may lio mmtial, 

55. A corneal vossol of height h, Veil ok dnwnwiuds, ia 
filled with liquid llio denaily of winch ia .<• being tho 
depth. Tins ik pomod into another vessel in (he fmm ol a 
Bui face of involution, and it ia found that llio new density im 
iw*, Provo that the fin in of the vessel in given by the 
equation, 



50. An iiulcfiiuloly Hinall piece of ice, the shapa of 
which may ho taken to bo that of a light eimilui cylinder, i« 
floating with its axis voitical in watui. Tho pint iminoiscd 
locoivoa deposits of ice m such a manner oh to continue 
cylindrical, the laditia and axis lcrcivmg equal ineumumUi in 
equal times. Ifind tho ultimate aliapo of tlm pait not 
unmoisocl 

If tho spooific gravity of ico ho ‘DO, prove that tho atufaco 
ia fevmecl by tho revolution of y* (l).o - //)“ «*'. 

57. A Holnl in llio form of a paiabolcud of involution 
floats with its axis voitical; if tho conlio of gravity comeido 
with tho motacoutio, piovo that tho equilibrium ia atablo. 

58. If when tho barometer stands at 30 inches, tlm 
specific gravity of mercury being IIPfilK) lefeired to water, of 
which a cubic inch weighs 25277 giains, a cubio yard of 
atmosphoric air is compressed into a vessel containing a aid tie 
foot, find appioximatoly tho numoucal measure of tho energy 
stored up Ihoiom, 

59. Tho expansions of wator and glass mo given by tho 
formula) 

F, >=> V 4 (1 + a Q — 4)"j, and F< ® V t (1 + Cat), 

Avhoro l is the temperature centigrade. If a wator thermo- 
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motor bo constructed and graduated in tho same way as the 
common mercurial thoimomotar,prove that oxcopt atttio froez- 
irig- and boiling points it will always give too low a reading; 
that that reading will bo nogativo from O’ to a little over 13'; 
and that tho error will bo a maximum when 5xt’ + 2t = 100. 


60. A quantity of air, whoso density is p and pressure -p, 
is enolosoil in a nphorioal vcsboI. Show that if a contre of 
force iaH* ho placed at tho centre of tho sphere the density at 
a, distance r from tho contro will bo 

., , f V"*' — 

n + 1 a | jip_* I o p<i*nr , 

:l 

tho intensity of tho forco being supposed so groat that tho 
density of tho air in contact with tho vossol may bo 
nogloctod. 


01. Tho prossuro nud density of tho atmosphoro nt the 
earth’s surface being p t , p a and tho tompomturo at higher 
points varying invorHofy ns tho nth power of tho distance from 
the contre of tho earth; prove that tho pressure at a 
diatanco r from tho oartli’s contro is 


}\6 

where a is tho radius of tho earth. 


If ft“ 1, show that a aphorical balloon of material equally 
extensible in all directions will have its volume greatest 
when r is given by tho equation 


l\( m - l)pa 


2X 

0 



when m \ is tho modulus of elasticity, and o is tho 

Vinstretchod rndiuB of tho balloon, it boing juBt filled and 
'.'unsLretched when it loaves tho ground. 
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62, A balloon is at a ceitain moment at a hoighl A> 
descending with velocity V) and moving honzontally with a 
velocity v equal to the velocity of the wind at that height. 
If the velocity of the wind be pioportional to the height, and 
if with a view to descending at a paiticular spot, the escape 
of the gas be legulated so as to keep the velocity of descent 
constant, piove that a miscalculation dh in the initial height 
will pioduce m the point reached an euor, 

{1 + 1 C s - (T* (1 + C)}, Whcio C = yi. 

63 Prove that the woik done duung the in + l) Ul stioko 
of a Smeaton’s air pump, supposing the expansion to ho 
isothermal, is equal to 

n (zL)"H + W i+ !) + 4 

64 The condensation being lsotheimal, find the woik 
done duimg the stioke of a condensei 

65 A solid is composed of two cubes, symmetrically 
joined together, but of different matenal and size It floats 
with the common plane in tho suiface of a fluid Find the 
condition of stability 

66, A small sphencal cavity (radius = R ) in an attiactin*' 
mass is filled with a homogeneous incompicssible fluid, and 
ihe attraction at the ccntie of the splieie is evanesconl : 
prove that the fluid pxessure at the centie cannot be lohH 
than — $pcR 2 , and the total pressure on the suiface of tho 
cavity not less than-(c+ |ttp) 2 7rpR\ wlicie p is tlio 
density of the fluid, and, U denoting tho potential of the 

d*U 

attracting mass, c is the least algebraical value of at tho 

centre for an element ds drawn in any direction fiom tho 
centre, 

67. A soap-bubble of umfoim thickness is filled with a, 
gas of such density that the weight of the wholo is that of 
the air displaced, find tho form of the bubble, which is 
supposed to differ but little fiom a sphere, 
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UH, A Hlomlcr fluid ring ru vulvas uniformly round u 
eonlru or fni'i'i) situated ill its centre, tlio forco varying 
inversely ns tho wpiaro uf tin 1 distance; find approximately 
tlw form of a sacliuu of Llm ring. 

(iO. A vessel <»f given capacity, in llm form of u surface 
of revolution with two riruuluv eudH, is just filled with 
iimlnsliu fluid wliieh rovulves about tlio iixih of tlio vowel, 
and is supposed to ho freo from llm notion of gravity; in¬ 
vestigate the form of llm vossul that llm whole prismimi 
which tlm lluid exerts upon it may ho tlm looul possible, tlm 
magnitudes of llm circular ends being given, 

, 8lmw that, for a curtain udation liolwoun tho radii of tlio 
circular unds, tho generating cnrvu of llm surl'iieo is the 
common catenary. 

70, Employ the principle of energy to find tlm oipmtiun 
of tho Linloariu, 

71, Provo that tho otpiatiou, 

roprtwont a po*siblo form of a lujuid lllni, tlm pressure on 
both sldoB being the somo. (Catalan.) 

72, A cylindrical vowel, tho cross Boction of wliieh is 
formed of two cycloidal arcs with tlm ends fitting togothor, 
has an excess of air pressure insido; invostigato tho atrossos 
along any gonuratiug lino. 

711. ir the particles of a spherical Heap-bubble, of mdius 
»• othl Umsiim /, repel each nther according to the law of llm 
inverse stjuaro of the distance, and if V ho tlm potential, 
provu that P" «* 1 Hurt. 

74, Inin a spherical brass shell, of radius a, walur is 
forced until llm radius of tlm shell is found to expand to v. 
Having given that tlio Coiifheimit of elasticity of Lho shell for 
stretching is /*, mid that tho compressibility of water is \; 
show that tho ipiaiitity of water in tlm slmll is 

<tr* 

j7r/J ur-2Xp, (r-a) 

where p is tlm density of uncomproHsed water. 


15 
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In the piovioua question you ftio givon ara'l>, }•».'» 
oonliins. i and tho following data:—• 

Tho com prosaion of water fur I atm oh, (L mogndyno per 
Hii. om ) «a L0-* x '0 ; thieknoas of hIioII » •!) mm,, anti a hi row 
wuo of 1 sq. mm section icijuhvH a fou'<* of 1)000 mogadynoH 
to double its length, if Ua elasticity loumin cm mini it 
Dolormmo tho moiuuiron in r.u.H, units of the quantities 
mvolvod, and thence allow that the muss of water in lliu 
sphere =■ 5!lo guuns approvimuloly 

715. A soap bubble of uniform thickness is filled willi a 
gas of nucli density Liiat tho weight of tho whiiltt is equal to 
tiiat of tho air displaced; find the foim of the bubble, whieh 
is supposed to diuor but littlo from a splioio. 

70. A soap-bubblo oxtuiulB fiom Used bonndmios, ho as 
with thorn to form a cloned space whoso volume is v a and 
contains a gas at prosauro j\ and absolute Unnpemtuio 0 a . 
Tho lompoiatiuo ot tho gem ih giadually raised. If A ho (lie 
aioa of tho film wlum tho tompomturo ia £1, and pressing />, 
show that 



whoro t ia tho Hurfaeo-totmion uuppoaod coimtanl, and the 
oxtornal prosauro is neglected, 

.Find tho relation between p and 0 in I ho coho ul 
a spherical Hoop-bubblo, and in tins ciaso iutogratu tlio above, 

77. Two ocptal circular discs of radius a are placed with 
their pianos perpendicular to the lino which joins thoii con- 
lioa, and tlioir odgoa are connected by a soap film which 
onolosos a umsa of air that would bo just sufficient in the 
name almoapliora to fill a aphorical soap-bubbln or mdius c. 
If tho film, bo cylindrical when the distance between tho 
discs is It, prove that in order that it may become spherical 
the distance botwoon tho discs must bo lessened to 2 s whore 

» (3a« + 2/) |bo* - Hub I ^7^1*. G«W (U ~ o). 
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78, A hemispherical bubble is floating on water. A-8- 
mmingr that its radius is such that the ratio of the difference 
pf the internal and external pressures to the external pressure 
lb a small quantity whose square may be neglected, find the 
form of the water surface inside the bubble, and shew that 
its greatest depression below the external water surface is 



where r is the radius of the bubble and a, 2 the ratio of tlics 
surface energy for air and water per unit area to the weigfUt 
of unit volume of water. (Mr Burnside.) 


79. Gifford’s freezing machine consists of two cylinder h, 
the pistons of which work on to two cranks on the samo 
shaft, driven by an external source of power, and of a large 
air reservoir whioh is always maintained at the temperature? 
of the external air. In the first cylinder air is compresHQil 
till its pressure is the same as in die reservoir, when valvctt 
open and the ah’ passes, as the stroke is completed, into tlie 
reservoir. The second and smaller oylinder acts as an engino 
.receiving compressed air from the reservoir for such a portion 
of the stroke that being expanded for the remainder of thu 
sttoke it is discharged at atmospheric pressure, but at a lower 
temperature. If V x and V he the volumes of the cylinders, 
and if the compression ana expansion be supposed adiabatic, 
prove that the work done during each stroke in the first 

* w y* —• y t r 

cylinder is II V x ^—- B , and in the second oylimJur 

7^1 ^ a 

is II —~ (Fj - 7",), n being the atmospheric pressure. 
(Dr Hopicinson.) 


80. A mass of liquid, in the form of an oblate sphoroitl, 
rotates uniformly about its axis; if the normal at any point. 
P of the surface meet the axis in G, prove that the resulting 
attraction at g varies os PG. 

If e, the elliptioity, be supposed small, prove that, to ti 
first approximation, «“ = Hi 71 P e - 
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If, in tlm caso when tho ccconliioity is veiy small, Lltu 
mass bo contracting slowly ami luiifouuly uml bo so vihcium 
that it takes up its positions of lolativo oqutlilnium iiihLiui- 
tanoonsly, prove that the oibpticity will vary as tint culm 
mot ol the density. 

HI. Jf tho Hat lii bo completely eovoied by a hou of mnall 
ilcptli, piovo tluvt tlio dopfii m latitude l is very imuily equal 
to 1 [{I ~CHin a i), whom U is the (lopth at tlio equaloi, ami t 
tho cllipticity of tho 1'laith. 

82, A mass (M) of homogeneous hquul revolves in ieln- 
tivo equihbuum about a lixnd axis with a umlbtm luigului 
velocity such tbal tlio olUplieily (e) of its HUifaeo is small. 
l,f tho part fiM of the nmss worn cull no. led into an inlinitely 
ilonso material point at tlu* coiitio, and tlio density of the 
remaining part (l~*/t)il/ woio diminished in tho lalw ol 
l—p, to l, litul what would bo tbu I'lliplicily of tho now 
Hurfoco of oqmlibriuiu, supposing Urn lime of lolnliuu to lie 
tlio same os before. 

88, A aulul ellipsoid ol uuifoim dummy being supposed 
to icvolvo round its lunst axis of lignin, and to cany with it 
a surrounding onvolopo of liomogonooua liquid of diflbi onl 
density, tho onliio mass attracting amnding to tlm law of 
nature, it is required to find tho conditions leqniwtp for the 
permanent assumption of tlm ellipsoidal loriu by tim free 
HUifaeo, (Prof. '1'vummui Alulk, of’Kd, 7Vmas, Veil, xxxv) 
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Fi up 8uo 

Otesar Ho Hollo Galliao By Gcoigo Long, M,A Is 

-- Boo1<b I -III Poi Jmnoi Clauses By G Long, MA Is, 0d 

--Books IV find V 1* U Books VI and VII Is bd 

O&tuUua ThbuHim and Propertius Selected Poems With Life 
tty Il(iv A II Wnatwlaw 2 h Od 

Oloero I)g Hum into, Bo Amiutia, and Seleot Epistlos, By 
Goorgo Long, M A 3a 

Oomolius Nepos Ih Roy J F Macraickael, 2s 

Homer Iliad Books I XII By F A, Paloy, MA., LLB 
Oil AIhmn U Jiul t« r tin (111 l‘!Wlj 

Horace AVilli Into By A J Macloime, M A, 8s. Cd In 
2 parts, 2s oaoli 

Juvenal Sixteen Sallies, By II Piioi, M A 3s Gd, 

Martial Select Eptgtams AVith Life, By F, A, Paloy, M A,LL D 

Iff 0(1 

Ovid the Fasti Bj F A Puley, M A , LL L 3s, G d t Books T, 

and II Is Oil ttoulv* HI and IV 1 b Get 

Sallust Gatilma and Jiiguitlm With Life, By G. Long, M,A, 
and J G- lutim Iff Oil, m bopaialoly, 2 a each 

Tacitus Geiiiuuua and Agucola By Kov. P Frost 2s, Qd 

Vlrfill Bucolics, Georgies, and iEnoid, Books I,-IV Abridged 

from Pr-olfossoi Uonttiirtou b I.dillon is Oil —-jlSnold, BooIch V -XII Iff Od 
Aluoin 0 aopaiuto Volimitff, L Od oacrti 

Xenophon The Anabasis, With Life Byltov. J,F,Maomiohaol, 
08 Qd AIho in i Bcpiuato volumes, Is M otioli 

- The Oyropiodm By G, Id. Gorham, M.A, Gs 0d, Books 

I and II Is Gd 

-Memorabilia, Bj Pcnoival Frost, M.A. 8s. 

A Grammar School Atlas of Olaasloal Geography, containing 
otad Mnp» Impel Sal 8vo, Gi 


Unifcm with the Seim 

The JSfew Testariont m Cheek With English Notes, &o, By 
K«v 0 F MKCmichaol 7* G d 


Educational Works. 
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CAMBRIDGE GREEK AND LATIN TEXTS. 

filsohylus, Dy P\ A. Paloy, M.A,, LL.D. 2«. Grf, 

OfflBar: Do Bollo Galileo. By CL Long, M.A. 1«< 0(L 
Olooro: Do Soneotuto ot Do Amloltin, ot Bplstol© Seleotm. B 
U, Long, M.A. kM, 

Olooronlfl Oratloneu, In Yorrom. By G. Long, M.A, Si.Gd. 
Euripides. By U\ A. Paloy, M.A,, LL.D. 8 vole, 2«. oaoli, 
Herodotus. By J. G. Blakosloy, B.D. 2 volfl* 6i, 

Homeri Hi&B, I.-XIL By I?. A. Paloy, M.A,, LL.D. la. Get. 
Horatius, By A. J. Mnoloano, M.A, la. 6 d. 

Juvenal ot Perslus. By A, J. Maolcauo, M.A, li. 6<Z. 
Luoretlus. By H. A. J, Muuro, M.A, 2a. 

Salluetl Orlupl Oatillna ot Jugurtha, By G. Long, M.A. If. 6d, 
Sophoolea, By V. A. Paley, W.A„ LL.D. 2a, 6 d, 

Torentl CJomcedlaB, By \V, Wagnor, Pli.D, 2a. 

•rhuoydldefl. By J, G. Donaldson, D.D. 2 vote, 4i. 

Virgilius. By J, Oonington, M.A, 2a. 

Xenophontls Bxpedltio OyrL By J, 1A Maomioliaol, B.A, If, 0d, 
Novum Testamentum Grcooe. By P. H, Berlvouer, M.A., D.C.L, 
4*. OdL An edition with wldo margin for uoloi, bound, 13*. Emtio 
Majoh, 7a. W. tfcp iinffo U. 


OAMBRIDQE TEXTS WITH N0TE8, 


A fidwllou of Wi« wioit uwnUu vsad <\f lh« Or.*(iniLatin ^iiilhora, .lntiotaW for 
Softool*. i’oap. 8w, It, Cd. rack, tottft wcojguni*. 

Euripides. AIoobUb.—M edea,'—Hippolytua,—Hoouba.—Baoolia. 

-Ion. 2*.—OroBtca, - PkooniBam.—Troadoi,—Horouloj BHiroiw.—AnOro. 
mrudiO.—Iplllffouift In Tnurlff. Jly P. A, Paloy, M.A., LUD. 

Aflsohylus. Promotheue Ylnotua.—Septem oontra Tliobua.—Aga- 
momnon.—PfltflO.—Eumonliloa. By F. A. Paloy, H.A., LL.D. 
Sophoolefl, (Bdlpus Tyrannua, — CBdipufl Ooloneus.—Antigone. 

—Elootr*—Ajax. By P. A 1‘nloy, M.A,, LL.D, 

Homer. Ulad. Book I. By P. A. Paloy, M.A., LL.D. 1,. 
Terenoe. Andrm.—Haoton TimorumonoB,—Fhormio.—Adelphoo. 
By PtofoMOf Wagnor, Pli.D. 

Olooro. Do Beneotute, Do Amloltia, and Eplatola Sdaoto. By 
G, Long, M.A, 

Ovid. Solwtlono. By A. J. Moolo&ne, M«A. 

OtlifrilnpHsmrflllon, 
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George Dell and Sons' 


PUBLIC SCHOOL SERIES, 

1 Sn m ofVkusu nl Tt < h t mnttlnit d />y it*, U known Si hnfori ('t P^>, 
ArMophtmott, Tho Peace. By If, A. Pulcy, M.A ,IJi \) (hh 

- . Tho Aohiunmtui, By 1«\ A, Puloy, M A,, LTi P A#. Off, 

- - - Tho Vrof'a By If A Pfiloy, M,A , Ui 1) 4#, 0<J. 

CHooro ThoLottnifl to Atlionn, B)c X, By A.Protnr, M A. 4# ftrl, 
DomotithonoH do Faina Logatlono, By XI, Nhllluto, M A. fk 
.— « Tho T#FiW of LoptmoH, By B, \V. 3M A, 8«, IW, 

Hvy Book \\I Ndih d, with tnBudnrtimi, Null k, unit Maim, 
liy tho Jtuv I* 11 PmuUU, M A , fl |) t< iM 1\ \lf ui tin j<w 

Plato 'Dio Apology of flocintmi anil Giilo. By AV, Wfitfiwr, 1’hJD, 
loth JCilllkin J* (Jit OUi mo l <111 Inn, limit ihilh, Un U<! 

-Tho Plmulo Bib tiilltion. By XV, Winner, rii 1>, fij. fl«J. 

-Dio PiotagoiaB, 4th tithllon, By \V XVayLfl, M A 4*. ttd, 

-Dio Kulhyphio, Ihd Edition By Cl. II. VMIa, U A. tin. 

— Tho Euthyrtamw By 0, II, Wolln, M,A, 4* 

-Tho llopuhlio. Boolw I A 11 By U. 11 WuUm. M A. mrt 

Kclitfon 5n M 

PlftutUH, Tho Aulularhv By W Waanoi t X‘hD, Hid Edition, 4MK 
•—— TiImmmniB By W, V/nanot, Pit p, Hid Edition, <U. (tit, 
—~ Tho Monaco! nnol, By XV. XVnHuWtl’h 1), Hurt Edit, d«, Ort* 

—*-Tho MohUBiuiu, Byl’iofE, A Moimemmhom, fi#, 

Bophoolia Traohlnko. By A, Prolor, M A, d# Qrf, 

SophoolOB Oodipim TynmmiH, By B, If, Kennedy, I\l>, fa. 
Terence By XV. Wngitor, Ph I). 2nd Edition, 30#, (id, 
ThaoorUua By If, A, Puloy, M.A , TJi.ll 2nd Edition. 4#, Ort. 

Thuoydldea, Boole VI By T. XV. Dongaii, M.A., Fellow ol Hi, 
Juhn'fl Guilotfo, Gamin Itl^o Us 

Olhm tn }iif]>imilton 


ORITIOAL AND ANNOTATED EDITIONS. 

Artatophania Oonimdlra. By II, A, lloldon, LL.D. 8vo. 9 vols. 
fcfo (Jit Plttyii Bold BupivnUiiiy, 

Oalpumlua Sloulun, I3y 0, II. Koono, M.A, Ciown 8vo 
Oorpua Foaterum Lalluorwm, Edited by Walker. Xvol.Svo. 18». 
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Educational Works. 


Horaoo. Quint! IfornlU lfjnaol Opera, By H A, J, Munto, M,A, 

J*t>ra flra. 11 U. 

Livy. Tlio first Avo Books, By J. rrondovlllo, 12mo, roan, 61 . 

or Hook* I..11I, to. Od. IV. fiud Y, to. Oil 
Lucrotlus, With OminiumUiry hy II. A, J. Munro. dih Edition. 
VoIm, l, mol II. luh'iHlunilmi, Toxt, iuul Nulvn, IHn, Yol, III. Tran** 

Iiillon, II.. 

Otld. r.OvliliiNtiKonifllloroldoflXIY. ByA.Pnlmor,M.A, Bvo.Q*, 

- ]\ Ovidji NiiHonirt Aih Anmlorla ol Amoron. By tho Bov. 

H, WmiMi.i*, M.A. 

—-• MotnmorphuHuK, BnokXIII, By OlmB. IIuIuoh Konno, M.A. 

t-, ll<l. 

-- Kplnlnliunm ox Ikmlo Libor lVlmuii. ByO.II.Kcono.M.A. B*. 

FroporUmi, Hnx AurollI Pi'oivortii Oarmlim, By 1A A. Paloy, M.A, 
Mr.IK Hvri. UhiLb, 9i», 

. Nox I’r^poriH Eliifliannn. Llbrl IV. Itwoiifuilfc A, Palmor, 

ifL iVlti-tfU nfc Imlivliliuo TrluUuUn jn\l-n. Uiililhium Hoolna, 

* FmiiHvit, :iii. liil. 

Mophoolei. Tho AJmc, By 0. R. Palmor, M.A. dc. 0 d, 

-Tlio OocUpuB Tyrannua. By B. J I, Komiody, I>.Jh 

UmwiiHvo. Hit. 

Thuoydldea. Thn ITUlory of tlio Pcloponnoulnn War, By Blolmrd 
HLLHoto, M.A, Hook I. 6 vo, Oi. Oil. Hook II, 8vu. to. <M. 


LATIN AND GREEK CLASS-BOOKS, 

flint Latin Logons. By A. M, M, Btodnmn, M.A, li. 
Mlfl^«Uanoou« Latin Rxoi’oIbob. By A. M. M. Btodnmn, M.A. 

H*r». li. Ikl. 

Rany Latin FasBagos for Unaoon Translation. By A. M. M. « 
Htwlunui, M.A. Full’. Hvo. I(, > 

A LaUn Primer. By lluv. A. 0. Clapln, M.A. 1#. 

AuxUla Latin*. A Borlon of ProKtaHslvo Latin ExorolBOfl. By 
M. J.ll.ll»tMolor,M,A. Fou^.Hto. 1'nrtL.AouWmuw. JmlWiUUon.Mrlwtl. 
to, tart 11. tilt nvlaurl. to, Key to i art II. to. Oil, 

Sonia Latina, Elcmionlury Lallii ExoraiwoH, By llov. J, W. 
llavkM.A. Nnw Kdillun, with Voctilniliu-y. Ifrap. Rvu, II*. W. 

Latin Froie Lohiohi. By Prof, Cliuroh, M.A, Bth Edition. 

Foap. Hro. to. Od, 

Latin BUwoIsm and Grammar Papon By r J\ Collins, M.A otn 

KillUott. Vm !>.««, . , « , , 

Unioon Papom In Latin Proso and Vorso, With Examination 
QtiwDooi. Uy T. (MHn«f M.A. 4th HillUon, o. fb. Od. 

, v _ r „ 1 D Qrook Prow and Yurso. With Examination Quoutloue. 

Dy T. Collin*, M.A fcirt IStUUoii. Fwtp. Bvo. At 
Tftlet for Latin Proio Composition, With Notes and Vooaou- 
IW/, By a. n. Wall*, H,A. Si. 



fi ftm'fjfl Boll and Bonn' 


Latin VooabalarioB for Ropolltlon lly A M. M. Hlcilnmn, M.A, 

hup Hw» U lU 

Analytical Latin KxorQlaoB By 0 V, Mn«on, B A 4th Edit. 
PftUI, In Oil, Vniiir |Q| IM 

Latin Examination Ikpors in Grammar and Idiom Bj 
A M M Hlnlmtm, M A (li<wn Hvo »!n IM 1 ktjiJu W* j >«»• 

Groek Examination Papora in Grammar ancl Idiom, My 
A M M Slid mu Ui At A ■!* ill 

SaalaGrrcoa aHoiioHonoiomontaiyUrGoiclCxorcluofl By Boy J \V. 

Davlx, M A i ami It, W lliulilolny* M A Slid Million VoAp Hvo 8* (M, 
GreokYoracOompoalUon By G Prim urn, M A, OiownBvo Sir fW 

Grade PartlolGB ami tlioir Ooinliiimlimm noomdlng to Attio Dmyo 
A SlimlT kmiUho Nv V A IMlny, M A , Id* 1) '* M 
Groolc ToBlamonl Soloollonn, My A M M. Mtmlnmn, M A IVnp 

HVO U flil 

Kudimontfl of Alllo OonHtruollon and Idiom, By tlm Km. 

W 0 UmnpUMli M A , AhhIhIuiiI Miwtm at llppiiiKlmm Hi Inml U ^ 
Paflaagon (or Trannhitlon Into Latin Prouo My Mint If, NoUlo 

Mlh At A U Koy, \* fhl 

By vim Bnv. P, Faofvr, M A„ Hr, John’s Commotm, Oammimiw, 
fflologm Latlnoa ; or, PUat Latin Hooding Boole, with English Notim 
amU lMoUcmivry, Now Million, Ifwip Rvo &* 04, 

WtatorlalB for Latin ProBQ OompoBitlon Now Edition, Fonp.Svo, 
8* 04 Koy, to, 

A Latin VorBQ Book An Inlroduotcny Woik on IToxamotora and 
PontamolQUi Now Million Pimp Rvo, ik Koy, Bo, 

Analoota Grmaa Minora, with Introductory BmUonooB, English 
NoloH.anrt a JMollotmry, Now Million, Ifaijt, fivo in 64, 

Matoriala for Grook Proao Composition, Now Edit, P<mn, fivo, 
Ci 04 Koy, Ci 

fllorlloglum Pootiaum, Eloglaa ExtiaolH from Ovid and Tibullus, 
Now Million, Willi Kotow, Jroop, Hvo, fa 


Anthologla Grrooa, A Hobationof QhoJooO rook Ibalry, with Nolos, 
By If, HI John Vlmaltnmy, 1th utul Qlmvtf MfHon lOmo, Ui (kt 
Anthologla Latina, A Bolootlon of Oholoo Latin Pootry, from 
NiqvIum to Hoftililw, with Nolo* Uy ilov. If, HI John Thimkomy. lUivtotui 
amt Oimapor Million lOmo to (hi 


By II. A. IIow)KN, LL.D. 


Poliorum SUvulft, Patt I. PaHHagos for Translation into Latin 

Kloglao ami Uorolo Yurno, JOtk Million, l’<»t8«o. 7*04 

--- Pail II, Moot Passages for Tmnuktlon into Latin Lyrio 

ami Comia Iambic Vomo, tlul KdltSon, PoetSvo Ca 

Part III. Boluct PoaHagoa for Translation Into Grook Yerim, 
Cut Million PmiByo 


ITolta SUvulto, bIyo Bologw Poolamm AngUoorum iu liatiumn ot 
ursooum ooummo Bvo, VoML 1S«« 

Pollorum Oonturlm Bolool IkssocoB for Translation Into Latin 
wut Crook Pro no, Oth Mtlon, PtwlW B*> 



Jiilueuliotial V'orkx, 


TRANSLATIONS, SELECTIONS, &c. 

Mui'yoJ liio following liookn arowoll nclaptcd for SchoolPrlim 

JB*ohyIu<. TrniiHluirrt Into KugliHh 1 'ioho Ity F, A. Paloy, M.A.. 
Ui.l*. Uni) KiUtlon. H,n. Vi, DU. ’ 

— Triumluteii (util Kngiinli Yomo by Alina Swanwlok, filli 
Knit Inn. IS i*l 8 vo. , r M. 

Homoo. Tim Odnn nml Garmon Hiumibirn, In EiujIIhU Yoraoby 
J. ttOnlnutnn* M,A. tahmUUini. H\o. 1L. 0*1. 

—“ Tim HutiroK nml K|ii«MnH. In 1'hitflinh Yorun by J, Onninfl- 

PIMo. Uor^nvHi Tnninbib il by K, M. (%i|ir>, M.A. «vo, ‘.bid Mil. 7*. 
■■ - VhHobnn. Tijmn. by V, A, l‘nli»y, M.A., IjIj.I), Hm.Hvn, ■ ii. 

- ■ ' ■ J Tito i«t*‘tun. 'riniiH. by I 1 '. A, l J uliiy l M,A. l Tjri 1 ll. Nm-Hyri, *1*. 
-— **» AnnJyi‘iKU)u\lmli’\n( tlM'Dluln^UiH. Ity Dr. lhiy, BontHvo, *W, 
BophooloH, (DillpUH TyratmiiH. ity Dr. Kumunly, U. 
Thooorllu*. In KiikIIhIi Vnrun, by 0, B, IMvorloy. M.A, Now 

ftltllnfl, rflv)*«l, UmvrnKvn. 

Tr*niUUo&* Into KiiKll«h mid JnUtn. By 0- B, CMvorhvy, M.A. 
lVMBto. 7-.M. 

TranalnUon* Inin EnglMi, Tinllii, ami Greek. By It, 0. Jobb, M.A., 

H. JpwVmw, 1 iltt. L)., rim l W, K. l!turny, M.A, Hnnimrt Kill lion, Bj, 

BxUnotn for TranibUlon. By It. 0. Jobb, M.A,, II. Juokflon, 
LIU, n. B nutl W. K, Ibirruy, M.A. 4*. M. 

Botwoon Whlloi, TrarndfiUoiw By Boy, B, II. Kennedy* D.D. 

Vml KillUno* mliod. (JrtiWnMvo. (b. 


REFERENCE VOLUMES. 


A Latin Omomw, By Alliort TTurknoHJi. Boat Byo, Oi, 

«—■ By T. It, Koy, M.A. (Uli ThoUHniul, ToMt 8vo. 8#, 

A Short Lnlln Grammar for Bnhooli. By T. H» Koy, M.A. 

IMiJ, Itnb KrUtlnu, Ptmtfivn. IU. M. 

A Quid* to Itao Oboldo of Olamloul Book*, By •J,IL Mayor, M.A, 
Rnl JWIUtm, wUU * HHjijiluimniUry Lint, llnnvu Hvo. ii, Oil. BujijiIq, 
m^nUrj LUl, 1c, Mi 

The Thutro of Iho Grook*. By J, W. Donaldson, D,D. 8th 
HdLUcm, Poll 8 * 0 . 6 #, 

tftUhUiy'n Mythology of Goreto* and Italy. 4th Edition, Bi, 
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George Bell and 8 om' 


CLASSICAL TABLES. 

Latin Aoolder.co, By tlio Bov. F. Ifroiit, M A It. 

Latin VorolllotUlon, t». 

Notabllla Qutodam, or the Principal Tonne'll of mont of tlio 
Iinyulai (Irook Vmtiw iuul FlomenUrj Brsok, fatta, nml kroiwh Ckm* 
Btimitlon NowluHtUm, lit. 

Richmond Rule** for tho Ovldlan Blatloh, do, By J. Xnto, 
M A U 

Tho Principle# of Latin Syntax 1«, 

Greek Vorbn A OjUhIokiio of VtnhH, In t^uluv and Pnfcolivo j Ihnlr 
loivllnpr formal Irma, team's* ami liillwtonfi with I'm Aill'fnw formmJimnUwi, 
lluUm rot forumllon of An Ait lly J K Hutut.TOU BMUI 

Greek Aaoonta (Note# on), By A Barry, I) 1>, Now Edition. 1*. 

Homorlo Llaloot It« Loading Korina and lVou)iarilion, ByJ. B. 
Hiviul, T 0 1), Now U\ lUon, by W U Itiillimfoul, hh B U 

Greok Aoolciouoo By tho Bov P Eioal, M A, Now Edition. li« 


CAMBRIDGE MATHEMATICAL 8ERIE8. 

Arithmetic) for Bohoolii By 0 I’undlrlimy, M A. -1*. Oil Tho 
lCxamitloif (aonily HOOD) in a wammlo vol 13s* tM 

Algebra Gholoo anil Oliimoo, By W. A WhlLworth, MA, 4th 

ISiUlitiil. 0^ 

Euclid Bookii T.~VI, and pail of Boole m \f and XTT. By tl 
Ihii^hlon If Oil JIoiiIchI aitilir t |A Jiff/ In fh 1 riworiiftiM »w ffn*j*ifiu, 

IHuolld, ISxmciHoa cm Kunltil and in Modem (Uiamulry. By 
,1 MoPowoll, M A toil HtllUim rt» 

Trigonometry Plano. By Xtciv.T.VyvynniM A, JhdKdlt, 8* IR 
Geometrical Oonio Sootiono By If, U. Wlllla, lit A. Man 
ohimltn (hitmuiiu Hulnml 7 n 

Oonlou Thu Elementary Geometry R 4th Edition. By0 Taylor. 
1) U Ji, Oil 

Solid Goomotry. By W. fl, Aid!*, M A, 4th Edit Kiviacd Of. 
Goomotrioal Option By W, H Aldla, M A. 2nd Edition. 4*. 
Rigid Dynamic# By W, H Aldln, M A -if 
Momentary Dynamic# By W tlnrnott, M.A , D 0 Tj. 1th Ed. 0#, 
Dynamics. A XiqjvUbq on By W. It Be«iint, D Ho , E.U H, 1 (id 

Heat An Elementary Treatise, By W Garnett, M A,, D G.L U\\ 
Hditlon, >u< 

Hydromechanics By W. H. DornuU, 1) Ho, F.Il.S, 4th Edition 
Prutl Hydros! alio#, fa. 

Mathematical Example By J, M, Dyer, M A , arid R Prmvdo 
BmitU, &t A , AhqIhUoL tfaiifliM at Ulxtlloiilmm Colk«M (in iNp pm* 
Mechanics Problem# in Elementary, By W, Walton, M,A. Of, 
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CAMBRIDGE SCHOOL AND COLLEGE 
TEXTBOOKS. 


A Strict of Trentlset fur the ii« of Studentt . 


Ailthmotlo. By Bgy.G.EIboo, M.A, Fc&p, 8vo, lHth Edit, Bi.Od. 

--JJy A. Wrl|fU*y, M.A, Bi* Off. 

- - A rrfwvBnivn 1‘mirKo of Example*. With Anawers. By 

J, WaUi'H, M.A. Urli Killilim. 0 < 1 . 

Algobr*. By tlio Bov. C, EIhqo, M.A. 7th Edit. 4i, 

- - l'rnHrtJ>mlY<i Cmirno of Example*, By ltov. W. F, 

M,A,,HtulU. LVimdoHmlth, M.A, ath Killtloii. 8*. <W. With 

Aiuwori. 

Plano Aitronomy, An Introduction to. By P, T, Main, M.A. 

Mh ttlllkiii. U, 

Oonlo flootlona Lrnnlml Geometrically. By W. H, Dowuit, D.So. 

ilth KUUIun. iI.ihl, KmIiiUiih lo tUn KsHinidei. <U, 

- -Enunciation* and Fl^urca Huparutoly. 1 1 . 0 d, 

PUUoa, Klanumlnry, By Bov, II, Goodwin, D,D, 2nd EdU, 8a. 
jaydro*tftUo« f ElonumUry, By W.Il, Bowmt, D.Bo, 12lhEdlt. is, 
Mouiufftllon, An KlettumUtry Trontliioon, By B.T.Mooro^M.A. fii f 
Nowton'i Prinolplit, Tho l^lrul Throo Auction* of, with an Appon- 

:]\X 1 nivl tbfl Ninth ami KUwuulh tootloni, JJy J, If, Hwib, M.A, 5th 
BUlUm* by V, T. Ur4ii, U.A, U, 

Analytical O-oomotry for Bohool*. ByT, G.Yyvynn, 4lh Edit, 4 j, (hi. 

Or to* TeiUmont, Companion to tho, By A, 0 , Darrott, A.M. 
5th BdilUm, rwvJpfcnl, Knap. 8*0. 5 *. 

Book of Common Prttyor, An ILIatorloal and Explanatory '.Croatlao 
0 * ih*. Jly W. U, Humphry, li.U. Oth KilWon. Fo*i>. Bro, Si, Od* 

Jfuilo. Tml book of, By Profoiwor U, 0, BnnlMor. 18th Edition, 

a*. 

-Cotioi.a IHhIoc/ of. Uy Hoy, II. 0, BouaYla, limit, 

Utu, Dim, Dublin. alb KdiUaa rorbnd. Bi, M. 


ARITHMETIC AND ALGEBRA. 

Btt the two/ongoing Beriet . 

All 


10 George Sell and Son*' 


GEOMETRY AND EUCLID. 

ffivicllrt UnoKn 1 ■■'VI, (mil fail nt XT mill MI A Nnw TnuiS- 
htiuni Jty It. llutylttnii {h«i (’ivmlnliltfo MntliHmurliM Hm U y 8 ) 
— v riu» PoOnUionn of, with KxiiiHiiutHniH mid hxmwoff, 
ami ivn AlU'cmllx of hxuiuiMW mi Mm la*l Hook It y Jl Woldi, M A# 
l lowII HVil t« lid 

„-Book I Willi Notra anti Kkoipimh foi llio un n of Pro- 

piniitmy WolumlMj Ao Ily N)ailhwat1<> Ai mill, M A Mvo In <M 

__The Phnl Two Dookii explained lo BotflmiorH, By 0. P, 

Mmou, B A 2nd Kdltkm lVap Hvo 2* Ikl 
Tho tfnunotaltona and Figures to Buolld'a fllomentB By Bnv t 
J JhMMin, D B» NuwKiUllon lonp Rvo la Witlumt Uu» I'I^iiioh, II<1 
Bxorolaea on Buolki and In Modern Goomotry By J* MoBowoll» 

11A OiowuHvo 8nl liillMoii lovlimil Os 
Goomotrloal Clonic Bootlona By H, 0. WIIHh, M,A, 7ft, Orf, 
Goomotrloal Oonlo SootionB By W XI. Bnnant, M A, (Hue p 0) 
Elementary Geometry of Oonloa By 0, Toylai, X) 1), 4th MIL 
Byo to, 0<t 

An Introduction to Ancient and Modern Goomotry of Genian 
By 0 Tayloi, M A fivo 18u 

Solullona of Goomotrloal Problem^ piopanod at Bt, Jolm’jg 
OolH'fl fiom 18JtO to 1810 lly T, Utitildn, M A 8vo 12*. 


TRIGONOMETRY. 

Trigonometry, Jnlrniluolloii to I'ktin. lly llov, ft, 0 Yyvyna, 
Cllmi loiltoiifli) Bui hdllkm Ui Hvo 'U (Id 

An Elementary Treatise on Mensuration, By B. X, Mooro, 

M,A, 51, 


ANALYTICAL GEOMETRY 
AND DIFFERENTIAL CALOULU8. 

An Introduction to Analytical Plano Goomotry. By W. P* 
Tin ahull, M A 8vo HI* 

Problems on tho Principles o< PUno Oo ordinate Goomotry, 
By W Wall on, M A. 0vt> UU 

Trllinoar Oo orcltnatoa, and Modern Analytloal Geometry of 
Two TBiwMflioun By W A Whitworth, M A, Hvo llto, 

An Momentary Treatise on Solid Goomotry, By W. 8. Aldte# 

MA *11 h hdlHon mviand Uj Bvo lh 

Blllptlo function pi Element arv Treatise on Bv A,♦ Oayloy, M,A. 

Protosmu of L’uio Miulkdimittmat OatnbiLilgo Uulvoiidly Duiuy 8vo, 104* 
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MECHANICS & NATURAL PHILOSOPHY. 


statics, Elementary* By H, Goodwin, D,D, Fenp, 8vo, 2nd 
Edition. 8#* 

Dynamics, A Troatlso on Elementary, By W, Garnett, M.A., 
D.C.Ii. 4th Edition, Grown 8yo, 0#, 

Dynamics. Rigid, By W, 9, Aldia, M.A, dj, 

-Dynamics. A Treatise on, By W.II, Bosant, D.So^F.R.S, 7i. (M, 

Elementary MeohanUm, ProUemsln, By \Y. Walton, M.A. Now 
liditloii, Grown Bvo. Ck 

Theoretical Mochanlos, Problems In, By W. Walton, M.A, 3rd 
Edition, Homy Bvo. 10#, 

Hydrostatics. By W.H.BesautjB.Ro. Fcap.Byo, 12thEdUion. 4<, 

Hydromechanics, A Troatlso on, By W. H, Bosant, D.So,, F.R.fl, 
8yo, <Ub Edition, ioyI«kI. Parti. Hydro#tatloi. 5b. 

■Optica. Goometrioal, By W. S. Aldls, M*A, Grown 8vo, 2nd 
Editiou, 4a. 

Double Refraction, A Chapter on FroanoVfl Theory of. By W. S. 
Aldls, M,Ah 8ro. 2i. 

Heat, An Elementary Treatise on, By W. Garnotfc, M.A., D.OJi* 
Grown 8vo. <Jth Edition, 4 b. 

Newton's Prlnoipia, Tho First Throe Sootlons of, with an Appon* 
dlx 1 and thn Ninth rvod Etiivonfcli fhwUotiB. Ur J, H, Evtuii, M.A. fitb 
Edition, Kdltml by l\ T, Main, M,A, it. 

Astronomy, An Introduction to Plano. By P, T, Main, M.A, 
Fcai>. Bro, cloth, fitli Edition. <1#, 

Astronomy, Praotloal and Sphorlcal, By R. Main, M.A, 8vo, 14i. 

Astronomy, Floraontnry Chapters on, from the * Astronomic 
PhyiUjuo'of Blob, By II. Goodwin, D.D. 8yo, 81. Gd, 

pure Mathematics and Natural Philosophy, A Compendium of 
Fnota and Formnlio In. By Q. IV, flmnlloy. find Edition, royisod by 
J. MoDowoll, M.A. Fcnp. firo. Bi. 0U^ 

.Elementary Mathematical Formulae. By tho Rot, T, W, Opon- 
ihaw, It, Od. 

Hlementary Oourae of Mathematics. By H, Goodwin, D,D. 
Oth Edition. Bvo, 16 b. 

"Problems and Hxamploa, adapted to the 'Eloinontsiy Oowm of 
MntVioiQ«tloa, 1 8rd Edition, 8vo. 5i, 

Solutions of Goodwin's Oollootlon of Problems and Examples. 
By W, Y7, llutt, M.A. 8rd Edition, rovUod emd onlargod. 8vo, 0#, 

.Mechanics of Construction, With numerous Examples, By 
fi, FonwioV, P.ILA.B. Bto, lfl#. 
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TECH NO LOGICAL HANDBOOKS. 

Edited by IL Thurman Wood, Hourolfuy of tho Haoioty of Aitn, 

1, Dyolng and Tissue Printing lly W, ("lookon, V R H, 5** 

2 Glass Manufacture HyllrmyCliaiiuOiM A,, U, J, Dow oil, U A,; 

ivmill G HiuiIh Hn ImI 

8* Cotton Manufaoturo By ltiuhmd Mmsdon, of Mmudimdt’r* 
Jmt Kditimii uivihod Am lU 

4 , Ohowtolry of Goal Tar Colours Byl'tof, Bomidikl 'I'ninn* 

inltiil by IM KiuhiIiL i»f l!»u«tfoicl 'h 

5, Woollon and WoiaUkI Glolh Munufiuilurn By Unbolts 

Jiimmmmt, Ad ilntnnl liimLimu ut ^ m k Oiho ltilling, bu nl i 79 iM, 


HISTORY, TOPOQRAPHY, Si o. 


Romo and tho Oampagnn By It, Bum, M A, With 85 Kn* 
gmvhiKii nml 20 Mapn nml Pimm With AjJimnclIx Jlo, til, 8s 
Old Homo A Handbook for Tumi I lore* By XI, Burn, M,A» 
With Aliipw and l%uu llmny Hvo, 10a Oil 

Modem Huropo By l)r T* XL Dyrr, 2nd Edition, revised ami 
oonllimoil AyoIh Dmny 8vo HI l.i* orf 
Tho History of llxo King* of Romo, By Dr, T H, Dyer, 8vo, lfti, 
Tho History of Bonipoll, Ur Bulldinga and AitUciulUon, By 
® 11 Byoi, 8nllMUUon«broiiKhi<lowii to 187 k PonlRvo 7« 04, 

Tho Olfy of Homo Us lliHlmy and Momununts, 9ml Edition, 
iuyIijuU by T JI l)ym Am 

Anoiont Atliona> its Ilmloiy, Toiimmipliy, and lidmnfnv, By 
T ll J)yoi\ jojriilBvn Olnth, U fto 

Tho Doollno of tho Roman Republic), By G. I(ong. 6 YOl», 

8vo, Ik oaoh. 


A History of iiingland durlnij tho Marly oml Middle Ahob, By 
0 U Uwuwiti, Mi 2ml Million 1 'uvJrtoil nml anliugi'd, 8ro, Yol I, 
10* Yol, II Xk 

Hldiurtoul Maps of xnnalfttKl. By 0,31, Ponnon. Polio, Bril 
Mention rovUuil. Ole, Oil, 

Hiaiory of Ungland, 1800 JO By Him lot Mnrllnoau, with now 
and oopiou» Irnlox, 0 yoIh Oa OX, onoli 

I A Fraotloal Bynopsls of fflnBllsh Hiatory, By A. Bowen, ml) 

lOdlMon, mtaotl 8 yo 9a 

of tho Quoona of Blngland, By A, Btriokliuul, Library 
) i ton, Sun s 7«, 0.1 0 M 1 Oiion,ior Million.9 vole, fa «u>ii, AViHtlgwl 
Milttlo", l yol Be N iftuy Qhuou of HixiM, SI vole fa oiioh, Tailor luul 
Stnait rttmjOflftOB, Afi 

HgtahttrcfB Life Of Karl tho aroat(Oharlomnsna), Tranalatod, 

with Notes, by W, Glaktor, M A, I) O X4 Grown 8vo, 4* flil, 

Tho JQlomonts of General History, By Brof, Tytlor. Now 
Million, brought down to 1871. tiiimll I’oibSYO, H 04, 
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WEBSTER'S DICTIONARY OS’ THE ENGLISH LAN- . 

(HUIIK. Wllh Dr. MhMi’# Ktymnli^y, 1 vnl, vi l K<k !WOO Illii* 
Uk Wltli mill 70 RiMLiluiinl imcroa of IlluBlra. 

Imm, HilH »k R.L 

Mi* tirAi.KNiii i*»t l)i^ thwart rxTAHT,’—^pmH«rlyJf«if<to,1873 
v.liii |»w i i )umt Trco mi u^ilmntlon. 


ninlmiduon'H PliUolnglcnl ninllonary of thoTlnBliah Language. 
i n i liiniiir-' I li.ii with KfxumWv. ninl rn)»lt»n*ly ilDjuitmtoil by 

gwulRlh.n* fiimi Ibi’ Irt'ft AnllmilllcM, wllli it Hujii»ltiluont. & Will. 4fcO. 
At, IU iM P j Imlf iiimIh, .11. IK*, tll.j ihshIu, 01. |Ui, riu^iilmnontloinmitoly. 
iUi. v.k 

An Him JMIl. wlLluml Dm Q«mUl!m)«,15M linlf nmal*, 20»,j rnBalo, 0k 


Briar Niaiory of tho Ungllah Languago, By Prof, JamoUIailloy, 
l,f Vl l» r( Vulo rii]|ts?«. Mm. in. 

Thp BlkmanU of Ihn FlngUah Languago. By K, Adame, Bh.D. 

UM KiHLiun, IWHm, D. iM. 

Philological Buoyi. by T. U. Kny, M.A., P.D, 8. 8to. 10*. 0 d. 

Language, Ill Origin and Dnvolopmont, By T. II. Koy, M.A., 
r.li rt. lk 

Bynonymi and Antonymi of tho Engllih Language*, By Aroli- 

ilwHia flwUh. UurtHfUMun. lWHvo. fk 

Brnonyml Bliorimlnnlcd. By A rol id (<*«>» Broith. Demy 8vo, 
lM KOitinu ID. 


Blblo English, flmvlurn on Wnrdrfnml Phrartcn in llio Diblo an 

Vn»y*>r Dy Iki. T. I, 0. BmU*- Ik 

Thd Quoerv’i English. A M'nmiHl of Idiom and Uwigo. By tho 

Jpila Dv^i Alfor,! Illh Krill W. Vcn)». Hvn. 1", 


A ITUiory of flngllflh BhyLlmiB. By Fdwin Ourflt, M.A. ( D.Q,Tj., 
j,l.,1i, Nmv fiilllkn, by IVnft'^nr W. W. HVnnt, INny Kru, lfci, 


ElomfmU of OompmriUWo Orn-mMar Find Philology. For linn 
in H/’)nn»U liv A i\ IV< *\ M.A., A^bhmi ilu^r at Lt«»rii tlnimuiiir 
Hvh.^iL itmimXui, Ik iM, 


Quoidlcina for Bx*mlmUkm In Fngllah LUeraluro, By Prof. 

^ W. W, tfriil hMllintig M'vkiwl. :k M, 

EIjwdIobIosI Oiowiiry of nnurly 2600 Bnallih Word* de« 
rl.wt rroKi lliodrwk. Hr Hm llnr. K J. Hi-yw. Fmtv. S»o.B«. U, 


A BjTtM arammar Dj U. I’UIIUi*, D-D. 8rd Kililloa, (mlnrgod. 

tfo. 7t«4. 


Stt ttho Pi. 
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DIVINITY, MORAL PHILOSOPHY, &o. 

Novum Testaraentum Qmoe TCditio nmjoi, ByE II Sonvonoi, 
AM, JjL D , 1) 0 L Being an onlaigod FiliUon, pantamliiff tho ItoudiiurH 
of Wostcntfc and Itmfc, and thoso adopted by tho Hovl'mia, kc ?b 0(1 
l0> Othol PdlhOHS WPpffffC i 

By the same Author, 

Codex Bez® Oantabrlgionsia 4to 2fls 

A Plain Introduction to the OiitioUm of the Now Testament 

Wltli Foity Fm similea fiotn AnHonb ManuHoriptB lid Edition Hvo 189 , 

Six Lectures on the Text of the Now Testament Foi English 

llfwlciB Ciown 8 vo fi* 


The New Testament for English Readers By tholato II Alford, 
DD Vol I Pait I Sid Edit 123 Vol I Part II 2nd Edit 10a Od 
Vol II Pftifcl 2nd Edit 10a Vol II Part II 2nd Edit 109 

The Greek Testament By the late H Alford, J) D, Yol I Otli 
Edit U 83 Vol II Cth Edit 11 la Vol III 5th Edit 18ft Vol IV* 
Parti 4th Edit 18* Vol IV Paitll 4th Edit lls Vol IV 11 12* 

Companion to the Greek Testament By A O* Banott, M,A. 

5th Edition, revised Fcap 8yo 5s 

The Book of Paalms A Now Tumslation, with Intiodnotiona, &o, 
ny thoYoiv Hgv J J Stewart Poi own q, D D 8vo, Vol I Cth Edition, 
18s Vol II Cth Edit 1C* 

-Abridged foi Schools 0th Edition Ciown 8vo, 10*. 6d. 

History of the Articles of ^Religion, By 0, H, Haul wick, 8rd 

Edition Post 8vo 6a 

History of the Oreads By J R Luniby, X) D, Did Edition. 

Grown 8vo 7s Cd 


Pearson on the Creed Caiofully punted fiom an eaily edition. 

with AnalyaiB and Index by E. Wolford, H A Pont 8vo 5s 
Liturgies and Offices of the Ghuroh, for the use of English 
Readers, in Illustration of the Booh of Common Piayor By tho Roy 
E dwaul Bui bulge, M A Ciown Hvo Os 


An Historical and Explanatory Treatise on the Book of 
Common Prayor By Rov W ft Humplny, RD Cth Edition, on largo d 
" ~ la j f 11 *""" 1 r,,l,t — 1 ~ 


Small Post 8vo 29 fld j Cheap Edition, Is 


A Commentary on the Gospels, Epistles, and Acts of tho 
Apostles By Rov W Denton, AM Now Edition 7 yoIb 8yo 18s 
each, except Vol II of tho Aots, 14* Sold separately 

Notes on the Catechism By lit, Rev. Bishop Barry 8th Edit, 

Fcap 2s 


The Winton Church Oateohisfc Questions and Answers on the 
Teaching of tho Ohuroli Oataohiem By tho lato Hoy J 8 B Momjoli, 
IiLD 4th Edition Cloth, 3$ , or in Foiu Pnita, eowod 


The Church Teacher’s Manual of Christian Instruction, By 
Rov, M. F. flacHor. 3Bth Thousand 2a Gd, 
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FOREIGN GLA89I08. 


A Serin for me in SohooU, with KnglUh Nolet, gramnatioal ami 
explanatoryj and rendertnpi 0/ difficult idiomatic expression* > 
Foap. 8uo. 

Sohlller'fl Wallenstein. By Dr. A, Buohheim. Gth Sdit. 6«. 

Or the Lagor and PI000101111111, 2a, 5d, WftTWmatehi'fl Toil, 2a, Od, 

-- Maid of Orleans. By Dr. W. Wnghor. ‘2nd Edit It. (hi. 

-Marla Stuart. By Y, Kaetnor. 2nd Edition, li. fl<7, 

Goethe's Hermann and Dorothea. By B. Boll, M.A., And 
K, Wfllfol. la. Gd, 

Gorman Ballads, from Uliland, Gootho, and Sohillor. By O. fit 
BlnlofoW. 3rd Edition, U OA, 

Oharloa XII., par Voltaire. By L. Diroy. 7 th Edition. 1 s, 0/7. 

A ventures do T616maque, par F6n61ou. By 0. J. Dolillo. 4lh 
Edition, 9a. M. 

Select Fablee of La-Fontaine. By F. E. A,Gnso, 18thEdit. la.ftrf, 

Picolola, by X.B. Saiutlno. By Br.Dnbno, IStli Tlioufland. la. Qd. 

Lomartino’fl Le Tallleur de Fierrea do Saint-Point, By 
J, Bolcllo, <ith Thouwuwl. Pflftp. Bvo. U CM. 

Italian Primer. By Boy, A. 0. Olapln, M.A. Foap, 8vo, 1*. 


FRENOH 0LASS-BOOKS. 


Frenoh Grammar for Pnbllo Schools, By Bov. A. 0. Olapfu, M,A, 
Fonp, 8vo. 11th Edition 1 rovlsal. fit. Od. 

French Primer, By Roy. A, 0, Olapin, M,A, Forip.8?o. 7thE(l. Is. 

Primer of French Philology, By Bey, A. 0. Olapln. Foap, Bvo. 
3rd Edit. la. 

Le Nouveau Trteor; or, Fronob Students Companion. By 
II, H, B, 18th Edition, Fcnp. 8ro, la. fld. 

French Examination Papers In MiBCollanoouu Grammar aud 
IdtoniH, Compiled liy A. M, M. Btcnlmrin, M.A. 2nd Edition, rarliod, 
Grown 8ro, Ba. Od. 

Key to tho abovo. By G, A. flolmimpf, Unlv, of Franco. Grown 

8vo. Cl. 

Manual of Frenoh Proiody. By Arthur Gossot, M,A. Crown 
8ro. Bi, 
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PEA. GASO’S FRENCH COURSE. 

First French Book Fcap, Bvo 98th Thousand, U 

Second, French. Book 47th Thousand, Fcap 8vo, U, Gd, 

Key to Fnst and Second Ficnoh Books 5th Edit Fcp 8vo 8a Gd 

French Fahles for Beginners, mPioso, with Index 15 th Thousand 
12mo 2s 

Select Fables of La Fontaine 18th Thousand Fcap 8vo la Od, 

Histoiros Amnsantes ot Inatruotives With Notes, 10th Thou 
Band Foap 8vo 2a Gd 

Fraotioal Guide to Modem Frenoh Conversation 17th Thou 
sand Fcap 8vo 2s 

French Poeti 7 for the Young With Notes, 6th Edition, Fcap, 
Svo 2s 

Materials for Frenoh Prose Composition, or, Selections from 
tlio boat English Piobg W^tor* lBth Thousand Foap 8vo is, 0d 
Key, Gs 

Frosateurs Contemporains, With Notes. 10th Edition, 10 
vhod 12mo Is Gd 

Le Petit Compagnon, a Frenoh Talk Book foi Little Children, 
11th Thou sand lGmo 2s 

An Improved Modem Pocket Dictionary of the Frenoh and 
English Lunguagos 88th Thousand, with Additions lGrao 3g Cd 

Modem Frenoh English and English Frenoh Dictionary 8rd 
and Cheaper Edition, revised In 1 vol 10 s Grt 

The ABO Tourist's French Interpreter of ail Immediate 
Wonta By F 13 A Gaao la 


GOMBERT’S FRENCH DRAMA. 

Being a Selection of the best Tiagedies and Comedies of Molttoo, 
RaoniOi Oomeilloi and Voltaire With Arguments and Notes by A, 
Gombert Now Edition, roviBod hyF E A uaea Fcap 8vo Is oaolij 
sewed. 0d 

CONTENTS 

Moufhfi““Lq Miaanthropo I/Avaro Lo Bourgools Qontilhoinmo ho 
Tartnffo Le Mnlado Inmgiimiro Lob Fonunoa Savantoa Los Foutboiioa 
do 8 cap in Los Pidoimisos Ridlonlos FEcolo dos Femmes L’Eoolo dos 
Marls La Mtklaoln taalgrd Lni 

Racine t—Pliddro F ether Athaho Iphigdnio Los Plaldoms La 
Thdbaidoj on, Loa Fr^roa Ennomia Andiomnquo Brltaunloita 
P Oohnwu.lk,—L e Old Borneo CJiinm, Polycncto 
VotiTaike j—Zaire 


GERMAN OLASS-BOOKS. 

Materials for German Prose Composition By Dr Buohhcun, 
llth Edition, thoioughly roviaod Foap 4s Gd Key, PmU 1 and II, Hs 
Pmtalll mid IV, is 

German Conversation Grammar By I Sydow 2nd Edition. 
Book I Etymology 2s Gd Book II Bynlax Is 0d, 
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German Examination Oourae, Comprising Matoriiila for Trans¬ 
lation, Gnuuuwr, and OonyonjiUton, Hjr F. LauRO, Ph.D., Profoiwr 
It M, A. WooItvIqU. Crown 8vo. Elementary. 2*. Inloriooillate. 2a. 
AilvRiicod. Is. flit 

Wortfolgo, or Rules and Exercises on tho Order of Words In 
German Bontoncos. 33y Dr, F. Stook, 1 b. Od, 

A Gorman Grammar for Publlo Schools. By tho Bcv. A. Q* 
Olnpln ami P. Holl MQlloc. 4th Edition, Fcap. 2 s. Cd. 

A German Primer, with Exerolses. By Bov. A, 0. Olapin. Is. 

ECotisebue's Der Gofangone, With Rotes by Dr. W. Stromberg. Is. 

German Examination Papers In Grammar and Idiom, By 
H. J, Mo rick. 2 a. 4 j( 1 . 


MODE UK GERMAN 80110 OL CLASSICS, 

Molster Martin, dor Kilfnov. Krzrihhmg von E. T, A. Hoffman, 
lly Prof. F. Lfuiffo, Pli.D. PcAp. 8vo. 1 b. &L 

Hans Lanfio. Solmuaplol yon Paul Heyso. 13y A, A. Mna- 
(loiudl, H.A., Pli.D, Fonp, 8vo. 

AufWaohe. Novell o von Boidhold Anorimeh. Dru GxtfnonBNE 
KubS, Novollo yon Otto lluquntto, lly A, A, Hfuilouvll, M,A» Voup, 
8 yo, 2 b. 

Dor Bibllothekar, Lustspiol von G, von Moboi. By Prof. F. 
Lango, P)i, D. Aulhorfeat edition, 2i. 

Dio PJournalisten, LustspLol yon Gnetfrv Froytog, By Pro- 
fossov F, Lango, Pli.D* 2s. Act. 

Elne Frage. Idyll von Goorgo Shore, By F, Storr, B-A,, 

OlUof Mfutor of llo flora Bubjoote In Mo reliant Tf*y Ions' School, 28, 

Zopf und SoVnvert, Lufitaplel von Karl Gutzkow, By 
Trofoseor P, Ltvugo, Ph.D. 2s. AnfhorJinl Krtllto*. 


ENGLISH 0LA88-B00K8, 

A Brief History of the English Language. By Prof. Jaa, Hadley, 

IjL*D,, of YoJo Oolloflo, Fcap, 8vo. Is, 

Comparative Grammar and Philology. By A* 0. Price, M.A, 
2*, Oil. 

The Element* of the English Language, By 0. Adame, Pli.D, 
21at Edition. Pout8vo. 4s, 0fl, 

The Rudiments of English Grammar and Analysis. By 
E, Adams, Pli.D, 10 th TUqubmuI, Fcap, 8ro. 1». 

A Oonoise System of Parsing, ByL. E. Adams, X3.A, Fcap.8vo, 

By 0. P. Maboh, Follow of Unit. Coll. London, 

First Notions of Grammar for Young Learners, Fo&p. 8yo, 

25th to 40th l'Ucuwuidi Cloth, CHI, 
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Flrat Stopa In KngllBh Grammar (or JunioL (Jliuwew. Domy 

Itfmo UtH Tlnmimml 1», 

OutllnoB of Ifluglteh Griummtr fur Urn it mu of Junior Olrumoii. 
iliith In 7*>lh Tlmnmtul Unn\ it Hv<> ^ 

Ulngliah Grammar, including tlui pktw of UMumuAtitml 

Aniilyniii mill Kill!lim h In IJJthllummtml, luitMiHrm 51* fJtl 

A Shorter 3iJngU»h Grammar, with oopkimi Kxouwhk hufli to 

JJtU 'ltmuBiiml (JimmiMyo 'I* tut 

KlngHflli Giummar Fruotlao, being tlm Kxtnviwea nopurntcly li, 

Ooclo Slandaui Grammar*! Tartu I ami IT, Mr/ each. 1'uilu III, 
IV , llllfl V,, ill CHU'll 

Noton of LsaaonH, than Vrcpu ration, Ac Hy Jouf Hiokmri, 
Talk JiUuo IIohhI Nulmul, !i»inh, rtml A If 'laylm*, ItinUof Hoard 
Hihoiil, Hindu liml) itUlull* I'mWuHyo Jh tM 

A Syllable Bynlom of Tmmhhig to Hoad, imuhining tlm ndwm 

of tin* ■ Phonin' uutl Urn 1 Jumb Mini Huy * HyM^im* t niwi» Hyo I 

Practical Hlnto on Tonohlng Hy Boy J Monot, M A, IHli IMll, 
tovihud Oiowu Hvo pupur, &i 

llow to DJavn the Moril Grant A Manual of Helmed Miumro 
wuiil lly 11 Malm, BA, II Ho Jml Krill tuvlaari Purl, I Infant 
HiOiuu), >M Part u h Umnphrit*, it? 

Toat Lusaonfl In flotation, iih KdiUou, Vapor cover, 1* fl<f» 

Drawing Copied By I\ II- Dolamolto, Obluiig 8vo. IMi. Sold 

nlisu iu pniU alia, wtuli. 

Poetry for Lho Hohoohoom. Now Edition. Ifoap, Byo. la, (Id. 
Tho Botanlat’fl Pocket Book, With a uoploua Index. By W» K 

Htiywud Ath KtliUim, l»vinyil, Cjownttrn, friotU limp, 4 », tkl, 

Experimental Ohomiolry, founded on tho Work of Di. SBtokimrdl 
lly 0, W. HunUm. PorLWyo, An, 

Looturon on Muoiaal Analyola Hoimtn foim, lugiw l\\m 

itntuil hum Ulmwlwil Miwlura, hy Piuf 11 U< Unulatiu 7n CM, 


GKOaUAPllIOAJj HmilBM. H> M. J. IUuwnukw Wuin, M-A 

The Map and lho GompaaB, A Beading Uuok of Geography 

Pm HluutUuU. Ori 

Tho Hound World, A Beading Book of Geography Far 

HtamUul XL lOd 

Tho Child's Geography, l*or tha Unroof Schools and for Homo 

Tuition fM 

Tho OhUcVa Geography of England With XnBoduotory Kxer 

oIrom mi tho llmiah UIon amt limplrp 

Tho Ohiid’a Geography of IPngland With Introduotoiy Iflxor 

umifl on the IkHloh Iiska ami 1 mplr«> with Qii^Uohh, (Jtl. 
rttluns in preparation* 
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Jiduvathmal lVor/w. 


llolps Course of Pootry, Tor HrlumlK. A Now Holoutlon from 

Llm Kntflifli Ponl r, ■■ni'i'fiillyund Rilimlml to theHiiYurol ntaiulanlrt 
hy h. A. JLirtyw, nun of j[,M. lu^nt,.™ of HpIjooIb, 

1, InftmtH nml HIiiiuIiiviIh I. iuiiI II. 1!U ijji, Htnitll Bvo, llcl, 
Ilmik )l Hliuulurils 111, mnl IV, li'J 1 ]i|), nvmvnHvo. In, Ihl. 
lluoV 111. MuiuIuiiIhY.. VI., mid VII. UM pp. poHHvo. 2 b, 

U\ ill l’AUTH. Iiifmif j'f 1M.| NL imdard I., 2d,] Htnmlrml 11„ tid. t 

Htniulmil III., Jil. 1 


Ploturo Bohool-BookB. In flimplo LanguagOf with mimoroue 

IHiikI rnUonn. Hojrnl lflino. 

TJi» Infant** Pilmm*. !M.—ftdionl lWmor, flfl,—flokool lloailor. By J, 
Tlllimnl. !».—INmtrjr lt<H>k for tinluml*, In.— 1 Tim TAfo of Jowpli, la.—Tha 
Hurl|ittirn I’uraldivn, ]|y Ulo llov, J. W. Ulurkn. 1i,—Tha farhitimi Minwlm, 
]\y tho Unv. J. K. (Jlurkn. Iji,—T lw Now TwtUimoiifc IHulory. By tho Hoy. 
J. <1. Wood, M.A. 1 p.—Tlin (Mil Timtumimt Hlutor/, By tlio Aoy. J. G. 
Wood, M.A. 1*.—Tho Htory of llmiyim’rt Pilgrim'll Prog roan, J*,—Tho Llfo 
uf Mm tin liulhor. Uy Hurah (Irumplon. li» 


BOOK8 FOR YOUNG READERS. 


A frrw itfRradingJlmihihsitjnnl iofnciliidlf.tha(t&iuijUion of theprtutr 
tf Hmliiiff hy tTryyouiiy Children, In 11 voln, limp cloth, tirt, <wcA. 


4 l’ho Old Boalhouae. Boll and Fan; or, A Cold Dip, \ 

"Tot and tho OtiL A Bit of Oako, The Jay. Tho J 

lil^ k IfiriiV Kent. Tom null Nml. Mr*. Bno. ( ga(|,jW« 

* Tho Oftl and tho Hon. Sam and hie Dog Bed-leg. 

\UiU *iM Turn Lew, A Wrook. 

■ Tho New-born Lamb. Tho Hoaowood Box, Poor 

t on. Hbtrtp LkJif. 



"The Blory of Three Monkeyfl. 

'Story of a Oat, Told by NoraoU. > 

The Blind Boy. Tho Muto airl A Now Tale of 

UpOhw In * WimhI. 

The Day and tho Knight. Tho Now Bank Note. 

tub !Upy«a Vblb. A Kin*’* Walk on a Winter'd Day, 

■Quoen Bee and Buiy Boo. 

*aul}'« drag. 

* A Flrit Book of Geography. By Die Hqy. (J. A. Jolma. 

]ILtimOrAtM). Dmiblv Mm, li. 


fiuftabld 

for 

HtainWd* 

[.ill, 



20 George Bell and Sons’ Educational Works. 


BELL’S READING-BOOKS, 
won bouooj.h and l'AiiotmiAi, umuiui.h 
Now PunfBvOi >S7rofij/fy fnmml ui </of/i, In t%wh 

“Life of OoUuulmn 

* Grlmm’ii Gorman ThIob {Mfli'Oloil) 

"AurtonionB ihmltih Tallin UhnLwdnl (Mrltiitinl) 

Groat KuKltohuum MlioitlnYim fm \mmn GlnMmi! 

Gloat l’lnKltahwoition ! limit la\i i cif 
Gloat SuoUimon Hhuil lii\i h nf 
M Maatormun Heady JlyGaiit Mtmjut, IUih (Alv.it J 

"lawtl'u Talltmmu (Vlnnl/ul) 

* Mond» In Fur mid Foal hum Uy thv\ nfi \ n 

"UlolumBU until Null Alunlp Jim Gil 

t III limit Y Hllwji * 

Furubkm from Nature (Helm M) J W Mi« t Unity 
Lamb'tt Talon from Blmknbpt juo (HlUiU il) 

Cldgowoi UVh Talon (A Hi tm lion ) 

* Gulliver b Travolu (Alnuli ul) 

* UobUiuon OruHoo 1 llmih nti 1 1 
"Arabian NIkUIh (A Hi lw tarn UewnLlmi ) 

Iilghi of Truth Uy Mm < I ally* / 

"The Vicar of WakoiWd 

"Hottloni In Canada Hy (Japt Muujat (Unid^ d ) 

Mario ailmpHim of lilfoInFniimn lt> \ u u)m ( | 

Poetry for Hoyfl, Huh Hml by 1>, Muum, 

Southuy’n Lira of Notoon (AhHiVml) 

"LtfeofthoDukoofWeiUngton ( »itliMuiMumtPlann, in,* 

Sir Honor do Oovorloy ami utlm 1*myK from tin, 1 
Talon of tho OoftHl lly J, Knmnmnn, J 

| r flIiormi tint I • 


NimI iJ V 
J» * 

■ Pmn< n /In 

iff *iy 


Hrtli 1*1 Ml* 

l\ « V 


iniijmm with thr Suir*, tn Kmp thth, ltd ruth 
fllmkatipoaro’H Playa Kombla’ii liomlmtf Hdilimi With Et 

Ulftimliiry Notoi (op Holuiol U#n, 


JlUdUrt (MM Alt TIIK MKIUJKAMT n\? VIW'SE Kl Mi Joita 
HWNIIY THIS Firm MAUlimi AU YOU L\Kh IT 


remlfliii rrlnkiUvfiriuvflHWA^*^ iuw^Bimi CUmfco%« Gtm * <? 




